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Preface to the Second Edition

Within the last eighteen years since the publication of the first edition of A First Course
in Integral Equations, the growth in the field of Integral Equations has been flourishing
with many advances. The new developments, which complement the traditional
concepts, present clear expositions of the main concepts and keys of Integral Equations.
Moreover, a further significant recognition of the use of Integral Equations in scientific
fields, engineering, and mathematics has developed. This recognition has been followed
up with further achievements in research. Like the first edition, the second edition is
helpful to a wide range of advanced undergraduate and graduate students in varying
fields, as well as researchers in science, mathematics, and engineering. Some of the
strengths of the new edition are the detailed treatments, clarifications, explanations of
the new developments, discussions of the wide variety of examples, and the well-
presented illustrations to aid the learner to better understand the concepts.

In editing this new edition, the following distinguishing features, above the
pedagogical aims of the first edition, were highly considered:

1. Many new and remarkable developments have been added. The scope of each chapter
is extended to contain these fascinating new findings.
2. The linear and the nonlinear integral equations were handled in a systematic manner
with more methods and applications. This edition provides very systematic and detailed
instructions on how to handle each kind of equations.
3. Many people have written to me since the publication of the first edition. They
offered many useful and constructive suggestions. Their suggestions for extending some
topics were honored in this text.
4. The fruitful evaluations, made by my students who used the first edition, provide
useful input. My students’ questions and concerns were addressed in this edition.
5. A new application chapter has been added to discuss a variety of scientific
applications. Numerical and analytic treatments of linear and nonlinear integral
equations are explained in this chapter to highlight the effectiveness of the traditional
and the new methods.
6. The exact solutions of integral equations play a significant role in the proper
understanding of the features and structures of the problem. For this reason, and based
upon a vast request by readers, a solutions manual has been made that gives detailed
explanations and illustrations for solving each problem of the second edition.

I would like to acknowledge the encouragement of my wife who supported me in all
my endeavors, and in this edition and the accompanied solutions manual. I would also
like to acknowledge our son and three daughters for their support and encouragement.



Saint Xavier University Abdul-Majid Wazwaz
Chicago, IL 60655 e-mail: wazwaz@sxu.edu
Summer 2015  
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Preface to the First Edition

Engineering, physics and mathematics students, both advanced undergraduate and
beginning graduate, need an integral equations textbook that simply and easily
introduces the material. They also need a textbook that embarks upon their already
acquired knowledge of regular integral calculus and ordinary differential equations.
Because of these needs, this textbook was created. From many years of teaching, I have
found that the available treatments of the subject are abstract. Moreover, most of them
are based on comprehensive theories such as topological methods of functional
analysis, Lebesgue integrals and Green functions. Such methods of introduction are not
easily accessible to those who have not yet had a background in advanced mathematical
concepts. This book is especially designed for those who wish to understand integral
equations without having the extensive mathematical background. In this fashion, this
text leaves out abstract methods, comprehensive methods and advanced mathematical
topics.

From my experience in teaching and in guiding related senior seminar projects for
advanced undergraduate students, I have found that the material can indeed be taught in
an accessible manner. Students have showed both a lot of motivation and capability to
grasp the subject once the abstract theories and difficult theorems were omitted. In my
approach to teaching integral equations, I focus on easily applicable techniques and I do
not emphasize such abstract methods as existence, uniqueness, convergence and Green
functions. I have translated my means of introducing and fully teaching this subject into
this text so that the intended user can take full advantage of the easily presented and
explained material.

I have also introduced and made full use of some recent developments in this field.
The book consists of six chapters, each being divided into sections. In each chapter

the equations are numbered consecutively and distinctly from other chapters. Several
examples are introduced in each section, and a large number of exercises are included
to give the students a constructive insight through the material and to provide them with
useful practice.

In this text, we were mainly concerned with linear integral equations, mostly of the
second kind. The first chapter introduces classifictions of integral equations and
necessary techniques to convert differential equations to integral equations or vice
versa. The second chapter deals with linear Fredholm integral equations and the
reliable techniques, supported by the new developments, to handle this style of
equations. The linear Volterra integral equations are handled, using the recent
developed techniques besides standard ones, in Chapter 3. The topic of integro-
differential equations has been handled in Chapter 4 and reliable techniques were



implemented to handle the essential link between differential and integral operators.
The fifth chapter introduces the treatment of the singular and the weakly singular
Volterra type integral equations. The sixth chapter deals with the nonlinear integral
equations. This topic is difficult to study. However, recent schemes have been
developed which show improvements over existing techniques and allow this topic to
be far more easily accessible for specific cases. A large number of nonlinear integral
examples and exercises are investigated.

Throughout the text, examples are provided to clearly and throughly introduce the
new material in a clear and absorbable fashion. Many exercises are provided to give
the new learner a chance to build his confidence and ease with the newly learned
material. The exercises increase in complexity, to challenge the student.

Finally, the text has three useful Appendices. These Appendices provide the user
with the integral forms, Maclaurin series and other related materials which are needed
to be used in the exercises.

The author would highly appreciate any note concerning any error found.

Chicago, IL 1995 Abdul-Majid Wazwaz



Chapter 1

Introductory Concepts

1.1 Definitions
An integral equation is an equation in which the unknown function u(x) to be determined
appears under the integral sign. A typical form of an integral equation in u(x) is of the
form

where K(x, t) is called the kernel of the integral equation, and α(x) and β(x) are the
limits of integration. In (1), it is easily observed that the unknown function u(x) appears
under the integral sign as stated above, and out of the integral sign in most other cases as
will be discussed later. It is important to point out that the kernel K(x, t) and the function
f(x) in (1) are given in advance. Our goal is to determine u(x) that will satisfy (1), and
this may be achieved by using different techniques that will be discussed in the
forthcoming chapters. The primary concern of this text will be focused on introducing
these methods and techniques supported by illustrative and practical examples.

Integral equations arise naturally in physics, chemistry, biology and engineering
applications modelled by initial value problems for a finite interval [a, b]. More details
about the sources and origins of integral equations can be found in [12] and [14]. In the
following example we will discuss how an initial value problem will be converted to
the form of an integral equation.

Example 1. Consider the initial value problem

subject to the initial condition

The equation (2) can be easily solved by using the method of separation of variables;
where by using the initial condition (3), the solution



is easily obtained. However, integrating both sides of (2) with respect to x from 0 to x
and using the initial condition, Eq. (3) yields the following

or equivalently

obtained by integrating the left hand side of (5) and by using the given initial condition
(3). Comparing (6) with (1) we find that f(x) = 1 and the kernel K(x, t) = 2t.

We will further discuss the algorithms of converting initial value problems and
boundary value problems in detail to equivalent integral equations in the forthcoming
sections. As stated above, our task is to determine the unknown function u(x) that
appears under the integral sign as in (1) and (6) and that will satisfy the given integral
equation.

We further point out that integral equations as (1) and (6) are called linear integral
equations. This classification is used if the unknown function u(x) under the integral sign
occurs linearly i.e. to the first power. However, if u(x) under the integral sign is
replaced by a nonlinear function in u(x), such as u2(x), cos u(x), cosh u(x) and eu(x),
etc., the integral equation is called in this case a nonlinear integral equation.

1.2 Classification of Linear Integral Equations
The most frequently used linear integral equations fall under two main classes namely
Fredholm and Volterra integral equations. However, in this text we will distinguish four
more related types of linear integral equations in addition to the two main classes. In
what follows, we will give a list of the Fredholm and Volterra integral equations, and
the four related types:
1. Fredholm integral equations
2. Volterra integral equations
3. Integro-differential equations
4. Singular integral equations
5. Volterra-Fredholm integral equations
6. Volterra-Fredholm integro-differential equations

In the following we will outline the basic definitions and properties of each type.



1.2.1 Fredholm Linear Integral Equations
The standard form of Fredholm linear integral equations, where the limits of integration
a and b are constants, are given by the form

where the kernel of the integral equation K(x, t) and the function f(x) are given in
advance, and λ is a parameter. The equation (7) is called linear because the unknown
function u(x) under the integral sign occurs linearly, i.e. the power of u(x) is one.

The value of (x) will give the following kinds of Fredholm linear integral equations:

1. When (x) = 0, Eq. (7) becomes

and the integral equation is called Fredholm integral equation of the first kind.

2. When (x) = 1, Eq. (7) becomes

and the integral equation is called Fredholm integral equation of the second kind.
In fact, the equation (9) can be obtained from (7) by dividing both sides of (7) by 
(x) provided that (x) ≠ 0.

In summary, the Fredholm integral equation is of the first kind if the unknown function
u(x) appears only under the integral sign. However, the Fredholm integral equation is of
the second kind if the unknown function u(x) appears inside and outside the integral
sign.

1.2.2 Volterra Linear Integral Equations
The standard form of Volterra linear integral equations, where the limits of integration
are functions of x rather than constants, are of the form

where the unknown function u(x) under the integral sign occurs linearly as stated before.



It is worth noting that (10) can be viewed as a special case of Fredholm integral
equation when the kernel K(x, t) vanishes for t > x, x is in the range of integration [a, b].

As in Fredholm equations, Volterra integral equations fall under two kinds,
depending on the value of (x), namely:

1. When (x) = 0, Eq. (10) becomes

and in this case the integral equation is called Volterra integral equation of the first
kind.

2. When (x) = 1, Eq. (10) becomes

and in this case the integral equation is called Volterra integral equation of the
second kind.

Examining the equations (7)–(12) carefully, the following remarks can be concluded:
In summary, the Volterra integral equation is of the first kind if the unknown function

u(x) appears only under the integral sign. However, the Volterra integral equation is of
the second kind if the unknown function u(x) appears inside and outside the integral
sign.

Remarks
Examining the equations (7)–(12) carefully, the following remarks can be concluded.

1. The structure of Fredholm and Volterra equations:
The unknown function u(x) appears linearly only under the integral sign in linear
Fredholm and Volterra integral equations of the first kind. However, the unknown
function u(x) appears linearly inside the integral sign and outside the integral sign
as well in the second kind of both linear Fredholm and Volterra integral equations.

2. The limits of integration:
In Fredholm integral equations, the integral is taken over a finite interval with fixed
limits of integration. However, in Volterra integral equations, at least one limit of
the range of integration is a variable, and the upper limit is the most commonly
used with a variable limit.



3. The origins of integral equations:
It is important to note that integral equations arise in engineering, physics,
chemistry, and biology problems [12] and [14]. Further, integral equations arise as
representation forms of differential equations. Furthermore, Fredholm and Volterra
integral equations arise from different origins and applications, such as boundary
value problems as in Fredholm equations, and from initial value problems as in
Volterra equations. Based on the fact that integral equations arise from distinct
origins, different techniques and approaches will be used to determine the solution
of each type of integral equations.

4. The linearity property:
As indicated before, the unknown function u(x) in Fredholm and Volterra integral
equations (9) and (12) occurs to the first power wherever it exists. However,
nonlinear Fredholm and Volterra integral equations arise if u(x) is replaced by a
nonlinear function F(u(x)), such as u2(x), u3(x), eu(x) and so on. The following are
examples of nonlinear integral equations:

where the linear function u(x) in (1) has been replaced by the nonlinear functions
u2(t), eu(t) and sin(u(t)) respectively.

5. The homogeneity property:
If we set f(x) = 0 in Fredholm or Volterra integral equation of the second kind
given by (9) and (12), the resulting equation is called a homogeneous integral
equation, otherwise it is called nonhomogeneous or inhomogeneous integral
equation.

6. The singular behavior of the integral equation:
An integral equation is called singular if the integration is improper. This usually
occurs if the interval of integration is infinite, or if the kernel becomes unbounded
at one or more points of the interval of consideration a ≤ t ≤ b. Singular integral
equations will be defined later. However, the methods to handle singular integral



equations will be introduced in Chapter 6.

It is worth noting that four other types of integral equations, related to the two main
classes Fredholm and Volterra integral equations arise in many science and engineering
applications. In the following, we introduce these significant equations as distinct types.

1.2.3 Integro-Differential Equations
Volterra, in the early 1900, studied the population growth, where new type of equations
have been developed and was termed as integro-differential equations. In this type of
equations, the unknown function u(x) occurs in one side as an ordinary derivative, and
appears on the other side under the integral sign. Several phenomena in physics and
biology [14] and [20] give rise to this type of integro-differential equations. Further, we
point out that an integro-differential equation can be easily observed as an intermediate
stage when we convert a differential equation to an integral equation as will be
discussed later in the coming sections.

The following are examples of integro-differential equations:

Equations (16)–(17) are Volterra integro-differential equations, and (18) is a
Fredholm integro-differential equation. This classification has been concluded as a
result to the limits of integration. The solution for integrodifferential equations will be
established using in particular the most recent developed techniques. The integro-
differential equations will be discussed extensively in Chapters 4 and 5.

1.2.4 Singular Integral Equations
The integral equation of the first kind

or the integral equation of the second kind



is called singular if the lower limit, the upper limit or both limits of integration are
infinite. In addition, the equation (19) or (20) is also called a singular integral equation
if the kernel K(x, t) becomes infinite at one or more points in the domain of integration.
Examples of the first type of singular integral equations are given by the following
examples:

where the singular behavior in these examples has resulted from the range of integration
becoming infinite.

Examples of the second kind of singular integral equations are given by

where the singular behavior in this kind of equations has resulted from the kernel K(x, t)
becoming infinite as t → x.

It is important to note that integral equations similar to examples (24) and (25) are
called Abel’s integral equation and generalized Abel’s integral equation respectively.
Moreover these types of singular integral equations are among the earliest integral
equations established by the Norwegian mathematician Niels Abel in 1823. Singular
equations similar to example (26) are called the weakly-singular second-kind Volterra
type integral equations. This type of equations usually arises in science and engineering
applications like heat conduction, super-fluidity and crystal growth. The singular
integral equations and the methods to handle it will be discussed in Chapter 6.

1.2.5 Volterra-Fredholm Integral Equations



The Volterra-Fredholm integral equation, which is a combination of disjoint Volterra
and Fredholm integrals, appears in one integral equation. The Volterra-Fredholm
integral equations arise from the modelling of the spatiotemporal development of an
epidemic, from boundary value problems and from many physical and chemical
applications. The standard form of the Volterra-Fredholm integral equation reads

where K1(x, t) and K2(x, t) are the kernels of the equation.
Examples of the Volterra-Fredholm integral equations are

and

Notice that the unknown function u(x) appears inside the Volterra and Fredholm
integrals and outside both integrals.

1.2.6 Volterra-Fredholm Integro-Differential Equations
The Volterra-Fredholm integro-differential equation, which is a combination of disjoint
Volterra and Fredholm integrals and differential operator, may appear in one integral
equation. The Volterra-Fredholm integro-differential equations arise from many
physical and chemical applications similar to the Volterra-Fredholm integral equations.
The standard form of the Volterra-Fredholm integro-differential equation reads

where K1(x, t) and K2(x, t) are the kernels of the equation, and is the order of the
ordinary derivative of u(x). Notice that because this kind of equations contain ordinary
derivatives, then initial conditions should be prescribed depending on the order of the
derivative involved.

Examples of the Volterra-Fredholm integro-differential equations are



and

Notice that the unknown function u(x) appears inside the Volterra and Fredholm
integrals and outside both integrals.

In closing this section, we illustrate the classifications and the basic concepts that
were discussed earlier by the following examples.

Example 1. Classify the following integral equation

as Fredholm or Volterra integral equation, linear or nonlinear and homogeneous or
nonhomogeneous.

Note that the upper limit of the integral is x and the function u(x) appears twice. This
indicates that the equation (33) is a Volterra integral equation of the second kind. The
equation (33) is linear since the unknown function u(t) appears linearly inside and
outside the integral sign. The presence of the function  classifies the
equation as a nonhomogeneous equation.

Example 2. Classify the following integral equation

as Fredholm or Volterra integral equation, linear or nonlinear and homogeneous or
nonhomogeneous.

The limits of integration are constants and the function u(x) appears twice, therefore
the equation (34) is a Fredholm integral equation of the second kind. Further, the
unknown function appears under the integral sign with power two indicating the
equation is a nonlinear equation. The nonhomogeneous part f(x) appears in the equation
showing that it is a nonhomogeneous equation.

Example 3. Classify the following equation

as Fredholm or Volterra integro-differential equation, and linear or nonlinear.



It is easily seen that (35) includes differential and integral operators, and by noting
that the upper limit of the integral is a variable, we conclude that (35) is a Volterra
integro-differential equation. Moreover, the equation is linear since u(x) and u′(x)
appear linearly in the equation.

We finally discuss the following example.

Example 4. Discuss the type, linearity and homogeneity of the following equation

This equation combines Volterra and Fredholm integrals, hence it is Volterra–Fredholm
integral equation. It is nonlinear because of the term sin(u(t)). It is nonhomogeneous
because f(x) = 1.

We point out that linear Fredholm integral equations, linear Volterra integral
equations, integro-differential equations, singular integral equations, Volterra-Fredholm
integral and integro-differential equations will be discussed in the forthcoming chapters.
The Volterra and Fredholm nonlinear integral equations will also be briefly discussed.
The recent developed methods, that proved its effectiveness and reliability, will be
applied to all types of integral equations. In other words, we will use the Adomian
decomposition method (ADM) and the variational method (VIM) for handling these
chapters. Some of the traditional methods will also be used so that newly developed
methods and traditional methods complement each other.

Exercises 1.2
In exercises 1-10, classify each of the following integral equations as Fredholm or
Volterra integral equation, linear or nonlinear, and homogeneous or nonhomogeneous:

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 



(8) 

(9) 

(10) 

In exercises 11–15, classify the following integro-differential equations as Fredholm
integro-differential equation or Volterra integro-differential equation. Also determine
whether the equation is linear or nonlinear:

(11) ,    u(0) = 1

(12) ,    u(0) = 0

(13) ,    u(0) = 1, u′(0) = 0

(14) ,    u(0) = 1, u′(0) = 0, u″(0) = −1

(15) ,    u(0) = u′(0) = 0, u″(0) = 2

In exercises 16–20, integrate both sides of each of the following differential equations
once from 0 to x, and use the given initial condition to convert to a corresponding
integral equation or integro-differential equation. (Follow Example 1.)

(16) u′(x) = 4u(x),    u(0) = 1.
(17) u′(x) = 3x2u(x),    u(0) = 1.
(18) u′(x) = u2(x),    u(0) = 4.
(19) u″(x) = 4xu2(x),    u(0) = 2, u′(0) = 1.
(20) u″(x) = 2xu(x),    u(0) = 0, u′(0) = 1.

I n exercises 21–22, discuss the type, linearity and homogeneity of the following
equations

(21) 
(22) , u(0) = 1
(23) , u(0) = 0
(24) 

1.3 Solution of an Integral Equation



A solution of an integral equation or an integro-differential equation on the interval of
integration is a function u(x) such that it satisfies the given equation. In other words, if
the given solution is substituted in the right hand side of the equation, the output of this
direct substitution must yield the left hand side, i.e. we should verify that the given
function u(x) satisfies the integral equation or the integro-differential equation under
discussion. This important concept will be illustrated first by examining the following
examples.

Example 1. Show that u(x) = ex is a solution of the Volterra integral equation

Substituting u(x) = ex in the right hand side (RHS) of (37) yields

Example 2. Show that u(x) = x is a solution of the following Fredholm integral equation

Substituting u(x) = x in the right hand side of (39) we obtain

Example 3. Show that u(x) = x is a solution of the following Fredholm integro-
differential equation

Substituting u(x) = x in the right hand side of (41) we obtain



Example 4. Check if u(x) = x + ex is a solution of the following Fredholm integral
equation

Substituting u(x) = x + ex in the right hand side of (43) we obtain

Example 5. If u(x) = e−x2 is a solution of the following Volterra integral equation

Find α.
Substituting u(x) = e−x2 into both sides of (45) we obtain

Solving for α gives

Example 6. u(x) = x2 + x3 is a solution of the Fredholm integral equation

Find α.
Substituting u(x) = x2 + x3 into both sides of (48) we obtain



Solving for α gives

Three useful remarks can be made with respect to the concept of the solution of an
integral equation or an integro-differential equation. First, the question of existence of a
solution and the question of uniqueness of a solution, that usually we discuss in
differential equations and integral equations will be left for further studies.

We next remark that if a solution exists for an integral equation or an integro-
differential equation, it is important to note that this solution may be given in a closed
form expressed in terms of elementary functions, such as a polynomial, exponential,
trigonometric or hyperbolic function, similar to the solutions given in the previous
examples. However, it is not always possible to obtain the solution in a closed form,
but instead the obtained solution may be expressible in a series form. The solution
obtained in a series form is usually used for numerical approximations, and in this case
the more terms we obtain the better accuracy level we achieve.

It is important to illustrate the difference between the two expressible forms, the
exact solution in a closed form and the approximant solution in a series form.
Considering Example 1 above, we note that the exact solution is given in a closed form
by the exponential function u(x) = ex. However, it will be shown later that the solution
of the integral equation

is given by the series form

where we can easily observe that it is difficult to express the series (52) in an
equivalent closed form. As indicated earlier, the series obtained can be used for
numerical purposes, and to achieve the highly desirable accuracy we should determine
more terms in the series solution.

In closing our remarks, we consider the nonlinear Fredholm integral equation

It was found that equation (53) has two real solutions given by



and this can be justified through direct substitution. The uniqueness concept is not
applicable for this example and for many other nonlinear problems. The nonlinear
problems will be examined briefly in forthcoming chapters. The uniqueness criteria for
nonlinear problems is justified for only specific problems under specific conditions.
Generally speaking, nonlinear problems, differential and integral, give more than one
solutions.

It is useful to point out that our main concern in this text will be on the linear integral
equations and the linear integro-differential equations only. The nonlinear Fredholm and
the nonlinear Volterra integral equations will be examined as well. In addition, we will
focus our study on equations with closed form solutions as in Examples 1 and 2. Other
cases that may lead to a series solution will be investigated as well, supported by the
development of the reliable techniques that will be discussed later. Moreover, nonlinear
integral equations will be investigated in its simplest forms. The recent developed
methods presented powerful techniques, and therefore these methods have been carried
out with promising results in linear and nonlinear equations.

Exercises 1.3
I n exercises 1–10, verify that the given function is a solution of the corresponding
integral or integro-differential equation:

(1) , 

(2) , u(x) = x

(3) , u(x) = 2x

(4) , u(x) = sin x

(5) , u(x) = cosh x

(6) , u(x) = x

(7) , u(0) = 0, u(x) = x2

(8) , u(0) = 0, u′(0) = 1, u(x) = sin x

(9) , u(x) = 3

(10) , 

In exercises 11–14, find the unknown if the solution of each equation is given:



(11) 

(12) 

(13) 

(14) 

1.4 Converting Volterra Equation to an ODE
In this section we will present the technique that converts Volterra integral equations of
the second kind to equivalent differential equations. This may be easily achieved by
applying the important Leibniz Rule for differentiating an integral. It seems reasonable
to review the basic outline of the rule.

1.4.1 Differentiating Any Integral: Leibniz Rule
To differentiate the integral  with respect to x, we usually apply the useful
Leibniz rule given by:

where G(x, t) and  are continuous functions in the domain D in the xt-plane that
contains the rectangular region R, a ≤ x ≤ b, t0 ≤ t ≤ t1, and the limits of integration α(x)
and β(x) are defined functions having continuous derivatives for a < x < b. We note that
Leibniz rule is usually presented in most calculus books, and our concern will be on
using the rule rather than its theoretical proof. The following examples are illustrative
and will be mostly used in the coming approach that will be used to convert Volterra
integral equations to differential equations.

Example 1. Find .

In this example, α(x) = 0, β(x) = x, hence α′(x) = 0, β′(x) = 1 and . Using
Leibniz rule (55), we find



Example 2. Find .

In this example, α(x) = 0, β(x) = x, hence α′(x) = 0, β′(x) = 1, and . Using
Leibniz rule (55), we find

Example 3. Find .
Proceeding as before, we find that

We now turn to our main goal to convert a Volterra integral equation to an equivalent
differential equation. This can be easily achieved by differentiating both sides of the
integral equation, noting that Leibniz rule should be used in differentiating the integral as
stated above. The differentiating process should be continued as many times as needed
until we obtain a pure differential equation with the integral sign removed. Moreover,
the initial conditions needed can be obtained by substituting x = 0 in the integral
equation and the resulting integro-differential equations as will be shown.

We are now ready to give the following illustrative examples.

Example 4. Find the initial value problem equivalent to the Volterra integral equation

Differentiating both sides of the integral equation and using Leibniz rule we find

The initial condition can be obtained by substituting x = 0 into both sides of the integral
equation; hence we find u(0) = 1. Consequently, the corresponding initial value problem
of first order is given by

Example 5. Convert the following Volterra integral equation to an initial value problem



Differentiating both sides of the integral equation we obtain

We differentiate both sides of the resulting integro-differential equation (63) to remove
the integral sign, therefore we obtain

or equivalently

The related initial conditions are obtained by substituting x = 0 in u(x) and in u′(x) in the
equations above, and as a result we find u(0) = 0 and u′(0) = 1. Combining the above
results yields the equivalent initial value problem of the second order given by

with constant coefficients that can be easily handled.

Example 6. Find the initial value problem equivalent to the Volterra integral equation

Differentiating both sides of (67) three times we find

The proper initial conditions can be easily obtained by substituting x = 0 in u(x) , u′(x)
a n d u″(x) in the obtained equations above. Consequently, we obtain the
nonhomogeneous initial value problem of third order given by

with constant coefficients that can be easily solved as an ordinary differential equation.
We point out here that the solution of initial value problems, that result from



converting Volterra integral equations, will be discussed in Chapter 3.

Exercises 1.4
In exercise 1-4, find  for the given integrals by using Leibniz rule:

(1) 

(2) 

(3) 

(4) 

In exercise 5-14, convert each of the Volterra integral equations to an equivalent initial
value problem:

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

1.5 Converting IVP to Volterra Equation
In this section, we will study the method that converts an initial value problem to an
equivalent Volterra integral equation. Before outlining the method needed, we wish to
recall the useful transformation formula



that converts any multiple integral to a single integral. This is an essential and useful
formula that will be employed in the method that will be used in the conversion
technique. We point out that this formula appears in most calculus texts. For practical
considerations, the formulas

and

are two special cases of the formula given above, and the mostly used formulas that will
transform double and triple integrals respectively to a single integral for each. For
simplicity reasons, we prove the first formula (71) that converts double integral to a
single integral. Noting that the right hand side of (71) is a function of x allows us to set
the equation

Differentiating both sides of (73), and using Leibniz rule we obtain

Integrating both sides of (74) from 0 to x, noting that I(0) = 0 from (73), we find

Equating the right hand sides of (73) and (75) completes the proof for this special case.
The proof for the conversion of the triple integral to a single integral given by (72) may
be carried out in the same manner. The procedure of reducing multiple integral to a
single integral will be illustrated by examining the following examples.

Example 1. Convert the following quadruple integral



to a single integral.

Using the formula (70), noting that n = 4, we find

the equivalent single integral.

Example 2. Convert the triple integral

to a single integral.

Using the formula (70) yields

the equivalent single integral.
Returning to the main goal of this section, we discuss the technique that will be used

to convert an initial value problem to an equivalent Volterra integral equation. Without
loss of generality, and for simplicity reasons, we apply this technique to a third order
initial value problem given by

subject to the initial conditions

The coefficient functions p(x) , q(x) and r(x) are analytic functions by assuming that
these functions have Taylor expansions about the origin. Besides, we assume that g(x) is
continuous through the interval of discussion. To transform (80) into an equivalent
Volterra integral equation, we first set

where u(x) is a continuous function on the interval of discussion. Based on (82), it



remains to find other relations for y and its derivatives as single integrals involving
u(x). This can be simply performed by integrating both sides of (82) from 0 to x where
we find

or equivalently

obtained upon using the initial condition y″(0) = γ. To obtain y′(x) we integrate both
sides of (84) from 0 to x to find that

Similarly we integrate both sides of (85) from 0 to x to obtain

Using the conversion formulas (71) and (72), to reduce the double and triple integrals in
(85) and (86) respectively to single integrals, we obtain

and

respectively. Substituting (82), (84), (87) and (88) into (80) leads to the following
Volterra integral equation of the second kind

where



and

The following examples will be used to illustrate the above discussed technique.

Example 3. Convert the following initial value problem

subject to the initial conditions

to an equivalent Volterra integral equation.

As indicated before, we first set

Integrating both sides of (94) from 0 to x and using the initial condition y″(0) = 1 we
find

Integrating (95) twice and using the proper initial conditions we find

and

Transforming the double and triple integrals in (96) and (97) to single integrals by using
the formulas (71) and (72) we find



and

Substituting (94), (95), (98) and (99) into (92) we find

the equivalent Volterra integral equation.

Example 4. Find the equivalent Volterra integral equation to the following initial value
problem

Proceeding as before, we set

Integrating both sides of (102) from 0 to x, using the initial condition y′(0) = 1 yields

Integrating (103), using the initial condition y(0) = 0 leads to

or equivalently

upon using the conversion rule (71). Inserting (102) and (105) into (101) leads to the
following required Volterra integral equation

the equivalent Volterra integral equation.
As previously remarked, linear Volterra integral equations will be discussed



extensively in Chapter 3. It is of interest to point out that the newly developed methods
and the traditional methods will be introduced in that chapter.

Exercises 1.5
In exercises 1-3, convert each of the following first order initial value problem to a
Volterra integral equation:

(1) y′ + y = 0, y(0) = 1
(2) y′ − y = x, y(0) = 0
(3) y′ + y = sec2x, y(0) = 0

I n exercises 4-10, derive an equivalent Volterra integral equation to each of the
following initial value problems of second order:

(4) y″+ y = 0, y(0) = 1, y′(0) = 0
(5) y″ − y = 0, y(0) = 1, y′(0) = 1
(6) y″ + 5 y′ + 6y = 0, y(0) = 1, y′(0) = 1
(7) y″ + y′ = 0, y(1) = 0, y′(1) = 1
(8) y″ + y′ − 2y = 2x, y(0) = 0, y′(0) = 1
(9) y″+ y = sin x, y(0) = 0, y′(0) = 0
(10) y″ − sinx y′ + exy = x, y(0) = 1, y′(0) = −1

In exercises 11-15, convert each of the following initial value problems of higher order
to an equivalent Volterra integral equation:

(11) y″′ − y″ − y′ + y = 0, y(0) = 2, y′(0) = 0, y″(0) = 2
(12) y″′+ 4y′ = x, y(0) = 0, y′(0) = 0, y″(0) = 1
(13) yiv + 2y″ + y = 3x + 4, y(0) = 0, y′(0) = 0, y″(0) = 1, y″′(0) = 1
(14) yiv − y = 0, y(0) = 1, y′(0) = 0, y″(0) = −1, y″′(0) = 0
(15) yiv + y″ = 2ex, y(0) = 2, y′(0) = 2, y″(0) = 1, y″′(0) = 1

1.6 Converting BVP to Fredholm Equation
So far we have discussed how an initial value problem can be transformed to an
equivalent Volterra integral equation. In this section, we will present the technique that
will be used to convert a boundary value problem to an equivalent Fredholm integral
equation. The technique is similar to that discussed in the previous section with some
exceptions that are related to the boundary conditions. It is important to point out here



that the procedure of reducing boundary value problem to Fredholm integral equation is
complicated and rarely used. The method is similar to the technique discussed above,
that reduces initial value problem to Volterra integral equation, with the exception that
we are given boundary conditions.

A special attention should be taken to define y′(0), since it is not always given, as
will be seen later. This can be easily determined from the resulting equations. It seems
useful and practical to illustrate this method by applying it to an example rather than
proving it.

Example 1. We want to derive an equivalent Fredholm integral equation to the
following boundary value problem

subject to the boundary conditions

We first set

Integrating both sides of (109) from 0 to x gives

or equivalently

As indicated earlier, y′(0) is not given in this boundary value problem. However, y′(0)
will be determined later by using the boundary condition at x = π.

Integrating both sides of (111) from 0 to x and using the given boundary condition at x
= 0 we find

upon converting the resulting double integral to a single integral as discussed before. It
remains to evaluate y′(0), and this can be obtained by substituting x = π in both sides of
(112) and using the boundary condition at x = π, hence we find



Solving (113) for y′(0) we obtain

Substituting (114) for y′(0) into (112) yields

Substituting (109) and (115) into (107) we get

The following identity

will carry the equation (116) to

or equivalently, after performing simple calculations and adding integrals with similar
limits

Consequently, the desired Fredholm integral equation of the second kind is given by

where the kernel K(x, t) is defined by



It is worth noting that the equation (120) obtained is a nonhomogeneous Fredholm
integral equation, and this usually results when converting a nonhomogeneous boundary
value problem to its equivalent integral equation. However, homogeneous boundary
value problems always lead to homogeneous Fredholm integral equations. Further, we
point out here that the solution of boundary value problems is much easier if compared
with the solution of its corresponding Fredholm integral equation. This leads to the
conclusion that transforming boundary value problem to Fredholm integral equation is
less important if compared with transforming initial value problems to Volterra integral
equations.

It is of interest to note that the recent developed methods, namely the Adomian
decomposition method and the direct computation method, will be introduced in Chapter
2 to handle Fredholm integral Equations. In addition, the traditional methods, namely the
successive approximations method and the method of successive substitutions, will be
used in Chapter 2 as well.

Exercises 1.6
Derive the equivalent Fredholm integral equation for each of the following boundary
value problems:

1. y″ + 4y = sinx, 0 < x < 1, y(0) = y(1) = 0
2. y″ + 2xy = 1, 0 < x < 1, y(0) = y(1) = 0
3. y″ + y = x, 0 < x < 1, y(0) = 1, y(1) = 0
4. y″ + y = x, 0 < x < 1, y(0) = 1, y′(1) = 0

It is to be noted that we will use two developed methods to solve many kinds of
integral equations. These two methods mostly give the solution in a series form or in an
infinite geometric series. It is therefor useful to present brief summaries of both series.
More explanations of these two series can be found in calculus and algebra text books.

1.7 Taylor Series
In this section we will introduce a brief idea on Taylor series. Recall that the Taylor
series exists for analytic functions only.

Let f(x) be a function that is infinitely differentiable in an interval [b, c] that contains
an interior point a. The Taylor series of f(x) generated at x = a is given by the sigma



notation

which can be written as

The Taylor series of the function f(x) at a = 0 is given by

which can be written as

In what follows, we discuss few examples for the derivation of the Taylor series at x
= 0.

Example 1. Find the Taylor series generated by f(x) = cos x at x = 0.

We list the exponential function and its derivatives as follows:

and so on. This gives the Taylor series for cos x by

and in a compact form by



Similarly, we can easily show that

and in a compact form by

Example 2. Find the Taylor series generated by f(x) = sin x at x = 0.

Proceeding as before we find

and so on. This gives the Taylor series for sin x by

and in a compact form by

In a similar way we can show

and in a compact form by



In Appendix C, the Taylor series for many well known functions generated at x = 0 are
given.

It was stated before that the proposed methods that will be used will give the solution
in a series form. The obtained series form may converge to a closed form solution, if
such a solution exists. Otherwise the truncated series solution may be used for
numerical purposes. To get an exact solution, it is normal that we practise for the
determination of this solution using Taylor series. In what follows, we study three
examples only, and most of the integral equations will lead to these series.

Example 3. Find the closed form function for the following series

This series can be rewritten in the form

that will converge to the exact form

Example 4. Find the closed form function for the following series

We group the series in the form

that converges to

Exercises 1.7
Find the closed form function for the following Taylor series:



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 

1.8 Infinite Geometric Series
A geometric series is a series with a constant ratio between successive terms. The
standard form of an infinite geometric series is given by

An infinite geometric series converges if and only if |r| < 1, otherwise it diverges. The
sum of infinite geometric series, for |r| < 1, is given by

As stated earlier, some of the proposed methods that will be used in this text give the
solution as an infinite geometric series. To determine the exact solution in a closed
form, it is normal to find the sum of this series. For this reason we will study examples
of infinite geometric series.

Example 1. Find the sum of the infinite geometric series

It is obvious that the first term is a1 = 1 and the common ratio is . The sum is
therefore given by



Example 2. Find the sum of the infinite geometric series

It is obvious that a1 = 1 and , |r| < 1. The sum is therefore given by

Example 3. Simplify the following expression

The given expression can be rewritten as

It is obvious that the second part is an infinite geometric series, with a1 = 1 and , |r|
< 1. The sum is therefore given by

Example 4. Simplify the following expression

The given expression can be rewritten as

It is obvious that the second part is an infinite geometric series, with a1 = 1 and , |r|
< 1. The sum is therefore given by



Example 5. Simplify the following expression

The given expression can be rewritten as

It is obvious that the third part is an infinite geometric series, with a1 = 1 and , |r| <
1. The sum is therefore given by



Chapter 2

Fredholm Integral Equations

2.1 Introduction
In this chapter we shall be concerned with the nonhomogeneous Fredholm integral
equations of the second kind of the form

where K(x, t) is the kernel of the integral equation, and λ is a parameter. A considerable
amount of discussion will be directed towards the various methods and techniques that
are used for solving this type of equations starting with the most recent methods that
proved to be highly reliable and accurate. To do this we will naturally focus our study
on the degenerate or separable kernels all through this chapter. The standard form of
the degenerate or separable kernel is given by

The expressions x − t, x + t, xt, x2 − 3xt + t2, etc. are examples of separable kernels. For
other well-behaved non-separable kernels, we can convert it to separable in the form
(2) simply by expanding these kernels using Taylor’s expansion.

Moreover, the kernel K(x, t) is defined to be square integrable in both x and t in the
square a ≤ x ≤ b, a ≤ t ≤ b if the following regularity condition

is satisfied. This condition gives rise to the development of the solution of the Fredholm
integral equation (1). It is also convenient to state, without proof, the so-called
Fredholm Alternative Theorem  that relates the solutions of homogeneous and
nonhomogeneous Fredholm integral equations.
Fredholm Alternative Theorem
The nonhomogeneous Fredholm integral equation (1) has one and only one solution if
the only solution to the homogeneous Fredholm integral equation



is the trivial solution u(x) = 0.
We end this section by introducing the necessary condition that will guarantee a

unique solution to the integral equation (1) in the interval of discussion. Considering
(2), if the kernel K(x, t) is real, continuous and bounded in the square a ≤ x ≤ b and a ≤ t
≤ b, i.e. if

and if f(x) ≠ 0, and continuous in a ≤ x ≤ b, then the necessary condition that will
guarantee that (1) has only a unique solution is given by

It is important to note that a continuous solution to Fredholm integral equation may
exist, even though the condition (6) is not satisfied. This may be clearly seen by
considering the equation

In this example, λ = 1, |K(x, t)| ≤ 5 and (b − a) = 1; therefore

Accordingly, the necessary condition (6) fails to hold, but in fact the integral equation
(7) has an exact solution given by

and this can be justified through direct substitution.
As indicated in our objective for a first course in integral equations, we will pay

more attention to the practical techniques for solving integral equations rather than the
abstract theorems. In the following we will discuss several methods that handle
successfully the Fredholm integral equations of the second kind starting with the most
recent methods as indicated earlier.

2.2 The Adomian Decomposition Method



Adomian [1] developed the so-called Adomian decomposition method or simply the
decomposition method (ADM). The method was well introduced by Adomian in his
recent books [1] and [2]. The method proved to be reliable and effective for a wide
class of equations, differential and integral equations, linear and nonlinear models. The
method provides the solution in a series form as will be seen later. The method was
applied mostly to ordinary and partial differential equations, and was rarely used for
integral equations in [1] and [2]. The concept of convergence of the solution obtained by
this method was addressed extensively in the literature. The convergence concept is
beyond the scope of this text. However, the decomposition method can be successfully
applied towards linear and nonlinear integral equations.

In the decomposition method we usually express the solution u(x) of the integral
equation (1) in a series form defined by

Substituting the decomposition (10) into both sides of (1) yields

or equivalently

The components u0(x) , u1(x) , u2(x) , u3(x), ... of the unknown function u(x) are
completely determined in a recurrent manner if we set



and so on. The above discussed scheme for the determination of the components u0(x),
u1(x), u2(x), u3(x), ... of the solution u(x) of Eq. (1) can be written in a recursive manner
by

In view of (17) and (18), the components u0(x) , u1(x) , u2(x) , u3(x), ... follow
immediately. With these components determined, the solution u(x) of (1) is readily
determined in a series form using the decomposition (10). It is important to note that the
obtained series for u(x) converges to the exact solution in a closed form if such a
solution exists as will be seen later. However, for concrete problems, where exact
solution cannot be evaluated, a truncated series  is usually used to
approximate the solution u(x) and this can be used for numerical purposes. We point out
here that few terms of the truncated series usually provide the higher accuracy level of
the approximate solution if compared with the existing numerical techniques. The
decomposition technique proved to be effective and reliable even if applied to
nonlinear Fredholm integral equations as will be discussed in a forthcoming chapter.

In the following we discuss some examples that illustrate the decomposition method
outlined above.

Example 1. We first consider the Fredholm integral equation of the second kind

It is clear that , λ = 1, . To evaluate the components u0(x),
u1(x), u2(x), ... of the series solution, we use the recursive scheme (17) and (18) to find



and so on. Noting that

we can easily obtain the solution in a series form given by

so that the solution of (19) in a closed form

follows immediately upon using the formula for the sum of the infinite geometric series.

Example 2. We next consider the Fredholm integral equation

Proceeding as in Example 1, we set



Consequently, the solution of (26) in a series form is given by

and in a closed form

by eliminating the so-called self-cancelling noise terms between various components of
u(x). The answer obtained can be justified through substitution. The self-cancelling
noise terms are defined to be similar terms with opposite signs that will vanish in the
limit. The phenomenon of noise terms will be presented in a forthcoming section.

Example 3. We consider here the Fredholm integral equation

Applying the decomposition technique as discussed before we find



The determination of the components (33)-(35) yields the solution of the equation (32)
in a series form given by

where we can easily obtain the solution in a closed form given by

by evaluating the sum of the infinite geometric series in the right hand side of Eq. (36).
Recall that the sum of the infinite geometric series was presented in the previous
chapter.

It is important to note that the evaluation of the components u0(x), u1(x) , u2(x), ... is
simple as we observed from the examples above. However, we can still reduce the size
of calculations by using a modified version of the decomposition method. In this
modified approach, we often need to evaluate the first two components u0(x) and u1(x)
only. In what follows, we introduce the modified decomposition method suggested by
Wazwaz [59].

2.2.1 The Modified Decomposition Method
It is worth noting that the Adomian decomposition method may be sometimes
implemented in a different but easier manner in order to facilitate the computational
work. It is recommended to apply the modified decomposition method, developed by
Wazwaz [59], for cases where the nonhomogeneous part f(x) in (1) consists of a
combination of many terms. This modified technique, as will be seen later, will
minimize the volume of calculations and reduce the several integral evaluations that
result in applying the standard Adomian decomposition method.

It is also of interest, before giving a clear discussion of this method, to note that this
modified technique will be carried out with promising results in Volterra integral
equations and nonlinear integral equations in forthcoming chapters. The technique
avoids the cumbersome integrations of other methods.

In the modified method, we split the given function f(x) into two parts defined by

where f0(x) consists of number of terms of f(x), and f1(x) includes the remaining terms of
f(x). We note that a necessary condition is required to apply this approach in that f(x)
should consist of more than one term as shown by (38). In view of (38), the integral
equation (1) becomes



Substituting the decomposition series (10) into both sides of (39), and using few terms
of the expansion we obtain

The components u0(x) , u1(x) , u2(x) , u3(x), ... of the unknown function u(x) can be
completely determined in a recurrent manner if we assign f0(x) only to the zeroth
component u0(x), whereas the function f1(x) will be added to the formula of the
component u1(x) given before in Eq. (14). In other words the modified decomposition
method works elegantly if we set

and so on. The above discussed scheme for the determination of the components u0(x),
u1(x) , u2(x) , u3(x), ... of the solution u(x) of the equation (1) can be written in a
modified recursive manner by



Recall that in most problems we need to use two iterations only where we need to use
(45) and (46).

The modified decomposition scheme can be explained by the following illustrative
examples:

Example 4. We consider here the Fredholm integral equation

To apply the modified decomposition scheme as discussed above, we first split the
function f(x) into

and

Therefore, we set

and

In view of (52), we conclude that un = 0, n ≥ 1. The exact solution

follows immediately.

Example 5. We consider here the Fredholm integral equation



Applying the modified decomposition method as discussed above, we first split the
function f(x) into

and

Therefore, we set

Consequently, the components un(x) = 0, n ≥ 1. The exact solution

is readily obtained.

Example 6. We consider here the Fredholm integral equation

We first split the function f(x) into

We then set



Consequently, the components un(x) = 0, n ≥ 1. The exact solution

is readily obtained.

Example 7. We finally consider the Fredholm integral equation

We divide the function f(x) into

We then set

Consequently, the components un(x) = 0, n ≥ 1. The exact solution

is readily obtained.
This confirms our belief that the decomposition method and the modified

decomposition method introduce the solution of Fredholm integral equation in the form
of a rapidly convergent power series with elegantly computable terms. However, if f(x)
consists of more than one term, the modified decomposition method minimizes the
volume of the computational work.

2.2.2 The Noise Terms Phenomenon
In [62], Wazwaz examined the noise terms phenomenon which accelerates the
convergence of the Adomian decomposition method. The noise terms phenomenon
demonstrates a useful tool for fast convergence of the solution. In [62], it was proved
that the noise terms phenomenon may appear only for nonhomogeneous PDEs of any
order or nonhomogeneous integral equations of any kind. The noise terms, if exist, it
will appear in all components. The noise terms that may exist in the components u0 and
u1, will give the solution in a closed form by using the components u0(x) and u1(x).

The noise terms are the identical terms with opposite signs that arise in the



components, and may exist only for nonhomogeneous equations. It was found that by
canceling the noise terms between u0(x) and u1(x), even though u1 contains other terms,
the remaining non-canceled terms of u0(x) may give the exact solution of the equation.
Notice that it is necessary to verify that the non-canceled terms of u0(x) satisfy the PDE
or the integral equation. In case the non-canceled terms of u0(x) did not satisfy the given
equation, or the noise terms did not appear, then we proceed to determine more
components of the series solution.

It was shown by many authors that non homogeneity condition is not sufficient to give
noise terms. Moreover, it is necessary that the zeroth component u0(x) should contain
the exact solution u(x) among other terms, and this only may give noise terms about
components. Moreover, noise terms may appear if the exact solution u(x) is part of the
zeroth component u0(x). The noise terms phenomenon will be explained by studying the
following illustrative examples.

Example 8. Solve the Fredholm integral equation by using the noise terms phenomenon

Using the Adomian method, we set the recurrence relation

This gives

The noise terms ±2x appear in u0(x) and u1(x). Canceling this term from the zeroth
component u0(x) gives the exact solution

that justifies the integral equation. The other terms of u1(x) vanish in the limit with other
terms of the other components.

Example 9. Solve the Fredholm integral equation by using the noise terms phenomenon



The standard Adomian method gives the recurrence relation

This gives

The noise terms  and ±2x appear in u0(x) and u1(x). Canceling these terms from
u0(x) gives the exact solution

that satisfies the integral equation.

Example 10. Solve the Fredholm integral equation by using the noise terms phenomenon

We use the recurrence relation

This gives

Canceling these terms from u0(x) gives the exact solution



that satisfies the integral equation.

Exercises 2.2
I n exercises 1-12, solve the following Fredholm integral equations by using the
Adomian decomposition method

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

11. .

12. .

In exercises 13-20 solve the given Fredholm integral equations by using the modified
decomposition method:

13. .

14. .

15. .

16. .

17. .

18. .



19. .

20. .

Hint: f1(x) = x sin−1 x + 1.

In exercises 21-26 solve the given Fredholm integral equations by using the noise terms
phenomenon:

21. .

22. .

23. .

24. .

25. .

26. .

2.3 The Variational Iteration Method
In this section we will present the variational iteration method that was used recently
in the literature to handle both differential and integral equations, linear and nonlinear.
Recall that the Adomian decomposition method gives the components of the
decomposition series by using a recurrence relation. Unlike the ADM, the variational
iteration method gives successive approximations of the solution that may converge
rapidly to the exact solution if such a solution exists. However, for concrete problems
the obtained approximations can be used for numerical reasons.

It is interesting to note that the variational iteration method (VIM) is used for a
differential equation, ordinary or partial, and for an integrodifferential equation. This
means that to use this method for solving integral equations, we first should convert the
integral equation to its equivalent differential equation, or to its equivalent integro-
differential equation, by using any appropriate method. Unlike the Adomian method that
can be used directly to solve an integral equation, the VIM will be employed to the
converted differential or integro-differential equation.

In this section, we will apply the variational iteration method to handle Fredholm
integral equation. The method works effectively if the kernel K(x, t) is separable of the
form K(x, t) = g(x)h(t). The Fredholm integral equation can be converted to an identical



Fredholm integro-differential equation by differentiating both sides, where an initial
condition should also be derived. For simplicity, we will study only the cases where
g(x) = xn, n ≥ 1. In what follows we will present the main steps for using this method.

The standard Fredholm integral equation is of the form

or equivalently

Recall that the integral at the right side of (81) depends on t only, hence it is equivalent
to a constant. Differentiating both sides of (81) with respect to x gives

The variational iteration method admits the use of a correction functional for the
integro-differential equation (82) in the form

where λ is a general Lagrange multiplier. Note that the Lagrange multiplier λ may be a
constant or a function, and ũn is a restricted value that means it behaves as a constant,
hence δũn = 0, where δ is the variational derivative. The Lagrange multiplier λ can be
identified optimally via the variational theory as proved in the literature.

The variational iteration method depends mainly on two essential steps. We first
should determine the Lagrange multiplier λ(ξ) that can be identified optimally via the
variational theory where integration by parts should be used. As stated before, λ may be
a constant or a function, and it is different from one question to another. A list of some
of these Lagrange multipliers will be given later, but this list does not cover all
differential or integral problems. However for our present use in this chapter, λ(ξ) = −1
for first order integro-differential equations. Having determined λ, an iteration formula,
without restricted variation, given by



is used to determine the successive approximations un+1(x), n ≥ 0 of the solution u(x).
Notice that un(x) gives the successive approximations of the solution and not the
components as in the case when Adomian method is used. In other words, the correction
functional will give several approximations of the solution.

The zeroth approximation u0 can be any selective function. However, using the given
initial value u(0) is preferably used for the selective zeroth approximation u0 as will be
seen later. Consequently, the solution is given by

The determination of the Lagrange multiplier is essential for the use of the correction
functional. In what follows, we summarize some iteration formulae that show ODE, its
corresponding Lagrange multipliers for this kind of ODEs, and its correction functional
respectively [18]:

(i) 

(ii) 

(iii) 

(iv) 

and generally

(v) 

for n ≥ 1.
The variational iteration method will be illustrated by studying the following

Fredholm integral equations.

Example 1. Use the variational iteration method to solve the Fredholm integral equation

Differentiating both sides of this equation with respect to x yields



The correction functional for this equation is given by

where we used λ = −1 for first-order integro-differential equations. It is preferable to
select u0(x) = u(0) = 1. Using this selection into the correction functional gives the
following successive approximations

The VIM admits the use of

Example 2. Use the variational iteration method to solve the Fredholm integral equation

Differentiating both sides of this equation with respect to x gives

The correction functional for this equation is given by

where we used λ = −1 for first-order integro-differential equations. The initial condition
u(0) = 1 is obtained by substituting x = 0 into (91).



We can use the initial condition to select u0(x) = u(0) = 0. Using this selection into
the correction functional gives the following successive approximations

and so on. Canceling the noise terms, the exact solution is given by

Example 3. Use the variational iteration method to solve the Fredholm integral equation

Differentiating both sides of this equation with respect to x gives

The correction functional for this equation is given by

The initial condition u(0) = 0 is obtained by substituting x = 0 into (96). Using this
selection into the correction functional gives the following successive approximations

and so on. This in turn gives



This converges to the exact solution

Exercises 2.3
Solve the following Fredholm integral equations by using the variational iteration
method

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

2.4 The Direct Computation Method
We next introduce an efficient traditional method for solving Fredholm integral
equations of the second kind (1), called the direct computational method. Recall that our
attention will be focused on separable or degenerate kernels K(x, t) expressed in the
form defined by (2). Without loss of generality, we may assume that the kernel of (1)
can be expressed as

Accordingly, the equation (1) becomes



It is clear that the definite integral at the right hand side of (103) reveals that the
integrand depends on one variable, namely the variable t. This means that the definite
integral in the right hand side of (103) is equivalent to a numerical value α, where α is a
constant. In other words, we may write

It follows that equation (103) becomes

It is thus obvious that the solution u(x) is completely determined by (105) upon
evaluating the constant α. This can be easily done by substituting Eq. (105) into Eq.
(104). We point out here that this approach is slightly different than other existing
techniques in that we substitute (105) into (104) and not in (103) as used by other texts.

It is worth noting that the direct computation method determines the exact solution in
a closed form, rather than a series form, provided that the constant α is evaluated. In
addition, this method usually gives rise to a system of algebraic equations depending on
the structure of the kernel, where sometimes we need to evaluate more than one constant
as will be seen in Examples 3 and 4. For linear Fredholm integral equations, we obtain
one value for α, or one value for each of α and β if these two constants are used. This is
due to the fact that linear equation has a unique solution.

In what follows, we examine four illustrative examples by using the direct
computation method.

Example 1. We will use the direct computation method to solve the following Fredholm
integral equation

As indicated before we set

where α is a constant that represents the numerical value of the integral (107). The
equation (107) carries (106) into



To determine α, we substitute (108) into (107) to obtain

so that by integrating the right hand side and solving for α we find

Substituting (110) into (108) yields

the exact solution of the given Fredholm integral equation.

Example 2. We will use the direct computation method to solve the following Fredholm
integral equation

Proceeding as before we set

and by substituting this into (112) yields

Inserting (114) into (113) we find

so that

Substituting (116) into (114) gives

the exact solution of the Fredholm integral equation of Example 2.



Example 3. We will use the direct computation method to solve the following Fredholm
integral equation

Noting that the kernel here is separable and consists of two terms, we can rewrite Eq.
(118) as

In a manner parallel to the preceding example, we set

and

where α and β are constants. Consequently, Eq. (119) can be expressed in the form

Substituting (122) into (120) and (121) we obtain

and

Integrating the right hand side of equations (123) and (124) yields the system of
equations



so that by solving this system we find

Inserting (127) into (122) gives

Example 4. We will use the direct computation method to solve the following Fredholm
integral equation

Noting that the kernel here is separable and consists of two terms, we can rewrite Eq.
(129) as

In a manner parallel to the preceding example, we set

and

where α and β are constants. Consequently, Eq. (130) can be expressed in the form

Substituting (133) into (131) and (132) we obtain

and



Integrating the right hand side of equations (134) and (135) yields the system of
equations

so that by solving this system we find

Inserting (138) into (133) gives

In closing this section, we point out that the direct computation method introduces a
very direct technique to formally determine the solution of Fredholm integral equation.
In this method, the Fredholm integral equation will be transformed into a more readily
solvable integral. Moreover, the direct computation method introduces the exact
solution in a closed form rather than a series form as in the case of the decomposition
method or the variational iteration method. The other traditional methods, that will be
discussed in the forthcoming sections, also determine the solution in a series form, but
in a different approach than the decomposition method or the variational iteration
method. We remark here that the direct computation method was introduced in this
section in a slightly different manner than other texts.

Exercises 2.4
Solve the following Fredholm integral equations by using the direct computation
method:

1. .

2. .

3. .

4. .

5. .

6. .



7. .

8. .

9. .

10. .

11. .

12. .

13. .

14. .

2.5 The Successive Approximations Method
In this method, we replace the unknown function under the integral sign of the Fredholm
integral equation of the second kind

by any selective real valued function u0(x) , a ≤ x ≤ b. Accordingly, the first
approximation u1(x) of the solution u(x) is defined by

The second approximation of u2(x) of the solution u(x) can be obtained by replacing
u0(x) in (141) by the obtained approximation u1(x), hence we find

This process can be continued in the same manner to obtain the nth approximation. In
other words, the various approximations of the solution u(x) of (140) can be obtained in
a recursive scheme given by



Even though we can select any real valued function for the zeroth approximation u0(x),
the most commonly selected functions for u0(x) are 0, 1 or x. At the limit, the solution
u(x) is obtained by

so that the resulting solution u(x) is independent of the choice of u0(x).
It is important to distinguish between the recursive schemes used in the Adomian

decomposition method and in the successive approximations method. In the
decomposition method, we apply the approach to determine several components of the
solution u(x) where, in this case

so that the zeroth component u0(x) is defined by all terms that are out of the integral sign
or part of these terms if the modified version is used. However, in the successive
approximations method, we apply the above recursive scheme (143) to determine
various approximations of the solution u(x) itself, and not components of u(x). Further,
we should note here that the zeroth approximation u0(x) is not defined but rather given
by a selective function, and as a result the solution u(x) is given by the formula (144).

The successive approximations method will be illustrated by the following examples.

Example 1. Consider the Fredholm integral equation

As indicated above we can select any real value function for the zeroth component,
hence we set

Substituting (147) into the right hand side of (146) we find



and this gives the first approximation of u(x) by

Inserting (149) into (148) to replace u0(x) we obtain

where by integration we determine the second approximation of u(x) by

Continuing in the same manner we find the third approximation of u(x) given by

Proceeding as before, we obtain the nth component

Using (144), the solution u(x) of (146) is given by

obtained upon evaluating the limit as n → ∞.

Example 2. We next consider the Fredholm integral equation

The zeroth approximation may by selected by

where by substituting this in the right hand side of (155) the first approximation

follows immediately. Proceeding in the same manner we find that



so that

In a similar manner we obtain

which yields

Generally we obtain for the nth approximation

Consequently, the solution u(x) of (155) is given by

To show that u(x) obtained in (163) does not depend on the selection of u0(x), we
will solve the equation (155) by selecting

Using the new selection of u0(x) in the right hand side of (155) the first approximation

is readily obtained. Proceeding as before we thus obtain



which gives

In a parallel manner we find

Accordingly, we obtain

which is consistent with the same result obtained above in (163).

Exercises 2.5
Solve the following Fredholm integral equations by using the successive
approximations method:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

2.6 The Method of Successive Substitutions



This method introduces the solution of the integral equation in a series form through
evaluating single integral and multiple integrals as well. The computational work
needed in this method is huge compared with other techniques.

In this method, we set x = t and t = t1 in the Fredholm integral equation

to obtain

Replacing u(t) in the right hand side of (170) by its obtained value given by (171)
yields

Substituting x = t1 and t = t2 in (170) we obtain

Substituting the value of u(t1) obtained in (173) into the right hand side of (172) leads to

Accordingly, the general series form for u(x) can be written as



and so on. We note that the series solution given in (175) converges uniformly in the
interval [a, b] if λM(b − a) < 1 where |K(x, t)| ≤ M. The proof of the theorem appears in
the texts [16], [19], [20] and others. We remark here that in this method the unknown
function u(x) is replaced by the given function f(x) that makes the evaluation of the
several multiple integrals possible and easily computable. This substitution of u(x)
occurs several times through the integrals and hence this is why it is called the method
of successive substitutions. The technique will be illustrated by discussing the
following examples.

Example 1. We solve the following Fredholm integral equation

by using the method of successive substitutions.
Substituting , , and K(x, t) = xt into (175) yields

or equivalently

so that we obtain the solution

upon evaluating the sum of the geometric series.

Example 2. We next solve the Fredholm integral equation



by using the method of successive substitutions.
Substituting , f(x) = 1, and K(x, t) = cos x into (175) yields

and this will yield

which gives the exact solution

obtained upon using the sum of the infinite geometric series.

Exercises 2.6
Solve the following Fredholm integral equations by using the successive substitutions
method:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

2.7 Comparison between Alternative Methods



Having finished the mathematical analysis of the methods that handle Fredholm integral
equations, we are now ready to carry out a comparison between these methods. When it
comes to selecting a preferable method among the five methods for solving linear
Fredholm integral equations, we cannot recommend a specific method. However, we
found that if the separable kernel K(x, t) of the integral equation consists of a
polynomial of one or two terms only, the direct computation method might be the best
choice because it provides the exact solution with the minimum volume of calculations.
For other types of kernels, and if in addition the nonhomogeneous part f(x) is a
polynomial of more than two terms we found that the Adomian decomposition method
or the Variational Iteration Method , are proved to be effective, reliable and produces
a rapid convergent series for the solution. The series obtained by using the
decomposition method may give the solution in a closed form or we may obtain an
approximation of high accuracy level by using a truncated series for concrete problems.

It is worth noting that the decomposition method expands the solution u(x) about a
function, instead of a point as in Taylor theorem.

To compare the decomposition method with the successive approximation method,
it is clear that the decomposition method is easier in that we always integrate few terms
to obtain the successive components, whereas in the other method we integrate many
terms to evaluate the successive approximations after selecting the zeroth
approximation. The two methods give the solution in a series form.

In addition, we point out that the method of successive substitutions suffers from the
huge size of calculations in evaluating the several multiple integrals especially if the
function f(x) is a trigonometric, logarithmic or exponential function. However, the
method is directly based on substituting the unknown function u(x) under the integral
sign by the given function f(x).

It is to be noted that, for a first course in integral equations, we introduced five
methods only to handle Fredholm integral equations, noting that other traditional
techniques are left for a further study.

To achieve our goal of the comparison between these methods, we demonstrate this
comparison by discussing the following example by using all various methods.

Example 1. We solve the following example

by using the five alternative methods discussed before.

(a) The Adomian Decomposition Method: In this method, we have to set the zeroth
component u0 by all terms outside the integral sign, hence we have



Using (185) we obtain the first component u1(x) by

so that

Proceeding in the same manner we can easily obtain

Noting that in the decomposition method we have

so that

and this gives the exact solution

obtained by evaluating the sum of the infinite geometric series.

(b) The Variational Iteration Method: Differentiate both sides gives

The correction functional for this equation is given by

The initial condition u(0) = 0 is obtained by substituting x = 0 into (96). Using this
selection into the correction functional gives the following successive approximations



This converges to the exact solution

(c) The Direct Computation Method: As discussed earlier we set

where α is a constant that represents the numerical value of the integral (196). The
equation (196) carries (184) into

To determine α, we substitute (197) into (196) to obtain

so that by integrating the right hand side and solving for α we find

Substituting (199) into (197) yields

the exact solution of the equation (184).

(d) The Successive Approximations Method: In this method we select the zeroth
approximation by



Following the technique that was discussed above, the other approximations of the
solution u(x) can be easily obtained by

and so on. Accordingly, the nth component is given by

Consequently we find

the same result obtained above.

(e) The Method of Successive Substitutions: In this method we have to set K(x, t) =
xt,  and , hence we have

This confirms our belief that the Adomian decomposition method, the variational
iteration method, and the direct computation method reduce the size of calculations and
provide improvements if compared with the other traditional techniques. In addition, the
Adomian decomposition method gives the components of the solution u(x). However,
the variational iteration method gives the successive approximations of the solution u(x)
instead of the components.



2.8 Homogeneous Fredholm Integral Equations
In this section we will study the homogeneous Fredholm integral equation with
separable kernel given by

obtained from (1) by setting f(x) = 0. It is easily seen that the trivial solution u(x) = 0 is
a solution of the homogeneous Fredholm integral equation (208). In this study our goal
will be focused on finding nontrivial solutions to (208) if exist. We can achieve our
goal by introducing the technique that will enable us to determine the nontrivial
solutions to (208). Generally speaking, the homogeneous Fredholm integral equation
with separable kernel may have nontrivial solutions. Our approach in obtaining these
desired solutions will be based mainly on the direct computation method that was
employed effectively for nonhomogeneous Fredholm integral equations. We point out
that Adomian decomposition method is not applicable for the homogeneous Fredholm
integral equations. This may be related to the fact that the nonhomogeneous part f(x)
does not exist in this type of problems, and therefore the zeroth component u0(x) cannot
be defined.

We recall that the direct computation method reduces the equation to an algebraic
equation if the kernel consists of one term only, or to a system of algebraic equations if
the kernel contains many separable terms. Additional discussions will be required for
determining possible values of λ that will give rise to the nontrivial solutions as will be
discussed soon.

Without loss of generality we may assume a one term kernel given by

so that (208) becomes

Using the direct computation method we set

so that (210) becomes



We note that α = 0 gives the trivial solution u(x) = 0, by using Eq. (212), which is not
our desired goal in this study. However, to determine the nontrivial solutions of (208),
we need to determine the values of the parameter λ by considering α ≠ 0. This can be
done by substituting (212) into (211) to obtain

or equivalently

which gives a numerical value for λ ≠ 0 by evaluating the definite integral in (214).
Having evaluated λ, the nontrivial solution given by (212) is determined.

For separable kernels that contain more than one term, the method reduces the
homogeneous Fredholm integral equation to a system of algebraic equations as will be
seen from the examples below.

In closing this section we point out that the particular nonzero values of λ that result
from solving the algebraic system of equations are called the eigenvalues of the kernel.
Moreover, substituting the obtained values of λ in (212) gives the usually called
eigenfunctions of the equation which are the nontrivial solutions of (208).

The following illustrative examples will be used to explain the technique introduced
above and the concept of eigenvalues and eigenfunctions.

Example 1. We first solve the homogeneous Fredholm integral equation with one term
kernel

As indicated above, (215) becomes

where

Substituting (216) into (217) yields



which gives

so that the eigenvalue of the kernel

obtained by noting that α ≠ 0. Substituting (220) into (219) yields

which indicates that α is an arbitrary constant. Using (220) and (221) in (216) leads to
the eigenfunction of the equation given by

obtained upon using (216).

Example 2. We next solve the homogeneous Fredholm integral equation

The equation (223) can be rewritten as

or by

where



Substituting (225) into (226) and (227) and integrating yield

and

For α ≠ 0 and β ≠ 0, we obtain the eigenvalues

Substituting λ1 = 1 in (228) and (229) yields

which gives the eigenfunction corresponding to λ1 = 1 by

obtained upon using (225), where α is an arbitrary constant.
Similarly substituting λ2 = –1 in (228) and (229) yields

which gives the second eigenfunction corresponding to λ2 = –1 by

obtained upon using (225), where β is an arbitrary constant.

Example 3. We finally solve the homogeneous Fredholm integral equation with two-
term kernel

Equation (235) can be rewritten as

where



Substituting (236) into (237) and (238) and integrating yield

and

For α ≠ 0 and β ≠ 0, we obtain the eigenvalues

Substituting λ1 = 1 in (239) and (240) yields

Consequently the eigenfunctions corresponding to λ1 = λ2 = 1 are given by

obtained upon using (236).

Exercises 2.8
Find the nontrivial solutions for following homogeneous Fredholm integral equations by
using the eigenvalues and eigenfunctions concepts

1. .

2. .

3. .

4. .

5. .

6. .



7. .

8. .

9. .

10. .

2.9 Fredholm Integral Equations of the First Kind
It was stated before that in Fredholm integral equations of the first kind, the unknown
function u(x) appears only inside the integral sign. The standard form of the Fredholm
integral equations of the first kind reads

where f(x) is the data. The occurrence of u(x) under the integral sign makes it difficult to
apply the aforementioned method. It was proved in the literature that the data function
f(x) must lie in the range of the kernel K(x,t). This means that if we set the kernel by
K(x, t) = ex cos t, then for any u(x), the resulting data f(x) must be a multiple of ex,
otherwise the solution u(x) does not exist. The Fredholm integral equations of the first
kind appear in many physical models such as radiography, spectroscopy, cosmic
radiation, image processing and in the theory of signal processing.

In the literature, the Fredholm integral equations of the first kind is considered ill-
posed problem, and this indicates that this first kind Fredholm equation may have no
solution, or if a solution exists it is not unique and may not depend continuously on the
data [40].

There are many methods that were used to investigate the Fredholm integral equations
of the first kind, analytically and numerically. However, in this text we will use the
method of regularization that transforms first kind equation to second kind equation.
Having converted the equation from the first kind to the second kind enables us to apply
any appropriate method that were presented in this chapter.

2.9.1 The Method of Regularization
The method of regularization was introduced in [33, 40]. The method of regularization
converts the linear Fredholm integral equation of the first kind



to the Fredholm integral equation of the second kind in the form

or equivalently

where  is a small positive parameter. It is obvious that the solution u  of equation (247)
converges to the solution u(x) of (245) as  → 0.

In what follows we will present two illustrative examples. Our focus will be on
transforming the first kind equation to a second kind equation by using the method of
regularization, and hence we can use any appropriate method.

Example 1. Combine the method of regularization and the direct computation method to
solve the Fredholm integral equation of the first kind

Using the method of regularization, Eq. (248) becomes

Using the direct computation method, Eq. (249) becomes

where

To determine α, we substitute (250) into (251), integrate and solving to find that



This in turn gives

The exact solution is given by

Example 2. Combine the method of regularization and the Adomian decomposition
method to solve the Fredholm integral equation of the first kind

Using the method of regularization, Eq. (255) can be transformed to

To use the Adomian decomposition method, we first select u
0
(x) = 0. Consequently, we

obtain the following approximations

and so on. Based on this we obtain the solution

The exact solution u(x) of (255) can be obtained by

It is interesting to point out that another solution to this equation is given by



This is normal to get more than one solution because the Fredholm integral equation of
the first kind is ill-posed problem.

Exercises 2.9
Combine the regularization method with any other method to solve the Fredholm integral
equations of the first kind
1. 

2. 

3. 

4. 

5. 

6. 



Chapter 3

Volterra Integral Equations

3.1 Introduction
In this chapter we will be concerned with the nonhomogeneous Volterra integral
equation of the second kind of the form

where K(x,t) is the kernel of the integral equation, and λ is a parameter. As indicated
earlier the limits of integration for the Volterra integral equations are functions of x and
not constants as in Fredholm integral equations. The kernel in equation (1) will be
considered a separable kernel as discussed before in the previous chapter. Our concern
will be on applying various methods to determine the solution u(x) of (1) and not on the
abstract theorems related to the existence, uniqueness of the solution or the convergence
concept. These important concepts can be found in a variety of integral equations texts.

We discussed in Section 1.5 the technique that converts initial value problems to
Volterra integral equations. In the following we will discuss several methods that
handle successfully the linear Volterra integral equations in a manner parallel to our
approach in discussing Chapter 2. There is a variety on analytic and numerical
techniques, traditional and new, that are usually used in studying Volterra integral
equations. Accordingly we will first start with the recent methods.

3.2 The Adomian Decomposition Method
As stated earlier, Adomian developed the Adomian decomposition method or simply
the decomposition method that proved to work for all types of differential, integral and
integro-differential equations, linear or nonlinear. The method was introduced by
Adomian in his books [1] and [2] and other related research papers such as [3] and [4].
The focus of the two books was mainly on ordinary and partial differential equations.
We have seen from Chapter 2 that the decomposition method mostly establishes the
solution in the form of a power series. The approach we will follow here is identical to
the same approach that was implemented earlier in Chapter 2. In this method, the



solution u(x) will be decomposed into an infinite series of components, that will be
determined, given by the series form

with u0 identified by all terms out of the integral sign, i.e.

Substituting (2) into (1) yields

which by using few terms of the expansion gives

The components ui(x), i ≥ 0 of the unknown function u(x) are completely determined by
using the recurrence manner

and so on. The above discussed scheme for the determination of the components ui(x), i
≥ 0 of the solution u(x) of Eq. (1) can be written in a recurrence relation by



In view of (10) and (11), the components ui(x) , i ≥ 0, follow immediately upon
integrating the easily computable integrals. With these components determined, the
solution u(x) of (1) is readily determined in a series form upon using (2). As discussed
before, the series obtained for u(x) frequently provides the exact solution in a closed
form if an exact solution exists as will be illustrated later. However, for concrete
problems, where (2) cannot be evaluated, a truncated series  is usually used to
approximate the solution u(x). It is to be noted here that, for numerical purposes, few
terms of the obtained series usually provide the higher accuracy level of the
approximation of the solution if compared with the existing numerical techniques.

It is interesting to recall that the decomposition method provides the solution of any
style of equations in the form of a power series with easily computable components. In
addition, applications have shown a very fast convergence of the series solution. The
convergence concept of the decomposition technique was addressed extensively in [7]
and by others, but it will not be discussed in this text.

We indicated earlier, that the decomposition technique proved to be powerful and
reliable even if applied to nonlinear Volterra integral equations as will be discussed in
the forthcoming Chapters.

The following illustrative examples will be discussed to explain the above outlined
decomposition method.

Example 1. We first consider the Volterra integral equation

It is clear that f(x) = 1, λ = 1, K(x,t) = 1. Using the decomposition series solution (2)
and the recursive scheme (10) and (11) to determine the components un, n ≥ 0, we find



and so on. Noting that

we can easily obtain the solution in a series form given by

and this converges to the closed form solution

obtained upon using the Taylor expansion for ex.

Example 2. We next consider the Volterra integral equation

Proceeding as in Example 1, we set

Consequently, the solution of (19) in a series form is given by

and in a closed form by



obtained by using the Taylor expansion of sin x.

Example 3. We consider here the Volterra integral equation

Applying the decomposition technique as discussed before we find

Consequently, the solution of (25) in a series form is given by

where we can easily obtain the solution in a closed form given by

by eliminating the self-cancelling noise terms between various components of the
solution u(x).

It was discussed in Section 1.3 that it is not always possible to determine a solution
in a closed form, but instead the solution obtained may be expressed in a series form.
The difference between the closed form solution and the power series solution has been
illustrated before in Section 1.3. However the series solution is usually employed for
numerical approximations, and the more terms we obtain provide more accuracy in the
approximation of the solution. In the next example we discuss again the solution
expressed in a series form.

Example 4. Consider the Volterra integral equation



Following the procedure used above, we find

Consequently, the solution of (31) in a series form is given by

so that a closed form for u(x) does not appear obtainable.
Even though the decomposition method proved to be powerful and reliable, but it can

be used sometimes in a more effective manner which we called the modified
decomposition method. In a manner parallel to that used in Chapter 2, the volume of
calculations will be reduced by evaluating only the first two components u0(x) and
u1(x). The modified technique works for specific problems where the function f(x) in
(1) consists of at least two terms.

3.2.1 The Modified Decomposition Method
It is important to note that the modified decomposition method, that was introduced
before in Chapter 2 for the Fredholm integral equations, is also applicable here. In
Volterra integral equations where the nonhomogeneous part f(x) in (1) consists of a
polynomial that includes many terms, or in the case f(x) contains a combination of
polynomial and other trigonometric or transcendental functions, the modified
decomposition method showed to work extremely well. As indicated earlier, the



technique may minimize the volume of calculations needed when applying the standard
decomposition method. To achieve our goal, we decompose the function f(x) into two
parts such as

where f0(x) consists of one term only, or if needed of more terms in fewer other cases,
and f1(x) includes the remaining terms of f(x). Accordingly, Eq. (1) becomes

Substituting the decomposition given by (2) into (38) and using few terms of the
expansions we obtain

Consequently, the components ui(x) , i ≥ 0 of the unknown function u(x) can be
completely determined in a modified recurrence relation if we assign f0(x) only to the
component u0(x), whereas the component f1(x) will be added to the formula of the
component u1(x) given before in Eq. (7). In other words, the modified recurrence
relation

and so on. The method discussed above for the determination of the components of the



solution u(x) of Eq. (1) can be written in a recursive relationship by

In most problems, we need to use (44) and (45) only. For illustration purposes, we
study the following examples.

Example 5. We consider here the Volterra integral equation

Using the modified decomposition method as discussed above, we first decompose the
function f(x) into

and

Consequently, we find

obtained by integrating by substitution where we set y = sec t. Accordingly, other
components ui(x) = 0, for i ≥ 2. Therefore, the exact solution

follows immediately. It is clear that two components are calculated to determine the
exact solution. modified recurrence relation.



Example 6. We consider here the Volterra integral equation

Using the modified decomposition method as discussed above, we first decompose the
function f(x) into

and

Consequently, we find

Accordingly, other components ui(x) = 0, for i ≥ 2. Therefore, the exact solution

follows immediately.

3.2.2 The Noise Terms Phenomenon
The noise terms phenomenon was presented before in studying the Fredholm integral
equations. It was proved that the noise terms phenomenon accelerates the convergence
of the solution. The noise terms, that may appear between components of the unknown
solution, are defined by the identical terms with opposite signs. The noise terms, that
may exist between the first two components u0(x) and u1(x), may provide the exact
solution by using these two components.

In Chapter 2, we outlined the main concepts of the noise terms phenomenon, hence we
present a summary of these outlines. When the noise terms appear, especially between
the components u0(x) u1(x), then by canceling the noise terms between u0(x) and u1(x),
even though u1(x) contains further terms, the remaining non-canceled terms of u0(x) may
give the exact solution of the integral equation. The appearance of the noise terms
between u0(x) and u1(x) is not always enough to give the exact solution, hence it is
necessary to show that the non-canceled terms of u0(x) satisfy the given integral
equation.



We point out that noise terms may appear only for nonhomogeneous problems,
whereas homogeneous problems do not give rise to noise terms. Moreover, it was
proved by Wazwaz in [62] that the appearance of the noise terms is governed by a
necessary condition, in that the zeroth component u0(x) must contain the exact solution
u(x) among other terms. The phenomenon of the useful noise terms will be explained by
the following illustrative examples.

Example 7. Solve the Volterra integral equation by using noise terms phenomenon

The Adomian method admits the use of the recurrence relation

This gives

The noise terms ±3x2 appear in u0(x) and u1(x). Canceling this term from the zeroth
component u0(x) gives the exact solution

that satisfies the integral equation. This should be justified by substitution.

Example 8. Solve the Volterra integral equation by using noise terms phenomenon

Following the standard Adomian method we set the recurrence relation

This gives



The noise terms ±x sinh x and  cosh x appear in u0(x) and u1(x). Canceling these
terms from the zeroth component u0(x) gives the exact solution

that satisfies the integral equation, that should be justified. The other terms of u1(x)
vanish in the limit with other terms of the other components.

Exercises 3.2
Solve the following Volterra integral equations by using the Adomian decomposition
method
1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

In exercises 15-19 solve the given Volterra integral equations by using the modified
decomposition method:



15. 

16. 

17. 

18. 

19. 

20. 

In exercises 21-26 solve the given Volterra integral equations by using the noise terms
phenomenon:

21. 

22. 

23. 

24. 

25. 

26. 

3.3 The Variational Iteration Method
In Chapter 2, we presented the variational iteration method for handling the Fredholm
integral equations. Ji-Huan He [15– 17] developed this method, that proved to be
reliable in the study of linear and nonlinear, and homogeneous and inhomogeneous
equations. As we showed in Chapter 2, the method gives the successive approximations
of the exact solution that may converge to the exact solution in case this solution exists.
One significant feature of this method is that it can handle especially nonlinear problems
without the use of the so-called Adomian polynomials as required by the Adomian
decomposition method.

The variational iteration method was given in detail in Chapter 2, hence we skip it
here. The method admits the use of a correction functional in the form



where λ is a general Lagrange multiplier that can be determined optimally via the
variational theory as shown before. In Chapter 2, we presented a rule that gives these
Lagrange multipliers for some ordinary differential equations that will be examined in
this text. Recall that the variational iteration method (VIM) is used for ODEs and
integro-differential equations and this can be obtained by differentiating the Volterra
integral equation. Moreover, the zeroth component u0(x) in (63) can be selected
according to the order of the resulted ODE. For example, for ODEs of first order,
second order, and third order, we select

respectively, and these are the first term, the first two terms, and the first three terms of
the Taylor series of u(x) at x = 0. The exact solution is thus given by

In other words, to solve any Volterra integral equation by using this method, we
should first transform this equation to its equivalent ODE or its equivalent Volterra
integro-differential equation, where Leibniz rule should be used. The next step consists
of the determination of the Lagrange multiplier λ using the rules given in Chapter 2.
Finally, we select the zeroth approximation u0(x) as indicated earlier. Having prepared
all these steps, we then use the correction functional (63) to determine as many
successive approximations as we can.

Example 1. Solve the Volterra integral equation by using the variational iteration
method

Differentiating both sides of (66), and using Leibniz rule, we find

The initial condition u(0) = 1 is obtained by using x = 0 into (66), and hence we can
select u0(x) = 1.

The correction functional for equation (67) is



where we selected λ = –1 for the first order integro-differential equation (67). As stated
before, we can use the initial condition to select u0(x) = 1 that will lead to the following
successive approximations

Recall that

that gives the exact solution by

Example 2. Solve the Volterra integral equation by using the variational iteration
method

Differentiating both sides of (72) once with respect to x and using Leibniz rule we
obtain the integro-differential equation

where by using x = 0 into (72) we find u(0) = 0.
The variational iteration method admits the use of correction functional for equation

(73) by

Proceeding as before we obtain the following successive approximations



and so on. The solution in a series form is given by

Recall that

and this gives the exact solution by

Example 3. Solve the Volterra integral equation by using the variational iteration
method

Using Leibniz rule to differentiate both sides of (79) with respect to x gives the integro-
differential equations

Proceeding as before we obtain the following successive approximations



This in turn gives the exact solution by

Exercises 3.3
Use the variational iteration method to solve the following Volterra integral equations:

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

3.4 The Series Solution Method
In this section we will introduce a practical method to solve the Volterra integral
equation with variable limits of integration

where K(x,t) is the kernel of the integral equation, and λ is a parameter, called the
series solution method. We will follow a parallel approach to the method of the series
solution around an ordinary point that usually applied in solving an ordinary differential
equation. The method is applicable provided that u(x) is an analytic function, i.e. u(x)
has a Taylor expansion at x = 0. Accordingly, u(x) can be expressed by a series
expansion given by

where the coefficients an are constants that will be determined. Substituting (84) into



both sides of (83) yields

so that by using few terms of the expansions in both sides, we find

In view of (86), the integral equation (83) will be reduced to several traditional
integrals, with defined integrands having terms of the form tn, n ≥ 0 only. We then write
the Taylor expansions for f(x) and evaluate the first few integrals in (86). Having
performed the evaluation, we equate the coefficients of like powers of x in both sides of
Eq. (86). This will lead to a complete determination of the coefficients a0, a1, a2, ....
Consequently, substituting the obtained coefficients an, n ≥ 0, in (84) produces the
solution in a series form. This may lead to a solution in a closed form if the expansion
obtained is a Taylor expansion to a well known elementary function.

It seems reasonable to illustrate the series solution method by discussing the
following examples.

Example 1. We use the series solution method to solve

Substituting u(x) by the series

into both sides of the equation (87) leads to



which gives

Evaluating the regular integrals at the right hand side that involve terms of the form tn, n
≥ 0 yields

or equivalently

Equating the coefficients of like powers of x in both sides we find

and generally

Using (88) we find the solution in a series form

and in a closed form by

Example 2. We next use the series solution method to solve



Proceeding as before, and substituting (88) into both sides of the equation (98) we
obtain

where we use the Taylor series of cosh x and sinh x. Using a few terms from each series
involved and integrating the resulting integrals at the right hand side we obtain

Equating the coefficients of like powers of x in in both sides of (100) yields

and generally

Consequently the solution in a series form is given by

and in a closed form

obtained by using the Taylor expansion of cosh x.



Exercises 3.4
Solve the following Volterra integral equations by using the series solution method

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

3.5 Converting Volterra Equation to IVP
In Chapter 1 the process of converting initial value problems to equivalent Volterra
integral equations has been discussed in detail. However, the technique of converting
Volterra integral equations to initial value problems will be discussed in this section,
though it is rarely used. This may be explained by the fact that integral equations are
easily solved because initial conditions are embedded in the integral equations.
However, solving initial value problems, where initial conditions will be used, will
increase the size of evaluations required because additional steps will be needed to
complete the solution.

To employ this method, we simply differentiate both sides of (1), noting that Leibniz
rule should be used in differentiating the integral at the right hand side of (1). The
differentiation process should be carried out successively until the integral sign is
removed and the integral equation is converted to a pure differential equation equivalent
to the integral equation under discussion. It is interesting to note that initial conditions
should be determined at every step of differentiating by setting x = 0 at u(x) and its



obtained derivatives. The resulting initial value problem is then solved following the
traditional techniques used in undergraduate course of ordinary differential equations.
The technique of converting Volterra integral equations to initial value problems, though
not usually used as indicated earlier, will be illustrated by discussing the following
examples.

Example 1. Solve the following Volterra integral equation

by converting it to an equivalent initial value problem.
Differentiating both sides of (106) with respect to x and using the Leibniz rule we

find

Note that we have to differentiate both sides of (107) again to get rid of the integral sign
at the right hand side, doing so we obtain

or equivalently the nonhomogeneous second order differential equation

The proper initial conditions can be obtained by substituting x = 0 into both sides of
equations (106) and (107), hence we find

To solve the resulting initial value problem

We first solve the corresponding homogeneous equation

The characteristic equation of (112) is given by



so that the roots of (113) are

As a result the complementary solution is

where A and B are constants to be determined later by using the initial conditions. To
determine a particular solution up(x) of (111), we assume that up(x) is of the form

where α, β, and γ are constants that will be determined. Substituting (116) into (111),
and equating like powers of x on each side we find

Combining (115) – (117) we obtain the general solution

We can determine the constants A and B upon using the initial conditions (110) where
we find

so that the solution of (111)

follows immediately.
However, we can easily show that using the modified decomposition method, by

setting u0(x) = x2, will give the same result obtained above with minimal work.

Example 2. Solve the following Volterra integral equation

by converting to an equivalent initial value problem.
Differentiating both sides of (121) twice with respect to x and using the Leibniz rule

we obtain



and

or equivalently

The proper initial conditions can be obtained by substituting x = 0 into both sides of the
equations (121) and (122), hence we find

To solve the resulting initial value problem

We first solve the corresponding homogeneous equation

Following the steps we used in the first example, we find that the complementary
solution is

where A and B are constants to be determined later by using the initial conditions.
Moreover, a particular solution of (126) may be assumed of the form

where α is a constant that will be determined. Substituting (129) into (126) and equating
like powers of x on both sides we find

Combining (128) – (130) we obtain the general solution



The constants A and B are determined by using the initial conditions in (125) where we
find

Thus the solution of (126) is

obtained upon substituting (132) into (131).

Exercises 3.5
Solve the following Volterra integral equations by converting to equivalent initial value
problems:

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

3.6 Successive Approximations Method
The method of successive approximations, that was used earlier in Chapter 2 for
handling Fredholm integral equation will be implemented here to solve Volterra integral
equations as well. In this method, we replace the unknown function u(x) under the
integral sign of the Volterra equation



by any selective real valued continuous function u0(x), called the zeroth approximation.
This substitution will give the first approximation u1(x) by

It is obvious that u1(x) is continuous whenever f(x) , K(x, t) and u0(x) are continuous.
The second approximation u2(x) of u(x) can be obtained similarly by replacing u0(x) in
(135) by u1(x) obtained above, hence we find

This process can be continued in the same manner to obtain the nth approximation. In
other words, the various approximations of the solution u(x) of (134) can be obtained in
a recursive scheme given by

The most commonly selected functions for u0(x) are 0, 1 or x. At the limit, the solution
u(x) of the equation (134) is obtained by

so that the resulting solution u(x) is independent of the choice of the zeroth
approximation u0(x).

It is useful, for comparison reasons, to distinguish between the recursive schemes
used in the decomposition method and in the successive approximations method. In the
decomposition method, we decompose the solution u(x) into components u0, u1, u2, ...
where each component is evaluated subsequently, and in this case the solution is given
in a series form



where the zeroth component u0(x) is defined and given by all terms that are out of the
integral sign. However, in the successive approximations method, we apply the above
recursive scheme (137) to determine various approximations of the solution u(x) itself,
and not components of u(x), noting that the zeroth approximation is not defined but
rather given by a selective real valued function, and as a result the solution u(x) is given
by the formula (138).

To illustrate the difference between the two recursive algorithms, we start by solving
Example 2 in Section 3.2. The reader can easily compare between the two approaches.

Example 1. Solve the Volterra integral equation

by the successive approximations method. We first select any real valued function for
the zeroth approximation, hence we set

Substituting (141) into (140) we find

and this gives the first approximation of u(x) by

Inserting (143) into (142) to replace u0(x) we obtain

where by integrating the right hand side of (144), the second approximation of u(x)

is readily obtained. Continuing in the same manner we find that the third approximation
of u(x) is



Accordingly, the nth approximation is given by

Consequently, the solution u(x) of (140) is given by

To show that u(x) obtained in (148) does not depend on the selection of u0(x), we
will solve the equation (140) by selecting

Using the new selection of u0(x) in the right hand side of (140) we obtain

which gives the first approximation by

Proceeding as before we can easily obtain the second approximation

In a parallel manner we find that

Accordingly, we obtain



the same answer we obtained above in (148). This confirms the fact that the solution
obtained does not depend on the selection of the zeroth approximation u0(x).

Example 2. Solve the Volterra integral equation

by using the successive approximations method. We start first by selecting the zeroth
approximation and in this time we choose

where by substituting this in the right hand side of (155) the first approximation

so that

follows immediately. Proceeding in the same manner we find that

so that

In a similar manner we obtain

Generally we obtain for the nth approximation



Consequently, the solution u(x) of (155) is given by

obtained upon using the Taylor expansion of cosh x.
It is useful to observe that the zeroth approximation in this method is selected and it is

not a part of the integral equation as in the decomposition method.

Exercises 3.6
Solve the following Volterra integral equations by the successive approximations
method:

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 



3.7 The Method of Successive Substitutions
The method of successive substitutions, that will be used here, is completely identical to
that used in Chapter 2 for handling Fredholm integral equations. In this method, we set x
= t and t = t1 in the Volterra integral equation

to obtain

Replacing u(t) at the right hand side of (164) by its obtained value given by (165) yields

Substituting x = t1 and t = t2 in (164) we obtain

Substituting the value of u(t1) obtained in (167) into the right hand side of (166) leads to

Accordingly, the general series form for u(x) can be rewritten as



We remark here that in this method the unknown function u(x) is substituted by the
given function f(x) that makes the evaluation of the multiple integrals easily computable.
This substitution of u(x) occurs several times through the integrals and hence this is why
it is called the method of successive substitutions. The technique will be illustrated by
discussing the following examples.

Example 1. We solve the following Volterra integral equation

by using the method of successive substitutions. Substituting λ = –1, f(x) = x, and K(x,t)
= (x – t) into (169) yields

or equivalently

Therefore we obtain the solution in a series form

or in a closed form

upon using the Taylor expansion for sin x.

Example 2. We next solve the Volterra integral equation by applying the method of
successive substitutions



Substituting λ = 4, f(x) = x2 – x4, and K(x,t) = t into (169) yields

and this will yield

Consequently we easily obtain the exact solution

upon cancelling the similar terms with opposite signs in (177).

Exercises 3.7
Solve the following Volterra integral equations by the successive substitutions method:

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 



11. 

12. 

3.8 Comparison between Alternative Methods
Before making a comparison between all methods discussed in this chapter, it is
convenient to point out that there are other techniques for solving Volterra integral
equations that are beyond the scope of this text. Using Laplace transforms to handle
Volterra equations requires extensive background in Laplace transforms and the
convolution integral. However, when it comes to selecting a preferable method among
the methods that were introduced in the previous sections, we cannot recommend a
specific method.

Even though the method of reducing Volterra integral equation to initial value
problem is rarely used, but it is the only method that may give directly the exact solution
in a closed form. This is easily seen if the resulting initial value problem has constant
coefficients. We may obtain the solution in a series form, similar to the results obtained
by other methods, when the coefficients of the resulting initial value problem are
functions of the independent variable x. The latter case will not be introduced here. A
useful example has been discussed by Example 1 in Section 3.2.

However, we found that if the kernel K(x, t) of the integral equation is a degenerate
one that consists of a polynomial of one or two terms, the series method and the
decomposition method might be the best choices because it minimize the volume of
calculations. The series solution obtained by using these methods might yield the exact
solution in a closed form or we may obtain an approximation of the solution. Moreover,
i f f(x) is a transcendental function, the series solution method works easier than the
decomposition method.

Comparing the Adomian decomposition method with the successive approximation
method, it is evident the decomposition method is much easier in that we integrate
always very few terms to obtain the successive components, whereas in the other
method we integrate many terms to evaluate the successive approximations after
selecting the zeroth approximation. Moreover, for linear Volterra integral equations, the
variational iteration method works effectively as the Adomian method.

In closing this section, we point out that the method of successive substitutions suffers
from the huge size of calculations, especially if the function f(x) is a trigonometric or
exponential function.

To achieve our goal of the comparison between these methods, we illustrate this
comparison by solving the following Volterra integral equation by using all various
methods.



Example 1. We solve the following example

by using the six alternative methods.
We will start with the Adomian decomposition method, then we use the variational

method, the series solution method and so on for the other methods examined in this text.

(a) Adomian Decomposition Method:
As discussed earlier we set

Substituting (180) into both sides of (179) we obtain

As stated before, we have to set the zeroth component u0(x) by all terms outside the
integral sign, hence we have

The first component u1(x) may be obtained by

which gives the first component

Proceeding in the same manner we can easily obtain

and so on for other components. Noting that in the decomposition method we have



hence by using the results (182)-(185) into (186) we obtain the solution in a series form

and in a closed form by the exact solution

(b) The Variational Iteration Method
Differentiating both sides of the integral equation (179) with respect to x gives

Using the correction functional

gives the following approximations

and so on. The solution in a series form is thus given by

that converges to the exact solution

(c) The Series Method:
As indicated before, assuming that u(x) is analytic, hence we may write



Substituting (194) into both sides of (179) we find

Integrating the easy integrals in the right hand side we obtain

Equating the coefficients of like powers of x from both sides we find

and so on. Substituting the results obtained for ak, k ≥ 0 into (194) we obtain the
solution in a series form

and in a closed form

is the exact solution of the example under discussion.

(d) Converting to Initial Value Problems:
Differentiating both sides of (179) with respect to x we obtain

with the initial condition



Solving the first separable order differential equation (203) and using the initial
condition (204) the exact solution

is readily obtained.

(e) Successive Approximations Method:
In this method we select the zeroth approximation by

Following the technique that was discussed above, the other approximations of the
solution u(x) can be easily obtained by

and so on. Accordingly, the nth component is given by

Consequently we find

the same solution obtained above.

(f) The Method of Successive Substitutions:
In this method we have to set K(x,t) = 1, λ = 1 and f(x) = 1, hence we have



the same result obtained by other methods.
An important observation, and not a recommendation, can be made from the

comparison performed above which suggests that the decomposition method, the
variational iteration method, and the series method introduce promising improvements
over other existing techniques.

We point out that there are other powerful techniques that are used for solving
Volterra integral equations. Examples of these techniques include wavelet method,
Legendre wavelets method, Laplace transform method, and many others.

3.9 Volterra Integral Equations of the First Kind
In this section we will study the Volterra integral equation of the first kind with
separable kernel given by

We point out that the Adomian decomposition method or the variational iteration method
cannot be used in a straightforward manner. However, the traditional series solution
method that we used in this chapter can be used in a direct manner. Although there are
other analytical and numerical methods that can be used to handle Volterra integral
equations of the first kind, but in this section we will concern ourselves with two
practical methods.

3.9.1 The Series Solution Method
The method was presented earlier. In this method we use the Taylor series for the
solution u(x) in the form

where an, n ≥ 0 are coefficients that will be determined. We then substitute this series



into both sides of the Volterra integral equations of the first kind. We next evaluate the
integral at the right side. By equating the coefficients of like terms into both sides we
determine the coefficients an, n ≥ 0, and this in turn leads to the solution in a series
form. This will be illustrated by studying the following two examples.

Example 1. Find the solution of the Volterra equation of the first kind

Substituting the series (214) in the right side and evaluating the resulting integral we
find

Equating the coefficients of like terms from both sides gives

Substituting this result into (214) gives the exact solution

Example 2. Find the solution of the Volterra equation of the first kind

or equivalently

Substituting the series (214) in the right side and evaluating the resulting integral we
find

Equating the coefficients of like terms from both sides gives



Substituting this result into (214) gives the series solution

that converges to the exact solution

To apply the Adomian method or the variational iteration method, we should convert
the Volterra integral equation of the first kind to a Volterra integral equation of the
second kind.

3.9.2 Conversion of First Kind to Second Kind
It is important to note that the Volterra integral equation of the first kind can be handled
simply by converting this equation to a Volterra equation of the second kind. This goal
can be accomplished by differentiating both sides of (213) with respect to x to obtain

by using Leibniz rule. If K(x, x) ≠ 0 in the interval of discussion, then dividing both
sides of (225) by K(x, x) yields

a Volterra integral equation of the second kind. The case where the kernel K(x, x) = 0
leads to a complicated behavior of the problem that will not be investigated here.

To solve (226) we select any method that we discussed before. The technique of
differentiating both sides of Volterra integral equation of the first kind, verifying that
K(x, x) ≠ 0, reducing to Volterra integral equation of the second kind and solving the
resulting equation will be illustrated by discussing the same two examples solved by
using the series solution method.

Example 3. Find the solution of the Volterra equation of the first kind



We note first that K(x,t) = 2 + x – t, hence K(x,x) = 2 ≠ 0. Differentiating both sides of
(227) with respect to x yields

or equivalently

We prefer to use the modified decomposition method, hence we set

which gives

Accordingly, other components un(x) = 0, n ≥ 2. The exact solution u(x) is given by

obtained upon using the components obtained above.

Example 4. Find the solution of the Volterra equation of the first kind

We note first that K(x,t) = ex–t, hence K(x,x) = 1 ≠ 0. Differentiating both sides of (233)
with respect to x yields

or equivalently



We shall solve the resulting equation by the Adomian decomposition method and by the
modified decomposition method. We first start by applying the Adomian decomposition
method, therefore we set

Consequently, we obtain

and

and so on. Using the above results of the components obtained gives

the exact solution obtained upon cancelling like terms with opposite signs.
Using the modified decomposition method we set

which gives

It immediately follows that

Accordingly, the exact solution is



Exercises 3.9
Solve the following Volterra integral equations of the first kind by any method:

1. 

2. 

3. 

4. 

5. 

6. 



Chapter 4

Fredholm Integro-Differential Equations

4.1 Introduction
In this chapter we will be concerned with the Fredholm integro-differential equations
where both differential and integral operators will appear in the same equation. The
differential operator may be of first order or higher order.

Scientists and researchers investigated the topic of integro-differential equations
through their work in science applications such as heat transfer, diffusion process in
general, neutron diffusion and biological species coexisting together with increasing and
decreasing rates of generating. More details about the sources where these equations
arise can be found in physics, biology and engineering applications as well as in
advanced integral equations books.

In the Fredholm integro-differential equations, it is important to note that the unknown
function u(x) and one or more of its derivatives such as u′(x), u″(x), ..., appear outside
and inside the integral sign as well. The Fredholm integro-differential equations come
as a first kind and as a second kind as defined for the Fredholm integral equations.

The following are examples of linear integro-differential equations:

It is clear from the examples given above that the unknown function u(x) or one of its
derivatives appear under the integral sign, and other derivatives of u(x) appear out of
the integral sign as well. Therefore, the above given equations involve the derivatives
and the integral operators in the same equation, and consequently the term integro-
differential equations has been used for problems involving this combination of
operators. Moreover, because these equations involve differential operator, it is
necessary to describe the initial conditions for each problem,

To determine a solution for the Fredholm integro-differential equation, the initial
conditions should be given as stated earlier, and this may be clearly seen as a result of
involving u(x) and its derivatives. The initial conditions in solving any differential
equation are needed to determine the constants of integration.



In what follows, we will discuss several methods that can handle successfully the
linear Fredholm integro-differential equations of the second kind where the solution
u(x) and at least one of its derivatives appear inside and outside the integral sign.

4.2 Fredholm Integro-Differential Equations
In this section we will discuss the reliable methods used to solve Fredholm integro-
differential equations. This type of equations was termed as Fredholm integro-
differential equations, given in the form

We remark here that we will focus our concern on the equations that involve
separable kernels where the kernel K(x, t) can be expressed as a finite sum of the form

Without loss of generality, we will make our analysis on a one term kernel K(x,t) of the
form

and this can be generalized for other cases. The non-separable kernel can be reduced to
separable kernel by using the Taylor expansion for the kernel involved. The Fredholm
integro-differential equations are usually solved by a variety of methods, some are
numerical methods, whereas others are analytic methods. It is worth noting that in this
chapter we will introduce the most recent and practical schemes that handle this type of
equations, where we may obtain an exact solution or an approximation to the solution
with the highest desirable accuracy. We point out here that the methods to be discussed
are introduced before, but we will focus our discussion on how these methods can be
implemented in this type of equations. We first start with the most practical traditional
method.

We point out that the direct computation method, that will be used first, requires
integrating or multiple integrating of the derivatives that are involved in the equation. In
what follows, we list some of the facts used in calculus courses:



and so on for other derivatives.

4.3 The Direct Computation Method
The direct computation method has been extensively used in Chapter 2 to handle
Fredholm integral equations. Without loss of generality, we may assume a standard form
to the Fredholm integro-differential equation given by

where u(n)(x) indicates the nth derivative of u(x) with respect to x and bk are constants
that define the initial conditions. Substituting (4) into (6) yields

We can easily observe that the definite integral in the integro-differential equation (7)
involves an integrand that completely depends on the variable t, and therefore, it seems
reasonable to set that definite integral in the right side of (7) to a constant α, i.e. we set

With α defined in (8), the equation (7) can be written by

It remains to determine the constant α to evaluate the exact solution u(x). To find α, we
should derive a form for u(x) by using (9), followed by substituting this form in (8). To
achieve this we integrate both sides of (9) n times from 0 to x, and by using the given
initial conditions u(k)(0) = bk, 0 ≤ k ≤ (n – 1) we obtain an expression for u(x) given by

where p(x; α) is the result derived from integrating (9) and by using the given initial
conditions. Substituting (10) into the right hand side of (8), integrating and solving the



resulting equation lead to a complete determination of α. The exact solution of (6)
follows immediately upon substituting the resulting value of α into (10).

To give a clear view of the technique, we illustrate the method by solving the
following examples.

Example 1. Solve the first-order Fredholm integro-differential equation by using the
direct computation method:

The equation (11) may be written in the form

where the constant α is defined by

To determine α, we first need an expression for u(x) to be used in (13). This can be
easily done by integrating both sides of (12) from 0 to x, using (5), and by using the
given initial condition we obtain

Substituting (14) into (13) and evaluating the integral we find

so that the exact solution

follows immediately upon using (15) into (14).

Example 2. Solve the following third-order Fredholm integro-differential equation by
using the direct computation method:



subject to the initial conditions

This equation can be written in the form

where

To determine α, we should find an expression for u′(x) in terms of x and α to be used in
(20). This can be achieved by integrating (19) three times from 0 to x, using (5), and
using the initial conditions, hence we find

and

Substituting (22) into (20) we obtain

which gives

Substituting (25) into (23) gives the exact solution

Example 3. Solve the following second-order Fredholm integro-differential equation by
using the direct computation method:



subject to the initial conditions

This equation can be written in the form

where

To determine α, and β, we should find an expression for u(x) in terms of x, α and β to be
used in (30). This can be achieved by integrating (29) two times from 0 to x, using (5),
and using the initial conditions, hence we find

Substituting (31) into (30), solving for α and β, we obtain

which gives the exact solution

Exercises 4.3
Solve the following Fredholm integro-differential equations by using the direct
computation method

1. .

2. .

3. .



4. .

5. .

6. .

7. .

8. .

4.4 The Adomian Decomposition Method
The Adomian decomposition method in its simplest form, has been extensively
introduced in Chapters 2 and 3 for handling Fredholm and Volterra integral equations.
In this section we will study how this powerful method can be implemented to
determine a series solution to the Fredholm integro-differential equations. As indicated
earlier, we may assume a standard form to the Fredholm integro-differential equation
given by

where u(n)(x) indicates the nth derivative of u(x) with respect to x and bk are constants
that give the initial conditions. Substituting (4) into (34) yields

We can easily observe that the definite integral in the integro-differential equation (35)
involves an integrand that completely depends on the variable t as discussed in the
preceding section. In an operator form, the equation (35) can be written as

where the differential operator L is given by

It is clear that L is an invertible operator, therefore the integral operator L–1 is an n-fold



integration operator and may be considered as definite integrals from 0 to x for each
integral. Applying L–1 to both sides of (36) yields

In other words we integrated (35) n times from 0 to x and we used the initial conditions
at every step of integration. It is important to note that the equation obtained in (38) is a
standard Fredholm integral equation. This note will be used in the coming section.

In the decomposition method we usually define the solution u(x) of (34) in a series
form given by

Substituting (39) into both sides of (38) we get

or equivalently

The components ui(x), i ≥ 0 of the unknown function u(x) are determined in a recurrent
manner, in a similar fashion as discussed before, where we set



and so on. The above discussed scheme for the determination of the components u0(x),
u1(x) , u2(x) , u3(x), ... of the solution u(x) of the equation (34) can be written in a
recursive relationship by

In view of (46), the components u0(x) , u1(x) , u2(x) , u3(x) , u4(x), ... of u(x) are
immediately determined. With these components established, the solution u(x) of (34) is
readily determined in a series form using (39). Consequently, the series obtained for
u(x) frequently provides the exact solution in a closed form as will be illustrated later.
However, for some problems, where a closed form is not easy to find, we use the series
form obtained to approximate the solution. We point out here that few terms of the series
derived by the decomposition method usually provide the higher accuracy level of the
approximate solution.

The decomposition method avoids massive computational work and difficulties that
arise from other methods. The computational work can be minimized, sometimes, by
using the modified decomposition method or by observing the so-called self-cancelling
noise terms phenomena. The aforementioned techniques were presented earlier in
details, hence it will be summarized in the following sections.

4.4.1 The Modified Decomposition Method
The modified decomposition method is a powerful technique that minimizes the size of
calculations. An essential requirement for the use of this method is that the data function
f(x) in (36) should consist of more than one term. Consequently, the data function f(x)
can be decomposed to two parts, as introduced in [59], of the form



As stated before, the selection of these two parts depends mainly on a trial basis.
Moreover, using this selection, we set the modified recurrence relation as

Although the change between the Adomian decomposition method is slight, but it was
proved from using the proposed modification that this techniques minimizes the
calculations size, and mostly exact solution can be derived in using two iterations only
for u0(x) and u1(x). The strength of this modified method was confirmed before in
Chapters 2 and 3.

Another observation that facilitates the convergence of the solution is the so-called
noise terms phenomenon that was explained before, but will be summarized next.

4.4.2 The Noise Terms Phenomenon
The noise terms phenomenon, that handles the self-cancelling noise terms, was
introduced in previous chapters and used effectively in the literature. It was proved by
Adomian and Rach [4] and others that the exact solution of any integral or integro-
differential equation, for some cases, may be obtained by considering the first two
components u0 and u1 only. Instead of evaluating several components, it is useful to
examine the first two components u0 and u1. The conclusion made in [4] suggests that if
we observe the appearance of like terms in both components with opposite signs, then
by cancelling these terms, the remaining non-cancelled terms of u0 may in some cases
provide the exact solution. This can be justified through substitution. The self-cancelling
terms, the identical terms with opposite terms, between the components u0 and u1 are
called the noise terms. It was formally proved that other terms in other components will
vanish in the limit if the noise terms occurred in u0(x) and u1(x). However, if the exact
solution was not attainable by using this phenomena, then we should continue
determining other components of u(x) to get a closed form solution or an approximate
solution as discussed earlier.

Moreover, it is important to note that, even though this is a remarkable achievement
that speeds the convergence of the solution and minimizes the size of calculations work,
but unfortunately the self cancelling noise terms do not appear always, but a necessary



condition should hold for the possibility that these terms may appear. The condition of
the appearance of the noise terms, as proved in [62], requires the existence of the exact
solution as one term of the zeroth component u0(x).

In the following we discuss some examples which illustrate the above outlined
decomposition scheme, the modified decomposition method, and the phenomenon of the
self cancelling noise terms as well.

Example 1. Solve the following Fredholm integro-differential equation

Integrating both sides of the equation (49) from 0 to x gives

which gives upon using the initial condition

(i) Using the Adomian decomposition method: We usually decompose the solution into
a series form given by

Substituting (52) into both sides of (51) yields

The Adomian decomposition method admits the use of the recurrence relation



In view of these results, we obtain the exact solution

(ii) Using the noise terms phenomenon: Using the first two components u0(x) and
u1(x), we observe that the two identical terms  appear in these two components with
opposite signs. Cancelling this noise term from u0(x), the remaining non-cancelled term
in u0(x) gives the exact solution

that should be checked if it justifies the integro-differential equation.

(iii) Using the modified decomposition method: We first decompose the data function 
 as follows:

using the modified recurrence relation (48) gives

that gives the exact solution (56) that we justified.

Example 2. Solve the following Fredholm integro-differential equation

(i) Using the Adomian decomposition method: Integrating both sides of the equation



(59) from 0 to x gives

which gives upon using the initial condition

In the decomposition method we usually express the solution u(x) into a series form
given by

Substituting (62) into both sides of (61) gives

The Adomian decomposition method admits the determination of the components in a
recurrent manner as follows:

Consequently the exact solution can be obtained upon using

which gives the exact solution



upon evaluating the sum of the infinite geometric series.

(ii) Using the noise terms phenomenon: From the preceding calculations we find

Notice that u1(x) can be written as

The noise terms  appear between the components u0(x) and u1(x). By canceling the
noise term from u0(x), we obtain the exact solution given in (66).

(iii) Using the modified decomposition method: We first split f(x) into two parts, given
by

We next use the modified recursion relation

The other components vanish in the limit. This gives the exact solution given earlier in
(66).

Example 3. Solve the following Fredholm integro-differential equation

Using the Adomian decomposition method: We point out here that the first derivative
u′(x) of the unknown function u(x) appears under the integral sign in this example. The
approach we will follow is the same as used before, and will be illustrated through the
solution. Integrating both sides of the equation (71) three times from 0 to x yields



which gives upon using the initial conditions in (71)

We begin by expressing the solution u(x) into a series form by

Substituting (74) into both sides of (73) yields

Proceeding as before, we determine the components ui(x), i ≥ 0 recurrently, where we
set

Considering the first two components u0(x) and u1(x), we observe that the two identical
terms  appear in these components with opposite signs. Cancelling these terms and
justifying that the remaining non-cancelled term of u0(x) satisfies the given equation
yield the exact solution

Notice that we can solve this example by applying the modified decomposition method.
We leave it to the reader to use this technique.

Exercises 4.4
Solve the following Fredholm integro-differential equations by using the Adomian
decomposition method, modified decomposition method, or noise terms



1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

4.5 The Variational Iteration Method
The variational iteration method [14–18] was presented in Chapters 2 and 3 in detail,
therefore we introduce a summary of the main steps. The method usually computes the
successive approximations that will converge to the exact solution if such a solution
exists. Otherwise, the obtained approximations can be sued for numerical computations
especially if the problem is concrete and an exact solution cannot be obtained.

The standard jth order Fredholm integro-differential equation reads

where , and u(0), u′(0), ···, u(j – 1)(0) are the initial conditions that should be
given.

The correction functional for the Fredholm integro-differential equation (78) is

To apply the variational iteration method, we should first determine the Lagrange
multiplier λ(t) that can be identified optimally as presented in Chapters 2 and 3. Having



λ(t) determined, an iteration formula should be used for the determination of the
determination of the successive approximations un+1(x), n ≥ 0 of the solution u(x). The
zeroth approximation u0 can be any selective function, but using the given initial values
u(0), u′(0), ··· are usually used as examined earlier. Consequently the solution is given
by

It is interesting to recall that the variational iteration method evaluates successive
approximations of the solution and not the components of the solution as in ADM. The
last obtained approximation can be considered as un(x) where its limit should be
evaluated as given earlier.

In what follows, the VIM will be examined by investigating the following examples.

Example 1. Use the variational iteration method to solve the Fredholm integro-
differential equation

The correction functional for this equation is given by

where we used λ = –1 for first-order integro-differential equation. Notice that the
correction functional involves Volterra and Fredholm integral equations.

We can use the initial condition to select u0(x) = u(0) = 1. Using this u0(x) = 1 into
the correction functional gives the following successive approximations



and so on. The VIM admits the use of

It is obvious that noise terms appear in the successive approximations, that will be
cancelled in the limit. Hence, we obtain the exact solution

Example 2. Use the variational iteration method to solve the Fredholm integro-
differential equation

The correction functional for this equation is given by

where we used λ = –1.
We can use the initial condition to select u0(x) = u(0) = 0. Using this u0(x) = 1 into

the correction functional gives the following successive approximations



and so on. The VIM admits the use of

It is obvious that noise terms appear in the successive approximations, that will be
cancelled in the limit. Hence, we obtain the exact solution

Exercises 4.5
Solve the following Fredholm integro-differential equations by using the variational
iteration method

1. .

2. .

3. .

4. .

5. .

6. .

4.6 Converting to Fredholm Integral Equations
In this section we will discuss a technique that will convert Fredholm integro-
differential equation to an equivalent Fredholm integral equation. This can be easily
done by integrating both sides of the integro-differential equation as many times as the
order of the derivative involved in the equation from 0 to x for every time we integrate,



and by using the given initial conditions.
It is important to note that this technique is applicable only if the Fredholm integro-

differential equation involves the unknown function u(x) only, and not any of its
derivatives, under the integral sign.

Having established the transformation to a standard Fredholm integral equation, we
can use any of the methods that were discussed before in Chapter 2, namely the
decomposition method, the variational iteration method, the direct computation method,
the successive approximations method or the successive substitutions method.

To give a clear overview of this method we discuss the following illustrative
examples.

Example 1. Solve the following Fredholm integro-differential equation by converting it
to a standard Fredholm integral equation

Integrating both sides from 0 to x and using the initial condition we obtain

It can be easily seen that (92) is a Fredholm integral equation; therefore we can select
any method that was introduced earlier. To achieve our goal, we select the successive
approximations method to solve this equation. Hence we set a zeroth approximation by

and using this choice in (92) yields the first approximation

which gives

It is obvious that if we continue in the same manner, we then obtain

Accordingly,



Example 2. Solve the following Fredholm integro-differential equation by converting it
to a standard Fredholm integral equation.

Integrating both sides of (98) twice from 0 to x and using the initial conditions we
obtain

a typical Fredholm integral equation. As indicated earlier we can select any method that
will determine the solution; therefore we will use the direct computation method for this
example. Therefore we can express (99) in the form

where the constant α is defined by the definite integral

Substituting (100) into (101) we obtain

an easy integral to evaluate, from which we obtain

Inserting the value of α obtained in (103) into (100) yields the exact solution given by

Exercises 4.6



Solve the following Fredholm integro-differential equations by converting it to
Fredholm integral equations

1. .

2. .

3. ,

.
4. .

5. .



Chapter 5

Volterra Integro-Differential Equations

5.1 Introduction
In this chapter we will be concerned with the Volterra integro-differential equations
where both differential and integral operators will appear in the same equation. This
style of equations was introduced by Volterra for the first time in the early 1900.
Volterra was investigating a population growth model, focusing his study on the
hereditary influences, where through his research work the topic of integro-differential
equations was established. Scientists and researchers investigated the topic of integro-
differential equations through their work in science applications such as heat transfer,
diffusion process in general, neutron diffusion and biological species coexisting
together with increasing and decreasing rates of generating. More details about the
sources where these equations arise can be found in physics, biology and engineering
applications as well as in advanced integral equations books.

In the integro-differential equations, it is important to note that the unknown function
u(x) and one or more of its derivatives such as u′(x) , u″(x), ..., appear outside and
inside the integral sign as well. One quick source of integro-differential equations can
be clearly seen when we convert a differential equation to an integral equation using
Leibniz rule. The Volterra integro-differential equation can be viewed in this case as an
intermediate stage when finding an equivalent Volterra integral equation to the given
differential equation as discussed in Section 1.5.

The following are examples of linear Volterra integro-differential equations:

It is clear from the examples given above that the unknown function u(x) or one of its
derivatives appear under the integral sign, and other derivatives of u(x) appear outside
the integral sign as well. Therefore, the above given equations involve the derivatives
and the integral operators in the same equation, and consequently the term integro-
differential equations has been used for problems involving this combination of
operators.



Examining the limits of integrals in equations (1)-(2) and following the classification
concept used in Chapter 1 allow us to use the classification Volterra integro-
differential equations to equations (1) and (2). In addition, it is also interesting to know
that equations (1)-(2) are linear Volterra integro-differential equations, and this is
related to the linearity occurrence of the unknown function u(x) and its derivatives in the
equations above. However, nonlinear integro-differential equations also arise in many
scientific and engineering problems. Our concern in this chapter will be focused on the
linear Volterra integro-differential equations.

To determine a solution for the Volterra integro-differential equation, the initial
conditions should be given, and this may be clearly seen as a result of involving u(x)
and its derivatives. The initial conditions are needed to determine the constants of
integration.

5.2 Volterra Integro-Differential Equations
In this section we will present the reliable methods that will be used to handle Volterra
integro-differential equations. This new type of equations was termed as Volterra
integro-differential equations, given in the form

We will focus our study on equations that involve separable kernels of the form

Without loss of generality, we will consider the cases where the kernel K(x, t) consists
of one product of the functions g(x) and h(t) given by

where other cases can be generalized in the same manner. The nonseparable kernel can
be reduced to separable kernel by using the Taylor expansion for the kernel involved.
The methods to be introduced are identical, with some exceptions, to the methods
discussed in Chapter 3. Our approach will be mainly based on how we can extend the
methods used in Chapter 3 to handle this type of equations. For this reason we first start
with the most practical method.



5.3 The Series Solution Method
This method has been extensively introduced in Chapter 3. Without loss of generality,
we may consider a standard form to the Volterra integro-differential equation given by

where u(n)(x) indicates the nth derivative of u(x) with respect to x, and bk are constants
that define the initial conditions. Substituting (5) into (6) yields

We will follow a manner parallel to the approach of the series solution method that
usually used in solving ordinary differential equations around an ordinary point. To
achieve this goal, we first assume that the solution u(x) of (7) is an analytic function and
hence can be represented by a series expansion given by

where the coefficients ak are constants that will be determined. It is to be noted that the
first few coefficients ak can be determined by using the initial conditions so that

and so on depending on the number of the initial conditions given, whereas the
remaining coefficients ak will be determined from applying the technique as will be
discussed later. Substituting (8) into both sides of (7) yields

In view of (10), the integral equation (7) will be reduced to several calculable integrals
in the right hand side of (10) that can be easily evaluated where we have to integrate
terms of the form tn, n ≥ 0 only.

The next step is to write the Taylor expansion for f(x), evaluate the resulting
traditional integrals in (10), and then equating the coefficients of like powers of x in



both sides of the equation. Accordingly, this leads to a complete determination of the
coefficients ai, i ≥ 0.

Consequently, substituting the obtained coefficients ak, k ≥ 0 into (8) produces the
solution in a series form. This may converge to a solution in a closed form, if an exact
solution exists, or we may use the obtained series for numerical purposes.

To give a clear overview of the technique and how it should be implemented for
Volterra integro-differential equations, the series solution method will be illustrated by
discussing the following examples.

Example 1. Solve the following Volterra integro-differential equation by using the
series solution method.

Substituting u(x) by the series

into both sides of the equation (11) and using the Taylor expansion of cosh x we obtain

Using the initial conditions yields

Evaluating the traditional integrals that involve terms of the form tn, n ≥ 0, and using
few terms from both sides yield

Equating the coefficients of like powers of x in both sides we find



and generally

and

Using (12) we find the solution u(x) in a series form

and in a closed form, the exact solution is given by

obtained upon using the Taylor series of sinh x.

Example 2. As a second example we use the series solution method to solve

Using (8) and considering the first few terms of the expansion of u(x), we obtain

Substituting (23) into both sides of (22) yields



Integrating the right hand side and equating the coefficients of like powers of x we find

and so on, where the constants a0 and a1 are defined by using the initial conditions.
Consequently the solution in a series form is given by

which gives the exact solution in a closed form

Exercises 5.3
Solve the following Volterra integro-differential equations by using the series solution
method

1. .

2. .

3. .

4. .

5. .

5.4 The Adomian Decomposition Method
The Adomian decomposition method (ADM) and the modified decomposition method
were discussed in detail in Chapters 2, 3 and 4. In this section we will introduce how
this successful method can be implemented to determine a series solution to the Volterra
integro-differential equations. Without loss of generality, we may assume a standard
form to the Volterra integro-differential equation defined by the standard form



where u(n)(x) indicates the nth derivative of u(x) with respect to x and bk are constants
that define the initial conditions. It is natural to seek an expression for u(x) that will be
derived from (28). This can be done by integrating both sides of (28) from 0 to x as
many times as the order of the derivative involved. Consequently, we obtain

where  is obtained by using the initial conditions, and L–1 is an n-fold
integration operator. Now we apply the decomposition method by defining the solution
u(x) of (29) in a decomposition series given by

Substituting (30) into both sides of (29) we get

or equivalently

The components ui(x), i ≥ 0 of the unknown function u(x) are determined in a recursive



manner, in a similar way as discussed before, if we set

and so on. The decomposition method discussed above for the determination of the
components ui(x) , i ≥ 0 of the solution u(x) of the equation (28) can be written in a
recursive manner by

In view of (37) and (38), the components ui(x), i ≥ 0 are immediately evaluated. With
the components determined, the solution u(x) of (28) is then obtained in a series form
using (30). Consequently, the series obtained for u(x) mostly provides the exact solution
in a closed form as will be illustrated later. However, for concrete problems, where
(30) cannot be evaluated, a truncated series  is usually used to approximate the
solution u(x).

It is convenient to point out that the phenomenon of the self-cancelling noise terms
that was introduced before may be applied here if the noise terms appear between u0(x)
and u1(x). Moreover, the modified decomposition method can be used as well. The
following examples will explain how we can use the Adomian decomposition
technique.

Example 1. Solve the following Volterra integro-differential equation by using the
decomposition method.



Applying the two-fold integral operator L–1

to both sides of (39), i.e. integrating both sides of (39) twice from 0 to x, and using the
given initial conditions yield

Following the decomposition scheme (37) and (38) we find

Combining the last results yields the solution u(x) in a series form given by

and this leads to the exact solution in a closed form

Example 2. Solve the following Volterra integro-differential equation

by using the decomposition method. Integrating both sides of (45) twice from 0 to x and
using the given initial conditions yield



where L-1 is a two-fold integration operator given above by (40).
Following the decomposition method we obtain

Combining the obtained results yields the solution u(x) in a series form given by

and this gives the exact solution in a closed form

Example 3. Solve the following Volterra integro-differential equation

by using the decomposition method.
We note here that the Volterra integro-differential equation involves the third order

differential operator u′″(x), therefore integrating both sides of (50) three times from 0 to
x and using the initial conditions we obtain

Following the decomposition scheme we find



which gives

Consequently, the solution u(x) given in a series form

We can easily observe that the series solution obtained in (54) will not easily give the
closed form solution; however, rewriting (54) by

provides the closed form solution given by

Exercises 5.4
Solve the following Volterra integro-differential equations by using the Adomian
decomposition method

1. .

2. .

3. .

4. .

5. .

u(0) = 1, u′(0) = –1, u″(0) = 0, u′″(0) = 1.

5.5 The Variational Iteration Method



The variational iteration method was used effectively in the preceding chapters. This
method was used to handle both Fredholm and Volterra integral equations. The method
was presented before where we studied the necessary issues that should be addressed.
We should first give the correction functional that works for differential equation
provided that the Lagrange multiplier is derived. The method gives successive
approximations of the exact solution and does not give distinct components as in the
case of Adomian decomposition method. Because we will study the Volterra integro-
differential equations in this section, then we can apply this method directly, and we do
not need any specific condition. In what follows we give a brief summary to the
essential steps of the variational method.

The standard jth order integro-differential equation is of the form

where , and u(0), u′(0), ···, u(j–1)(0) are the initial conditions.
The correction functional for the integro-differential equation (57) is

Recall that the Lagrange multipliers were identified optimally, as shown before, and
summarized by

and so on. Moreover, the zeroth approximation u0(x) can be preferably selected by
using the initial values u(0), u′(0), ... and Taylor series. Having determined the first few
successive approximations, the solution is given by

The VIM will be illustrated by studying the following examples.

Example 1. Use the variational iteration method to solve the Volterra integro-
differential equation



The correction functional for this equation is given by

where we used λ = –1 for first-order integro-differential equations.
We can use the initial condition to select u0(x) = u(0) = 2. Using this selection into

the correction functional gives the following successive approximations

and so on. The VIM admits the use of

that gives the exact solution

Example 2. Use the variational iteration method to solve the Volterra integro-
differential equation

The correction functional for this equation is given by

where we used λ = –1 for first-order integro-differential equations.
We can use the initial condition to select u0(x) = u(0) = 2. Using this selection into

the correction functional gives the following successive approximations



and so on. The VIM admits the use of

that gives the exact solution

Example 3. Use the variational iteration method to solve the Volterra integro-
differential equation

The correction functional for this equation is given by

where we used λ = (t – x) for second-order integro-differential equations. We can use
the initial condition to select u0(x) = u(0) + xu′(0) = x. Using this selection into the
correction functional gives the following successive approximations

and so on. The VIM admits the use of



that gives the exact solution

Exercises 5.5
Solve the following Volterra integro-differential equations by using the variational
iteration method

1. .

2. .

3. .

4. .

5. .

6. .

5.6 Converting to Volterra Integral Equation
We can easily convert the Volterra integro-differential equation to an equivalent
Volterra integral equation, provided that the kernel is a difference kernel defined by the
form K(x, t) = K(x – t). This can be easily done by integrating both sides of the equation
and using the initial conditions. To perform the conversion to a standard Volterra
integral equation we should use the formula (70) of Chapter 1 that converts multiple
integral to a single integral. The reader is advised to review that formula for further
reference. The following two specific formulas

and

given by (71) and (72) in Chapter 1 are usually used to transform double integrals and
triple integrals respectively to a single integral. Having established the transformation
to a standard Volterra integral equation, we may proceed using any of the alternative
methods that were discussed before in Chapter 3. To give a clear overview of this



method we discuss the following examples.

Example 1. Solve the following Volterra integro-differential equation

by converting to a standard Volterra integral equation.
Integrating both sides from 0 to x and using the initial condition we obtain

which gives

upon using the formula (76). It is clearly seen that (80) is a standard Volterra integral
equation that will be solved by using the decomposition method. Following the
Adomian decomposition method we set

which gives

so that

We can easily observe that the noise terms  appear in the components u0(x) and
u1(x), and by cancelling this noise term from u0(x) and justifying that

is the exact solution of (80).

Example 2. Solve the following Volterra integro-differential equation



by converting to a standard Volterra integral equation.
Integrating both sides twice from 0 to x and using the initial conditions we obtain

by using formula (76), and

by using formula (77). The last equation is a standard Volterra integral equation that
will be solved by using the modified decomposition method. To determine u(x) we set

which gives

We can easily observe that the noise terms did not appear between the components u0(x)
and u1(x), therefore we continue to find more terms to study the solution more closely.
Consequently, we find

Combining the results for the components u0(x) , u1(x) and u2(x) we obtain the series
expression for the solution given by

which gives the exact solution



Exercises 5.6
Solve the following Volterra integro-differential equations by converting the problem to
Volterra integral equation

1. .

2. .

3. .

4. .

5. .

6. .

5.7 Converting to Initial Value Problems
In this section we will study how to convert the Volterra integro-differential equation to
an equivalent initial value problem, focusing our discussion on the case where the
kernel is a difference kernel where K(x, t) = K(x – t). This can be achieved easily by
differentiating both sides of the integro-differential equation as many times as needed to
remove the integral sign. In differentiating the integral involved we shall use the Leibniz
rule to achieve our goal. The Leibniz rule has been extensively introduced in Section
1.4. It is important to note that we should define the initial conditions at every step of
differentiation. A similar technique was discussed and examined in Chapters 1 and 2.
The reader is advised to review the related material for further use.

Having converted the Volterra integro-differential equation to an initial value
problem, the various methods that are used in any ordinary differential equation course
can be used to determine the solution. The idea is easy to use but requires more
calculations if compared with the integral equations techniques.

To give a clear overview of this method we discuss the following illustrative
examples.

Example 1. Solve the following Volterra integro-differential equation by converting it
to an initial value problem.

Differentiating both sides of (93) with respect to x and using the Leibniz rule to



differentiate the integral at the right hand side we obtain

with initial conditions given by

where the last initial condition was obtained by substituting x = 0 in both sides of (93).
The characteristic equation of (93) is

which gives the roots

so that the general solution is given by

where A and B are constants to be determined. Using the initial conditions given by (95)
to find the constants A and B, we find that the solution is

Example 2. Solve the following Volterra integro-differential equation by converting it
to an initial value problem.

Differentiating both sides of (100) and using Leibniz rule we find

and by differentiating again to reduce the equation to a pure differential equation we
obtain

Combining the given initial conditions in (100) with the other initial conditions,
obtained by substituting x = 0 in (100) and (101), we write



The characteristic equation of (102) is

which gives the roots

so that the general solution is given by

where A, B, C and D are constants to be determined. Using the initial conditions (103)
to determine the numerical values for the constants A, B, C and D, we find the solution
given by

Example 3. Solve the following Volterra integro-differential equation by reducing the
equation to an initial value problem.

Differentiating both sides of (108) with respect to x and using Leibniz rule to
differentiate the integral at the right hand side we obtain

or equivalently

with initial conditions given by

where the second initial condition was obtained by substituting x = 0 in both sides of
(108). The characteristic equation for the corresponding homogeneous equation of (110)
is



which gives the roots

so that the complementary solution is given by

where A and B are constants to be determined. A particular solution up(x) can be
obtained by assuming that

Substituting (115) into (110) yields

Combining (114)-(116) yields

which gives

upon using the initial conditions (111).

Exercises 5.7
Solve the following Volterra integro-differential equations by converting the problem to
an initial value problem

1. .

2. .

3. .

4. .

5. .



6. .

7. .

5.8 Volterra Integro-Differential Equations of the First Kind
The standard form of the Volterra integro-differential equation of the first kind was
introduced by Linz [25, 26]. The standard form of this integro-differential equation
reads

with given initial conditions. The Volterra integro-differential equation of the first kind
(119) was investigated by Linz [25, 26] by using analytical and numerical methods.
Moreover, the equation was handled by other techniques as will be presented later.

The most significant method for handling this problem is to convert it to an equivalent
Volterra integro-differential equation of the second kind, or even Volterra integral
equation of the second kind simply by using the Leibniz rule for differentiating any
integral. Also this can be achieved by integrating the second integral in (119) by parts.
Having converted the Volterra integro-differential equation of the first kind to its
equivalent of the second kind, then we can employ any of the methods that were applied
earlier in this text, such as the series method, the Adomian decomposition method and
the variational iteration method. For practical use, we will apply the latter method. The
reader is advised to use other methods.

In this text we will concern ourselves on the Volterra integro-differential equation of
the first kind where the kernels K1(x, t) and K2(x, t) of (119) are difference kernels, that
each depends on the difference (x – t) such as (x – t + 1), sin(x – t), ex–t, .... One more
essential condition that should be considered that the solution exists if K2(x, x) ≠ 0. This
necessary condition can be observed by introducing the conversion process to an
equivalent Volterra integro-differential equation of the second kind.

Differentiating both sides of (119), and using Leibniz rule we find



The obtained equation is a Volterra integro-differential equation of the second kind that
can be evaluated only if K2(x, x) ≠ 0.

We will focus our illustrative examples by the variational iteration method, where
other methods can be used as well. Recall that we need the Lagrange multiplier λ that
will be used in the correction functional. Moreover, the zeroth approximation can be
selected by using the given initial condition as presented before. The Volterra integro-
differential equation of the first kind will be examined by using the variational iteration
method when studying the following examples.

Example 1. Solve the Volterra integro-differential equation of the first kind

Differentiating both sides of this equation once with respect to x gives the Volterra
integro-differential equation of the second kind

The correction functional for equation (122) is given by

where we used λ(t) = –1. The zeroth approximation u0(x) can be selected by u0(x) = 1.
This gives the successive approximations

This gives

that converges to the exact solution



Example 2. Solve the Volterra integro-differential equation of the first kind

Differentiating both sides of this equation once with respect to x gives the Volterra
integro-differential equation of the second kind

The correction functional for equation this equation is given by

The zeroth approximation u0(x) can be selected by u0(x) = 0. This gives the successive
approximations

This gives the exact solution

Example 3. Use the variational iteration method to solve the Volterra integro-
differential equation of the first kind

Differentiating both sides of (132) once with respect to x gives the Volterra integro-
differential equation of the second kind

The correction functional for equation this equation is given by



where we used λ(t) = –1. The zeroth approximation u0(x) can be selected by u0(x) = 6.
This gives the successive approximations

This gives

The exact solution is therefore given by

Example 4. Solve the Volterra integro-differential equation of the first kind

Differentiating both sides of (138) once with respect to x gives the Volterra integro-
differential equation of the second kind

The correction functional for equation (139) is given by

where we used λ(t) = –1. The zeroth approximation u0(x) can be selected by u0(x) = –1.
This gives the successive approximations



This gives

The exact solution is therefore given by

Exercises 5.8
Solve the following Volterra integro-differential equations of the first kind by using the
variational iteration method or any other method

1. 

2. 

3. 

4. 

5. 

6. 



Chapter 6

Singular Integral Equations

6.1 Introduction
An integral equation is called a singular integral equation if one or both limits of
integration become infinite, or if the kernel K(x, t) of the equation becomes infinite at
one or more points in the interval of integration. In other words, the integral equation of
the first kind

or the integral equation of the second kind

is called singular if the lower limit α(x), the upper limit β(x) or both limits of
integration are infinite. Moreover, the equation (1) or (2) is also called a singular
integral equation if the kernel K(x, t) becomes infinite at one or more points in the
domain of integration. Examples of the first style of singular integral equations are
given by the following examples:

The integral equations (4) and (5) are Fourier transform and Laplace transform of the
function u(x) respectively. In addition, the equations (4) and (5) are in fact Fredholm
integral equations of the first kind with kernels given by K(x, t) = e–ιλx and K(x, t) = e–

λx. It is important to note that the Laplace transforms and the Fourier transforms are



usually used for solving ordinary and partial differential equations with constant
coefficients. However, these transforms will not be used in this text to solve integral
equations, but will be used in the derivation of two formulas as will be seen later.

One important point to be noted here is that the singular behavior in (3)-(5) has been
attributed to the range of integration becoming infinite.

Examples of the second style of singular integral equations are given by

where the singular behavior in this style of equations has been attributed to the kernel
K(x, t) becoming infinite as t → x.

It is important to note that integral equations similar to examples (6) and (7) are
called Abel’s problems and generalized Abel’s integral equations respectively.
Moreover these styles of singular integral equations are among the earliest integral
equations established by the Norwegian mathematician Niels Abel in 1823. In addition,
Abel’s equations arise frequently in mathematical physics.

However, singular equations similar to example (8) are called the weakly-singular
second-kind Volterra-type integral equations. This type of equations usually arise in
scientific and engineering applications like heat conduction, super fluidity and crystal
growth. Recently, the weakly-singular second-kind Volterra type integral equations have
been the subject of extensive analytical studies. Moreover, numerical studies have been
carried out to obtain approximations, of high accuracy level, to the exact solution.

In addition to the definitions of the singular Volterra integral equations that we
defined, we note that singularity behavior arises also in Fredholm integral equations of
the second kind. Examples of the weakly-singular Fredholm integral equations are given
by

and



Recall that for the first kind, the unknown solution u(x) appears only inside the integral
sign, whereas for the second kind the unknown solution u(x) appears inside and outside
the integral sign, a characteristic feature of the first and the second kind integral
equations.

We point out that the weakly singular Volterra integral equations arise in
mathematical physics applications, chemical applications such as stereology, heat
conduction, radiation of heat from a semi-infinite solid and crystal growth. However,
the weakly-singular Fredholm integral equations often arise in scientific applications
such as Dirichlet problems, radiation equilibrium applications, electrostatics, potential
theory, astrophysics, and radiative heat transfer.

In this chapter we will focus our study on the second style of singular Volterra
integral equations, namely the equations where the kernel K(x, t) becomes unbounded at
one or more points of singularities in its domain of definition. The equations that will be
investigated are Abel’s problem, generalized Abel integral equations and the weakly-
singular second-kind Volterra type integral equations. Moreover, we will proceed in
our study to cover the singular Fredholm integral equations using the practical methods.
The singular Fredholm integral equations was approached by many approaches, mostly
by numerical techniques, such as homotopy method, wavelet Galerkin method, Taylor
expansion method and other methods as well. In a manner parallel to the approach used
in previous chapters, we will focus our study on the techniques that will guarantee the
existence of a unique solution to any singular integral equation with singularity related
to the kernel K(x, t) becoming unbounded at its domain of integration. We point out here
that singular integral equations are in general very difficult to handle.

6.2 Abel’s Problem
Abel in 1823 investigated the motion of a particle that slides down along a smooth
unknown curve, in a vertical plane, under the influence of the gravitational field. It is
assumed that the particle starts from rest at a point P, with vertical elevation x, slides
along the unknown curve, to the lowest point O on the curve where the vertical distance
i s x = 0. The total time of descent T from the highest point to the lowest point on the
curve is given in advance, and dependent on the elevation x, hence expressed by

Assuming that the curve between the points P and O has an arclength s, then the velocity
at a point Q on the curve, between P and O, given by



where t is a variable coordinate defines the vertical distance of the point Q, and g is a
constant defines the acceleration of gravity. Integrating both sides of (12) gives

Setting

and using (11) we find that the equation of motion of the sliding particle is governed by

We point out that f(x) is a predetermined function that depends on the elevation x and
given by

where g is the gravitational constant, and h(x) is the time of descent from the highest
point to the lowest point on the curve. The main goal of Abel’s problem is to determine
the unknown function u(x) under the integral sign that will define the equation of the
curve. Having determined u(x), the equation of the smooth curve, where the particle
slides along, can be easily obtained using the calculus formulas related to the arclength
concepts.

It is worth mentioning that Abel’s integral equation (15) is also called Volterra
integral equation of the first kind. Besides, the kernel K(x, t) in (15) is given by

which shows that the kernel (17) is singular in that

The interesting Abel’s problem has been approached by different methods. In the
following we will employ Laplace transforms only to determine a suitable formula to
solve Abel’s problem (15), noting that Laplace transforms will not be used in our
approach to handle the singular equations. Taking Laplace transforms of both sides of
(15) leads to



where Γ is the gamma function. In Appendix D, the definition of the gamma function and
some of the relations related to it are given. Noting that , the equation (19)
becomes

which can be rewritten by

Setting

into (21) yields

which gives

upon using the fact

Applying L–1 to both sides of (24) yields the easily calculable formula

that will be used for the determination of the solution. It is clear that Leibniz rule is not
applicable in (26) because the integrand is discontinuous at the interval of integration.
As indicated earlier, determination of u(x) will lead to the determination of the curve
where the particle slides along this curve.



It is obvious that Abel’s problem given by (15) can be solved now by using the
formula (26) where the unknown function u(x) has been replaced by the given function
f(x). One last remark concerns the use of the formula (26). The process consists of
selecting the proper substitution for (x – t), integrate the resulting definite integral and
finally differentiate the result of the evaluation. Appendix B, an appropriate calculator
or any symbolic computer software, such as Maple or Mathematica, can be used as a
helpful tool needed for evaluating the integrals involved.

The procedure of using the formula (26) that determines the solution of Abel’s
problem (15) will be illustrated by the following examples.

Example 1. As a first example we consider the following Abel’s problem

Substituting f(x) = π in (26) yields

Setting the substitution y = x – t in (28), we obtain

Example 2. Solve the following Abel’s problem

Substituting  in (26) gives

Using integration by substitution, where we set y = x – t, or by using Appendix B, we
obtain



Example 3. As a third example we consider the following Abel’s problem

Substituting  in (26) we find

The integral at the right hand side of (34) can be evaluated by using integration by
substitution, where in this case we set the substitution

so that

and

Substituting (35)-(37) in (34) we obtain

The integral at the right hand side of (38) may be evaluated directly by using Appendix
B.

Exercises 6.2
Solve the following Abel’s integral equations:

1. .



2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

6.3 The Generalized Abel’s Integral Equation
It is important here to note that Abel introduced the more general singular integral
equation

known as the Generalized Abel’s integral equation , where the exponent of the
denominator of the kernel is α, such as 0 < α < 1. It can be easily seen that Abel’s
problem discussed above is a special case of the generalized equation where . To
determine a practical formula for the solution u(x) of (39), and hence for the Abel’s
problem, we simply use the Laplace transform in a similar manner to that used above.
As noted before, the Laplace transform will be used for the derivation of the proper
formula, but will not be used in handling the equations. Taking Laplace transforms to
both sides (39) yields

where Γ is the gamma function. The equation (40) can be written as



or equivalently

where

Using (43) into (42) yields

upon using the identities

and

from Laplace transforms and Appendix D respectively. Applying L–1 to both sides of
(44) yields the easily computable formula for determining the solution

Recall that f(x) is differentiable, therefore we can derive from (47) a more suitable
formula that will support our computational purposes. To determine this formula, we
first integrate the integral at the right hand side of (47) by parts where we obtain

Differentiating both sides of (48), noting that Leibniz rule should be used in
differentiating the integral at the right hand side, yields



Substituting (49) into (47) yields the desired formula given by

that will be used to determine the solution of the generalized Abel’s equation and
consequently, of the standard Abel’s problem as well. This will be illustrated by
examining the following examples.

Example 1. Solve the following generalized Abel’s integral equation

Notice that . Using (47) gives

Example 2. Solve the following generalized Abel’s integral equation

Notice that . Using (47) gives

Example 3. Solve the following generalized Abel’s integral equation

Notice that . Using (47) gives



Example 4. Find an approximate solution to the following Abel’s problem

In this example f(x) = sinh x, hence f(0) = 0 and f′(x) = cosh x. Using the formula (47)
we find

An approximate solution can be found by considering  for
small x. Consequently, we have

which gives

by integrating by substitution or by using Appendix B.

Exercises 6.3
Solve the following generalized Abel’s integral equations

1. 

2. 

3. 

4. 

5. 

6. 

6.4 The Weakly-Singular Volterra Integral Equations



As indicated earlier, the weakly-singular Volterra integral equations of the second kind
are given by

and the generalized form

appear frequently in many mathematical physics and chemistry applications such as heat
conduction, crystal growth, electro chemistry, and radiation of heat from a semi-infinite
solid. It is to be noted that β is a constant and T = 1, 2, or 3 depending on the science
model under discussion. It is also assumed that the function g(x) is sufficiently smooth
so that a unique solution to (61) is guaranteed. The equations (61) and (62) fall under
the category of singular equations with singular kernel . Notice that the
kernel is called weakly singular as the singularity may be transformed away by a change
of variables [12]. A considerable amount of work has been carried out recently on these
models to determine its exact solutions or to achieve numerical approximations of high
degree of accuracy.

In this section we will base our discussion on the Adomian decomposition method
that was introduced in the preceding chapters, and mostly we will use the modified
decomposition method and the noise terms phenomenon. We will show that this
technique is an effective and powerful tool to handle this style of singular equations
analytically and numerically. The method has been discussed extensively and need not
be introduced in details here. We note here that we cannot use the variational iteration
method because we cannot use Leibniz rule for singular equations.

6.4.1 The Adomian Decomposition Method
In the following we outline a brief framework of the method. The method as presented
before gives the solution in a series that converges to the exact solution if an exact
solution exists. To determine the solution u(x) of (61) we usually use the decomposition

into both sides of (61) to obtain



The components u0(x) , u1(x) , u2(x), ... are immediately determined upon applying the
following recurrent algorithm

The same approach can be used for the generalized weakly-singular integral equation
where 0 < α < 0. Having determined the components ui(x) , i ≥ 0, the solution u(x) of
(61) will be easily obtained in the form of a rapid convergent power series by
substituting the derived components in (63).

It is important to note that the phenomenon of the self-cancelling noise terms, where
like terms with opposite signs appear in specific problems, should be observed here
between the components u0(x) and u1(x). As mentioned earlier, the appearance of these
terms usually speeds the convergence of the solution and normally minimizes the size of
the computational work. For illustration purposes, we discuss the following examples.

Example 1. We first consider the weakly-singular Volterra integral equation of the
second kind

Using the recurrent algorithm we set

The result (67) can be obtained directly by using Appendix B, calculator, or computer
software. Observing the appearance of the noise terms  between the components
u0(x) and u1(x), and verifying that the non-cancelled term in u0(x) justifies the equation
(66) yields the exact solution given by



It can be shown that it is possible to obtain the exact solution (68) by using the
modified decomposition method. This can be done by splitting the nonhomogeneous part
g(x) into two parts. Accordingly, we set

so that

which gives

Consequently, other components will vanish, and the exact solution (68) follows
immediately.

Example 2. As a second example we consider the weakly-singular second-kind
Volterra integral equation

Proceeding as before we set

Cancelling the noise terms between the components u0(x) and u1(x), and verifying that
the remaining term in u0(x) satisfies the equation (72) gives the exact solution

As discussed in example 1, we can obtain the exact solution (74) by using the modified
decomposition method. We leave it as an exercise to the reader.

Example 3. We next consider the weakly-singular Volterra integral equation of the



second kind

Following the discussion in the previous examples we use the recurrence relation

It is clear that the noise terms did not appear between the components u0(x) and u1(x).
This explains why we determined more components. Combining the obtained results, the
solution u(x) in a series form

is readily obtained. The result obtained in (77) can be expressed as

It is to be noted that in this example we determined four components of the series
solution. Other components can be obtained in a similar fashion to increase the degree
of accuracy for numerical purposes. However, the exact solution of (75) is given by

where erfc is the complementary error function normally used in probability topics. The
definitions of the error function and the complementary error function can be found in
Appendix D.

Example 4. We now consider the weakly-singular Volterra integral equation of the
second kind



In this example we will use the modified decomposition method. Hence, we use the
recurrence relation

This yields the exact solution

Example 5. We finally consider the weakly-singular Volterra integral equation of the
second kind

Using the modified decomposition method sets the recurrence relation

This yields the exact solution

Exercises 6.4
Use the decomposition method or the modified decomposition method to solve the
following weakly-singular Volterra integral equations of the second kind:

1. .

2. .

3. .

4. .

5. .



6. .

7. .

8. .

9. .

10. .

11. .

12. .

13. .

14. .

6.5 The Weakly-Singular Fredholm Integral Equations
The weakly-singular Fredholm integral equations of the second kind take the form

and can be generalized to

where u(t) is the unknown solution. The weakly-singular Fredholm integral equations
often arise in scientific applications such as Dirichlet problems, radiation equilibrium
applications, electrostatics, potential theory, astrophysics, and radiative heat transfer.

In the literature, there is a variety of numerical methods that were used for solving
weakly-singular Fredholm integral equations (86)–(87), where the main goal was the
determination of numerical approximations of the solutions. Examples of the methods
that were used so far are the Galerkin method, collocation, quadrature methods, the
homotopy analysis method, and the Taylor series method. The spectral method, the
random point approximation method, and a fast spectral collocation method was applied
for surface integral equations of potential problems in a spheroid. In [26], the spectral
collocation method were also used for solving these equations.

In this chapter, we will use the modified decomposition method and the noise terms



phenomenon to determine exact solutions of such singular integral equations. In the
sequel, we will briefly review the necessary steps of the two proposed schemes that
will be used.

6.5.1 The Modified Decomposition Method
The Adomian decomposition method admits the use of the decomposition series for the
solution

where the solution components ui(x) , i ≥ 0, are determined by using the standard
recurrence relation

However, the modified decomposition method introduces a slight change in the
recurrence relation. The modified decomposition method decomposes the function f(x)
into two components f0(x) and f1(x), and introduces the modified recurrence relation
given as

The use of the modified decomposition method minimizes the computations. It is worth
noting that a proper selection of f0(x) and f1(x) is essential for a successful use of the
modified decomposition method.

The noise terms are defined as the identical terms with opposite signs that may
appear within the components un(x), for n ≥ 0. The noise terms, if appearing especially
within both of the components u0(x) and u1(x), will provide the exact solution by using
only the first two iterations. By canceling the noise terms for u0(x), the remaining non-
canceled terms of u0(x) may give the exact solution, and this can be verified through
substitution into the original equation.

In a manner parallel to our earlier analysis, we will investigate three weakly-singular



Fredholm integral equations. We will apply the modified decomposition method and the
noise terms phenomenon when appropriate.

Example 1. Consider the weakly-singular Fredholm integral equation

We first decompose f(x) into two parts defined as

The modified decomposition method admits the use of the modified recurrence relation
as

This gives the exact solution by

Example 2. Consider the weakly-singular Fredholm integral equation

We first decompose f(x) into two parts defined as

The modified decomposition method admits the use of the modified recurrence relation
as

This gives the exact solution by



Example 3. Consider the weakly-singular Fredholm integral equation

where 0 ≤ x ≤ 1. We first decompose f(x) into two parts defined as

The modified decomposition method admits the use of the modified recurrence relation
as

Cancelling the noise term from u0(x) gives the exact solution by

Exercises 6.5
Use the modified decomposition method and the noise terms phenomenon to solve the
following weakly-singular Fredholm integral equations of the second kind:

1. .
2. .
3. .
4. .
5. .



Chapter 7

Nonlinear Fredholm Integral Equations

7.1 Introduction
So far in this text we have been mainly concerned with studying different methods for
solving linear integral equations of the first and the second kind. We pointed out earlier
that nonlinear integral equations yield a considerable amount of difficulties. However,
with the recent methods developed, it seems reasonable to present some reliable and
powerful techniques that will make the study of specific cases of nonlinear integral
equations successful and valuable. In general, the solution of the nonlinear integral
equation is not unique. However, the existence of a solution of nonlinear integral
equations with specific conditions is possible. Because we will concern ourselves with
nonlinear Fredholm integral equations that will give solutions, therefore we will not
discuss in this text the theorem of existence of solutions of nonlinear equations. For
more information about the conditions that are necessary for the existence of solutions
for nonlinear equations, the reader is advised to look in other texts such as [19] and
[44].

The purpose of this chapter is to introduce reliable and easily computable techniques
for solving specific cases of nonlinear Fredholm integral equations. As indicated in
Chapter 1, given F(u(t)) a nonlinear function in u(t), integral equations of the form

and

are called nonlinear Fredholm integral equations and nonlinear Volterra integral
equations respectively. The function F(u(t)) is nonlinear in u(t) such as u2(t), u3(t), eu(t)

and λ is a parameter. However, in this text, we will restrict our discussion to the case
where F(u(t)) = un(t) , n ≥ 2, whereas other nonlinear integral equations that involve
nonlinear terms other than un(t) can be handled in a very similar manner. The following
are examples of nonlinear Fredholm integral equations:



7.2 Nonlinear Fredholm Integral Equations of the Second
Kind

In this section we will discuss the most successful methods for solving nonlinear
Fredholm integral equations of the second kind. Recall that for nonlinear Fredholm
integral equations of the second kind, the unknown function u(x) appears inside and
outside the integral sign. It has been concluded that the direct computation method
proved to be reliable in that it handled successfully the linear Fredholm integral
equations and the Fredholm integro-differential equations in Chapters 2 and 4
respectively. Based on this conclusion, the direct computation method will be
implemented here to provide the exact or (closed form) solution as will be discussed
later.

Moreover, the Adomian decomposition method proved to be an elegant tool in
handling linear and nonlinear equations as well. Accordingly, it is useful to use this
method here to obtain the solution in the form of a power series. However, one
important fact concerning the decomposition method, in handling the nonlinear
problems, is that it requires the use of the so called Adomian polynomials that will
represent the nonlinear terms such as un(t), n ≥ 2 or eu(x) that appear under the integral
sign. The scheme that to construct the Adomian polynomials will be explained in details
later.

7.2.1 The Direct Computation Method
The direct computation method was presented before and used effectively in Chapters 2
and 4. The method approaches the problem directly and gives all possible solutions of
the nonlinear equations if the equation has more than one solution.

As stated before we will focus our study on the nonlinear Fredholm integral
equations of the second kind of the form

where the kernel K(x, t) will be assumed a separable kernel. Without loss of generality,



we may consider the kernel K(x, t) to be expressed by

Consequently, we rewrite the equation (5) as

We can easily observe that the definite integral in the right hand side of (7) depends
only on the variable t. Therefore, we will follow the approach usually used in the direct
computation method, hence we set

where the constant α represents the numerical value of the integral. Accordingly, we
may rewrite (7) as

Substituting u(x) from (9) into (8), and integrating the easily computable integral yield
the numerical value of the constant α. The exact solution u(x) is readily determined upon
substituting the obtained value of α in (9).

We point out that the derived solution u(x) in (9) depends on the parameter λ.
Accordingly, it is normal to discuss all possible values of λ that will define real
solutions for u(x). As a result, two related phenomena, termed as the bifurcation point
and the singular point, may appear. These phenomena have been introduced by [19, 44]
and others. For simplicity reasons, the direct computation method and the phenomena of
the bifurcation point and the singular point of the nonlinear integral equation will be
illustrated by the following examples.

Example 1. We consider the nonlinear Fredholm integral equation

Setting

carries (10) into



Substituting (12) into (11) yields

which gives

or equivalently

Solving the quadratic equation (15) for α gives

so that substituting (16) into (12) yields

Singular Points and Bifurcation Points
It is obvious from (17) that the number of solutions depends on λ. The bifurcation point
is a value of λ such that when λ changes though the bifurcation value, then the number of
real solutions will change as a result. To explain this, we examine the following
possible values of λ:
(i) For λ = 0, using (10) we obtain u(x) = 2, but using (17) we find that u(x) is infinite.
For this reason, the point λ = 0 is called a singular point of the equation (10).
(ii) For , the equation (10) has two real solutions. It is clear in this case that the
solution is not unique. This is normal for nonlinear integral equations.
(iii) For , the equation (10) has one real solution and the point  is called a
bifurcation point. The real solution in this case is u(x) = 4.

This in turn explains that for  we obtain one solution, whereas when λ changes to
, such as λ = –1, the number of real solutions will be changed from one to two,

namely u(x) = –2, 1.

Example 2. We next consider the nonlinear Fredholm integral equation



Setting

carries (18) into

Substituting (20) into the equation (19) gives

which gives

or equivalently

so that

Accordingly, two real solutions given by

are obtained upon using (24) into (20).

Example 3. We now consider the nonlinear Fredholm integral equation

Setting



carries (26) into

Substituting (28) into the equation (27), and proceeding as before we find

Accordingly, three real solutions given by

are obtained upon using (29) into (28).
To obtain more than one solution is normal for a nonlinear equation. Linear equations

give unique solutions. As will be seen later, the Adomian decomposition method,
although is reliable to solve integral equations but will give only one solution, but this
will not indicate that nonlinear equation gives only one solution.

Exercises 7.2.1
I n exercises 1-5, use the Direct Computation Method to solve the given nonlinear
integral equations. Also find the singular point and the bifurcation point of each
equation

1. 

2. 

3. 

4. 

5. 

In exercises 6-12, use the Direct Computation Method to solve the following nonlinear
integral equations



6. 

7. 

8. 

9. 

10. 

11. 

12. 

7.2.2 The Adomian Decomposition Method
The Adomian decomposition method introduces a reliable analysis to handle the
nonlinear integral equations. The method provides a rapidly convergent series solution
without using any restrictive assumptions such as linearization or perturbation
assumptions. The linear term u(x) in the equation is usually expressed in a power series
in a similar manner to that discussed before for linear integral equations. However, an
essential scheme is required for representing the nonlinear term un(x) involved in the
equation. Moreover, the decomposition method does not investigate the existence of the
solution of the problem. In addition, it gives one solution although nonlinear equations
generally give more than one solution.

In the following, the decomposition method will be fully discussed for nonlinear
equations [1] and [2]. For simplicity reasons, we consider the simple form of nonlinear
Fredholm integral equation

where other forms of nonlinearity of F(u(t)) can be handled in a parallel manner. The
solution u(t) of (31) can be represented normally by the decomposition series

where the components un(x), n ≥ 0 can be computed in a recursive manner as discussed
before. However, as stated above the nonlinear term un(t) of the equation (31) should
be represented, using a distinct scheme, by the so called Adomian polynomials An(t).



Adomian Polynomials
The simple and practical scheme that will construct Adomian polynomials begins by
assuming that the nonlinear term un(t) under the integral sign in (31) will be equated to
the polynomial series

where the An(t) are the so called Adomian polynomials. It was formally proved by [1–
5] that the Adomian polynomials can be completely determined by using the following
scheme

where F(u(t)) is the nonlinear function, and in this specific equation it is given by
F(u(t)) = un(t). In addition we point out that A0 depends only on u0, A1 depends only on
u0 and u1, A2 depends only on u0, u1 and u2, etc. It is to be noted that the sum of the
subscripts of each term of An is equal to n. For example, in A2, we the two terms include
u2 and , where the sum of subscripts of each term is 2 and 2. For A3, the terms
are u3, u1u2, and , with sum of subscripts is 3 for each term. More details about the
derivation of Adomian polynomials can be found in [1–4, 44].

It is remarked before that in this section, for simplicity reasons, we will discuss
nonlinear Fredholm integral equation (31) where the nonlinear term is of the form
F(u(t)) = un(t) only.

In the following we explain how we can use the scheme given by (34) to define
Adomian polynomials:
(i) Consider the nonlinear function

then



We can easily observe from (36) that in the polynomial A2 the sum of the subscripts of
each term of the two terms 2u0u2 and u1u1 is equal to the subscript of A2. The same fact
holds for other polynomials.
(ii) For the nonlinear function

we find

(iii) For the nonlinear function

we find

(iv) For the nonlinear function

we use the scheme (34) to generate the Adomian polynomials



(v) For the nonlinear function

we use the scheme (34) to generate the Adomian polynomials

(vi) For the nonlinear function

we use the scheme (34) to generate the Adomian polynomials

The last three examples, where the nonlinear functions are eu, sin u, cos u, have been
introduced for further studies beyond the scope of this text. These examples are
presented here for illustration purposes only. As stated before, F(u) may have other
nonlinear forms such as sinh(u), cosh(u), ln u. However, our concern in this text will be
on nonlinear functions of the form F(u) = un. We point out that for, n ≥ 3, the
decomposition method is easier to use than the direct computation method. In the latter
case, an algebraic equation of higher degree is obtained.

We now return to the main goal of our discussion to determine the components u0(x),
u1(x), u2(x), ... of the solution u(x). This can be done by substituting the decomposition
(32) that represents the linear term u(x), and the decomposition (33) that represents the



nonlinear term un(x) into (31). Hence we obtain

or simply

The components u0(x) , u1(x) , u2(x), ... are completely determined by using the
recurrence relation

Consequently the solution of (31) in a series form is immediately determined. As
indicated earlier, the series obtained may converge to the exact solution in a closed
form, or a truncated series  may be used if a numerical approximation is
desired. It is worth noting that the convergence question of the method was addressed by
many authors.

Before we give a clear view of the method that handles the occurrence of the
nonlinear term un(x), it is useful to discuss the following remarks:

(i) Even though the decomposition method gives only one solution for each nonlinear
equation, this does not indicate the uniqueness of the solution of the nonlinear integral
equations. We have seen that two real solutions were obtained for examples discussed
above by using the direct computation method, and a unique solution is determined
under specific conditions only. This is consistent with the fact that the decomposition
method does not address the existence and the uniqueness concept.

(ii) The modified decomposition method, that was introduced before and the criteria of
the self-cancelling noise terms can be implemented here to speed the process of



obtaining the solution.

(iii) It is important to emphasize that Adomian polynomials An can be calculated for
complicated nonlinearities of F(u).

(iv) There are other techniques that can be used to construct Adomian polynomials, but
we will use the Adomian algorithm that we introduced earlier in this text.

In the following we will outline a brief framework of the modified decomposition
method. Splitting the nonhomogeneous part f(x) into two parts f0(x) and f1(x) enables us
to follow the scheme given by

Having determined the components u0(x), u1(x), u2(x), ... leads to the solution in a series
form upon using (32).

The decomposition method and the modified decomposition method will be
illustrated by studying the following examples. For comparison reasons, we discuss
Examples 1 and 2 above that were solved before by using the direct computation
method.

Example 1. We consider the nonlinear Fredholm integral equation

In this example we have

which generates the following polynomials



Using the recursive algorithm (49) we find

and so on. The solution in a series form is then given by

It is obvious from (58) that only one solution has been obtained by using the
decomposition method. We recall that two answers have been obtained earlier by using
the direct computation method given by

which, by using the binomial theorem to expand the square root, gives



so that u(x) has the two expansions

and

We can easily observe that the solution (58) obtained by using the decomposition
method is consistent with the second solution (62) obtained by using the direct
computation method. However, the decomposition method did not address any
procedure to find the second solution (61).

Example 2. We next consider the nonlinear Fredholm integral equation

In this example the Adomian polynomials for the nonlinear term

are given by

Using the recursive algorithm (49) we find



and so on. The solution in a series form is given by

Note that we can use the modified decomposition method, where we set f0(x) = x and 
 and proceed as before. We remark that two solutions u(x) = x and u(x) = 7x

were obtained in (25) by using the direct computation method.

Example 3. As a third example we consider the nonlinear Fredholm integral equation

The Adomian polynomials for the nonlinear term

have been determined before in (38). In this example we will use the modified
decomposition method. Setting

leads to

This yields the exact solution

For comparison reasons, we will solve this integral equation by using the direct
computation method. From (70) we set



where

To determine α, we substitute (75) into (76) where we get an algebraic equation of third
degree in α given by

Solving this equation, by using a calculator or a computer software as Maple, we find

Substituting these values of α in (75) gives the three distinct solutions given by

This example shows that the direct computation method produces all three solutions,
whereas the decomposition method gives only one of these three solutions. Although the
Adomian decomposition method is effective and reliable, but because it gives only one
solution for a nonlinear integral equation, it is considered by many as an aspect of
weakness in solving nonlinear integral equations.

Exercises 7.2.2
Use the decomposition method or the modified decomposition method to solve the
following nonlinear Fredholm integral equations:

1. .

2. .

3. .

4. .

5. .



6. .

7. .

8. .

9. .

10. .

11. .

12. .

13. .

14. .

7.2.3 The Variational Iteration Method
In this section we will present the variational iteration method for solving nonlinear
Fredholm integral equations. We will follow a manner parallel to the analysis presented
earlier in this text. This means that to use this method for solving integral equations,
linear or nonlinear, we first should convert the integral equation to its equivalent
differential equation, or to its equivalent integro-differential equation.

In this chapter, we will consider the kernel K(x, t) to be separable of the form K(x, t)
= g(x)h(t). The Fredholm integral equation can be converted to an identical Fredholm
integro-differential equation by differentiating both sides, where an initial condition
should also be derived. For simplicity, we will study only the cases where h(x) = xn, n
≥ 1. In what follows we will present the main steps for using this method.

The standard Fredholm integral equation is of the form

or equivalently

where F(u(t)) is a nonlinear function of u(t). Recall that the integral at the right side of
this equation depends on t only, hence it is equivalent to a constant. Differentiating both
sides of (81) with respect to x gives



The variational iteration method admits the use of a correction functional for the
integro-differential equation in the form

where λ is a general Lagrange multiplier. A list of some of these Lagrange multipliers
was formally derived and given in Section 2.3. Having determined λ, an iteration
formula, can be constructed using the correction functional that will allow us to
determine the successive approximations un+1(x), n ≥ 0 of the solution u(x). Notice that
un(x) gives the successive approximations of the solution and not the components as in
the case when Adomian method is used. The significant feature of the variational
iteration method comes from its power to approach the nonlinear problems directly in a
straightforward manner without any need to use Adomian polynomials as in the
Adomian decomposition method. This in turn leads to minimizing the computational
work.

The zeroth approximation u0 can be any selective function. However, using the given
initial value u(0) is preferably used for the selective zeroth approximation u0 as will be
seen later. Consequently, the solution is given by

The variational iteration method will be illustrated by studying the following
nonlinear Fredholm integral equations.

Example 1. Use the variational iteration method to solve the nonlinear Fredholm
integral equation

Differentiating both sides of this equation with respect to x yields

The correction functional for this equation is given by



where we used λ = –1 for first-order integro-differential equations. It is preferable to
select u0(x) = u(0) = 0. Using this selection into the correction functional gives the
following successive approximations

The VIM admits the use of

It is worth pointing out that the variational iteration method gives only one solution for
this nonlinear equation, although the equation is a nonlinear equation. However, this
equation has two solutions as obtained by the direct computation method, where we
found

Example 2. Use the variational iteration method to solve the nonlinear Fredholm
integral equation

Differentiating both sides of this equation with respect to x yields

The correction functional for this equation is given by



where we used λ = –1 for first-order integro-differential equations. Proceeding as
before, we obtain the following successive approximations

The VIM admits the use of

However, this equation has three solutions as obtained by the direct computation
method, where we found

Example 3. Use the variational iteration method to solve the nonlinear Fredholm
integral equation

Differentiating both sides of this equation with respect to x yields

Proceeding as before, we obtain the following successive approximations

The VIM admits the use of



However, this nonlinear equation has two solutions given by

Exercises 7.2.3
Use the variational iteration method to solve the following nonlinear Fredholm
integral equations:

1. .

2. .

3. .

4. .

5. .

7.3 Nonlinear Fredholm Integral Equations of the First Kind
The nonlinear Fredholm integral equations of the first kind reads

where the kernel K(x, t), which is a function of x and t, and the function f(x) are given
real-valued functions. The function F(u(x)) is a nonlinear function of u(x), such as u2(x),
u3(x), eu(x), etc. The linear Fredholm integral equation of the first kind is presented in
Chapter 2.

The nonlinear Fredholm integral equation of the first kind was examined in the
literature by using many methods, analytical and numerical as well. Some of the
methods that are used are the homotopy perturbation method, the Taylor series method,
the Galerkin method, the collocation method and others. The methods that we used so
far in this text cannot handle this kind of equations independently if it is expressed in its
standard form (102). We aim to make our approach to be consistent with our approach
for linear Fredholm integral equations. In view of this, we will concern ourselves on



using the method of regularization that we applied before in Chapter 2. This means that
we should transform the nonlinear form of the integral equations as we applied before.

To determine a solution for the nonlinear Fredholm integral equation of the first kind
(102), we first transform it to a linear Fredholm integral equation of the first kind as

by using the transformation

Assuming that F(u(x)) is invertible leads to

Recall that in Chapter 2, we presented an important remark that the function f(x) must
lie in the range of the kernel K(x, t). This means that if we set the kernel by

then for any integrable function F(u(x)) in (102), the resulting f(x) must clearly be a
multiple of cos x. However, if f(x) is not a multiple of the x component, cosx, of the
kernel, then we cannot find a solution for (102). This necessary condition on f(x) can be
generalized. This means that the data function f(x) must involve components which are
matched by the corresponding x components of the kernel K(x, t).

Hadamard [13] introduced a definition to the mathematical term well-posed problem.
He believed that well-posed models of physical phenomena should have the following
three properties:
1. A solution exists.
2. A solution is unique.
3. Continuous dependence of the solution u(x) on the data f(x).
Examples of well-posed problems include the Dirichlet problem for Laplace’s
equation, and the heat equation with specified initial conditions. However, models that
are not well-posed in the sense of Hadamard are termed ill-posed problems. The
nonlinear Fredholm integral equation of the first kind is considered ill-posed problem
because it does not satisfy the aforementioned three properties. For any ill-posed
problem, a very small change on the data f(x) can lead to a change in the solution u(x).

As stated earlier, we will apply the method of regularization that received a
considerable amount of interest to confirm its reliability. In what follows we will
present a brief summary of the method of regularization that will be used to handle the
nonlinear Fredholm integral equations of the first kind.



7.3.1 The Method of Regularization
The method of regularization was established independently by Phillips [33] and
Tikhonov [40]. The method was used before in handling linear Fredholm integral
equations of the first kind. The method of regularization consists of replacing ill-posed
problem by well-posed problem. The method of regularization transforms the linear
Fredholm integral equation of the first kind

to an approximation Fredholm integral equation

where  is a small positive parameter. The resulting equation (108) is a Fredholm
integral equation of the second kind rewritten in the form

Moreover, it was proved in [33, 40] that the solution υ  of equation (109) converges to
the solution υ(x) of (107) as  → 0. Having converted the Fredholm integral equation of
the first kind to an equivalent Fredholm integral equation of the second kind, we then
can use any of the methods that we used earlier in Chapter 2, such as the Adomian
decomposition method, the direct computation method, or others. Note that we should
convert the nonlinear equation to a linear equation by using a proper transformation as
will be seen later. The exact solution υ(x) of (107) can thus be obtained by

In what follows we will present three illustrative examples where we will use the
method of regularization to transform the first kind integral equation to a second kind
integral equation. The resulting equation will be solved by any appropriate method that
we used before.

Example 1. Use the regularization method and the direct computation method to solve
the nonlinear Fredholm integral equation of the first kind



We use the transformation

to convert (111) into

Using the method of regularization, Eq. (113) can be transformed to

that can be rewritten as

where

To determine α, we substitute (115) into (116) to find

so that

This in turn gives

The exact solution υ(x) of (114) can be obtained by

Using (112) gives the exact solution of (111) by



One more solution to Eq. (111) is given by

Example 2. Use the regularization method and the direct computation method to solve
the nonlinear Fredholm integral equation of the first kind

We use the transformation

to convert (123) into

Using the method of regularization, Eq. (125) can be transformed to

that can be rewritten as

where

Proceeding as before, we find

This in turn gives



The exact solution υ(x) of (126) can be obtained by

Using (124) gives the exact solution of (123) by

One more solution to Eq. (123) is given by

Example 3. Use the regularization method and the direct computation method to solve
the nonlinear Fredholm integral equation of the first kind

We use the transformation

to convert (134) into

Using the method of regularization, Eq. (136) can be transformed to

that can be rewritten as

where



Proceeding as before, we find

This in turn gives

Following the discussion presented earlier gives the exact solution of (134) by

Two more solutions to Eq. (134) is given by

Exercises 7.3
Combine the regularization method with any method to solve the nonlinear Fredholm
integral equations of the first kind
1. 

2. 

3. 

4. 

5. 

6. 

7.4 Nonlinear Weakly-Singular Fredholm Integral Equations
In Chapter 6, we studied the linear weakly-singular Fredholm integral equations of the
second kind where the modified decomposition method was applied effectively. In this
section we will study the nonlinear weakly-singular Fredholm integral equations of the



second kind. The nonlinear weakly-singular Fredholm integral equations are of the form

and its generalized form is given by

where F(u(t)) is a nonlinear function of u(t), such as u2(x), u3(x), eu(x), etc.
The nonlinear weakly-singular Fredholm integral equations often arise, as in the

linear case, in practical applications such as Dirichlet problems, radiative equilibrium
models, potential theory, electrostatics problems, the particle transport problems of
astrophysics and reactor theory. Note that that the function f(x) is a given real-valued
function. Recall that the kernel is called weakly-singular because singularity can be
removed by an appropriate transformation.

Many analytical and numerical methods have been used for the determination of exact
or numerical approximations of the solutions of the nonlinear weakly-singular Fredholm
integral equations. Examples of the methods that were used so far are the multi-
projection method and its re-iterated algorithm, the fast spectral method, the Galerkin
collocation method, quadrature methods, the homotopy analysis method, the Taylor
series method, the Adomian decomposition method, and the variational iteration
method.

In this section, we will use the modified Adomian decomposition method (ADM) and
the noise terms phenomenon to determine exact solutions for nonlinear weakly-singular
Fredholm integral equations. The modified method was used thoroughly in this text.
However, in what follows, we briefly summarize the necessary steps of this method.

7.4.1 The Modified Decomposition Method
The Adomian decomposition method, well-known now in the literature, decomposes the
solution of any equation as an infinite series of components, where these components
are determined by a recurrence relation. However, the modified decomposition method
introduces a slight change in the recurrence relation suggested by the Adomian method.
The modified method decomposes the data function f(x) into two components f0(x) and
f1(x), where only f0(x) is assigned to the zeroth solution component u0(x), and the f1(x)
is added to the first component u1(x) in addition to the other terms assigned by using the
standard ADM.

In other words, the modified method proposes the modified recurrence relation given



as

The use of the modified decomposition method not only minimizes the computations, but
avoids the use of the higher order Adomian polynomials. It is worth noting that a proper
selection of f0(x) and f1(x) is essential for a successful use of the modified
decomposition method. However, a criteria for this selection was not found, and trial is
the only option.

Recall that we can facilitate the convergence of the solution by using the noise terms
phenomenon that we used before in this text. The noise terms are defined as the identical
terms with opposite signs. In both instances, the size of the calculations will be
minimized, which validates the efficiency and reliability of the modified method and the
noise terms phenomenon.

In what follows we will study three illustrative examples to highlight the use of the
modified decomposition method and the noise terms phenomenon. We also aim to
confirm the power of this method in handling the nonlinear weakly-singular Fredholm
integral equations.

Example 1. Consider the nonlinear weakly-singular Fredholm integral equation

By using the modified decomposition method, the data function  
is decomposed into two parts as

Consequently, we set the modified recurrence relation as

where the zeroth-order Adomian polynomial . The other components ur(x)
= 0 for r ≥ 2 vanish in the limit. The exact solution,



follows immediately.
However, to use the Adomian decomposition method combined with the noise terms

phenomenon, we set the standard recurrence relation

The noise terms  appear in both u0(x) and u1(x). By canceling the noise
term from u0(x) and verifying that the remaining non-canceled term in u0(x) identically
satisfies the original equation (147), the exact solution is therefore given as

Example 2. Consider the nonlinear weakly-singular Fredholm integral equation

We first decompose f(x) into two parts by

Consequently, the modified recurrence relation is given by

where the zeroth-order Adomian polynomial . The exact solution is thus
given by



Example 3. Consider the nonlinear weakly-singular Fredholm integral equation

where . We first decompose f(x) into two parts given as

We next set the modified recurrence relation as

This in turn gives the exact solution as

Example 4. Solve the nonlinear weakly-singular Fredholm integral equation

We first decompose f(x) into two parts by

Consequently, the modified recurrence relation is given by

The exact solution is thus given by

Exercises 7.4



Solve the nonlinear weakly-singular Fredholm integral equations

1. .
2. .
3. , .
4.  .
5. , 
6. , 



Chapter 8

Nonlinear Volterra Integral Equations

8.1 Introduction
In the previous chapter, we studied the nonlinear Fredholm integral equations of the first
and the second kinds. We pointed out earlier that nonlinear integral equations need a
considerable amount of work. However, with the recent developed methods we can
minimize significantly this cumbersome work. It is therefore useful to present some
reliable and powerful techniques that will make the study of nonlinear integral equations
successful and valuable. In general, the solution of the nonlinear integral equations is
not in general unique as we studied in the case of the nonlinear Fredholm integral
equations. However, the existence of a unique solution of nonlinear integral equations
with specific conditions is possible but cannot be assumed general. This will be
illustrated by the forthcoming examples. Accordingly, our emphasis will be on
introducing reliable and easily calculable techniques for solving specific cases of
nonlinear Volterra integral equations. As indicated in Chapter 1, integral equations of
the form

and

are called nonlinear Fredholm integral equations and nonlinear Volterra integral
equations respectively. The function F(u(x)) is nonlinear in u(x) such as u2(x) , u3(x),
eu(x), sin u(x) and many others, and λ is a parameter. In this text, we will concern
ourselves to the case where F(u(t)) = un(t) , n ≥ 2, whereas other nonlinear integral
equations that involve other forms of nonlinearity of F(u(x)) can be handled in a very
similar way. The following are examples of the nonlinear Volterra integral equations of
the second kind



Moreover, the nonlinear Volterra integral equations of the first kind are of the form

8.2 Nonlinear Volterra Integral Equations of the Second
Kind

In this section we will focus our study on the nonlinear Volterra integral equations of the
second kind given in the standard form

where F(u(t)) is nonlinear in u(t) and λ is a parameter. Several powerful methods,
analytical and numerical, are used in the literature. Based on our discussions in
Chapters 3 and 5 we have found that the series solution method, the Adomian
decomposition method, and the variational iteration method proved to be reliable
techniques in handling successfully the linear Volterra integral equations and the linear
Volterra integro-differential equations. It seems reasonable to use these methods in our
study of the nonlinear Volterra integral equations. It is to be noted that the Adomian
decomposition method approaches the nonlinear Volterra equations generally by using
the so called Adomian polynomials, that was introduced earlier in Chapter 7, hence we
will skip details. The so-called Adomian polynomials will be used to represent the
involved nonlinear function un(t), n ≥ 2 in a similar manner as presented before. In the
following we will outline the steps needed to use these methods effectively.

8.2.1 The Series Solution Method
The nonlinear Volterra integral equations of the form

where the kernel K(x, t) will be assumed a separable kernel, will be examined using the



series solution method. To use this method we should assume that u(x) is analytic,
hence it admits the Taylor expansion about x = 0 given by

Substituting (9) into both sides of (8), assuming that K(x, t) = h(x)g(t) yields

or simply

such that the integral in (8) that includes the unknown function u(x) is reduced to an
easily computable integrals. Using the Taylor expansions for f(x) and h(x), integrating
the resulting simple integral at the right hand side, and then equating the coefficients of
like powers of x lead to the complete determination of the coefficients ai, i ≥ 0.
Consequently, the solution u(x) is readily obtained upon using (9). As discussed before,
the exact solution may be obtained if the resulting series is an expansion of a well
known function, otherwise we use few terms of the obtained series to achieve an
accurate numerical approximation for computational purposes. The method discussed
above will be illustrated by using the following examples.

Example 1. We first consider the nonlinear Volterra integral equation

Substituting the series form of u(x) given by (9) into both sides of (12) yields

or equivalently



Integrating the integral at the right hand side of (14) we find

Equating the coefficients of like powers of x in both sides yields

Consequently, the exact solution is given by

upon substituting (16) into (9).

Example 2. We next consider the nonlinear Volterra integral equation

Substituting the series (9) into both sides of (18) noting that

gives

Evaluating the integral at the right hand side of (20) and equating the coefficients of like
powers of x we find



This gives the solution in a series form

which gives the solution in a closed form by

Example 3. We now consider the nonlinear Volterra integral equation

Note that we should use the Taylor series of cos x and sin(2x) by

Substituting the series (9) into both sides of (24) gives

Evaluating the integral at the right hand side of (26) and equating the coefficients of like
powers of x we find



This gives the solution in a series form

which gives the solution in a closed form by

Exercises 8.2.1
Use the series solution method to solve the following nonlinear Volterra integral
equations:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. ,

10. .

8.2.2 The Adomian Decomposition Method
The purpose of this section is to describe how the Adomian decomposition method can
be applied to nonlinear Volterra integral equations. Even though the method does not
discuss the existence and the uniqueness concepts, but it provides a reliable and
powerful technique to handle nonlinear equations.

The method has been introduced in details in solving nonlinear Fredholm integral
equations. For this reason, we will outline a brief framework of the method that will be
implemented for nonlinear Volterra integral equations. Recall that we will focus our
study on the nonlinear Volterra integral equations of the form



where the kernel is assumed a separable kernel. We usually represent the solution u(t)
of (30) by the series

and the nonlinear term un(t), under the integral sign of the equation (30), by the
polynomial series

where the An(t) n ≥ 0 are the so called Adomian polynomials. The Adomian
polynomials can be established by using the algorithm

We introduced in the previous section several examples explaining how we can
generate Adomian polynomials.

Substituting (31) and (32) into (30) yields

or simply

The components u0(x), u1(x), u2(x), ··· are completely determined by using the recurrent
scheme



Consequently the solution of (30) in a series form follows immediately by using (31).
As indicated earlier, the series obtained may yield the exact solution in a closed form,
or a truncated series  may be used if a numerical approximation is desired.

It is worth noting that the modified decomposition method and the noise terms
phenomenon work also effectively for nonlinear cases and play a major role in
minimizing the size of calculations. In what follows, we will apply the Adomian
decomposition method and the modified decomposition method for handling the
nonlinear Volterra integral equations.

Example 1. We first consider the nonlinear Volterra integral equation

We start by setting the zeroth component

so that the first component is obtained by

which gives

upon using

It can be easily observed that by cancelling the noise terms  and  between u0(x)



and u1(x), and justifying that the remaining term of u0(x) justifies the equation lead to the
exact solution

We point out here that the exact solution can also be obtained by using the modified
decomposition method.

Example 2. We next consider the nonlinear Volterra integral equation

To minimize the calculations volume, we will use the modified decomposition method
in this example. For this reason we split f(x) between the two components u0(x) and
u1(x), hence we set

Consequently, the first component is defined by

which gives

upon using

This defines the other components by

The exact solution

follows immediately.

Example 3. It seems reasonable to compare the series solution method and the
Adomian decomposition method by solving Example 2 in the previous subsection given



by

Applying the standard decomposition method will result in a considerable amount of
difficulties in integrating and forming the Adomian polynomials. It is useful to consider
using the modified decomposition method. Splitting f(x) between the first two
components yields

and

or equivalently

upon using

Accordingly, the exact solution

is readily obtained.

Exercises 8.2.2
Use the decomposition method or the modified decomposition method to solve the
following nonlinear Volterra integral equations by finding the exact solution or by
writing few terms of the series solution

1. 

2. 

3. 

4. 



5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

8.2.3 The Variational Iteration Method
The variational iteration method was presented in the preceding chapters for handling
integral equations. The method has been proved to be reliable in the study of linear and
nonlinear, and homogeneous and inhomogeneous equations. The method gives the
successive approximations of the exact solution that may converge to the exact solution
in case this solution exists. One significant feature of this method is that it can handle
especially nonlinear problems without the use of the so-called Adomian polynomials as
required by the Adomian decomposition method.

The variational iteration method admits the use of a correction functional in the form

where λ is a general Lagrange multiplier that can be determined optimally via the
variational theory as shown before and F(u(x)) is a nonlinear function of u(x). In
Chapter 2, we presented a rule that gives these Lagrange multipliers for some ordinary
differential equations that will be examined in this text. Recall that the variational
iteration method (VIM) is used for ODEs and integro-differential equations and this can
be obtained by differentiating the Volterra integral equation. Moreover, the zeroth
component u0(x) in (56) can be selected according to the order of the resulted ODE. The
exact solution is thus given by

In other words, to solve any nonlinear Volterra integral equation by using the
variational method, we should first transform this equation to its equivalent ODE or its



equivalent nonlinear Volterra integro-differential equation by differentiating both sides,
where Leibniz rule should be used. The next step consists of the determination of the
Lagrange multiplier λ using the rules given in Chapter 2. Finally, we select the zeroth
approximation u

0
(x) as indicated earlier. Having prepared all these steps, we then use

the correction functional (56) to determine as many successive approximations as we
can. For simplicity reasons, we will focus our study on the difference kernel, where
K(x,t) = K (x – t).

Example 1. Solve the nonlinear Volterra integral equation by using the variational
iteration method

Differentiating both sides of this equation, and using Leibniz rule, we find

The initial condition u(0) = 0 is obtained by using x = 0 into the integral equation, and
hence we can select u0(x) = 0.

The correction functional for equation (59) is

where we selected λ = –1 for the first order integro-differential equation. As stated
before, we can use the initial condition to select u0(x) = 0 that will lead to the following
successive approximations

Cancelling the noise terms gives the exact solution by

Example 2. Solve the nonlinear Volterra integral equation by using the variational



iteration method

Differentiating both sides of this equation, and using Leibniz rule, we find

The initial condition u(0) = 0 is obtained by using x = 0 into the u0(x) = 0.
The correction functional for equation (64) is

where we selected λ = −1 for the first order integro-differential equation. As stated
before, we can use the initial condition to select u0(x) = 0 that will lead to the following
successive approximations

Cancelling the noise terms gives the exact solution by

Example 3. Solve the nonlinear Volterra integral equation by using the variational
iteration method

Differentiating both sides of this equation, and using Leibniz rule, we find



The initial condition u(0) = 0 is obtained by using x = 0 into the integral equation, and
hence we can select u0(x) = 0. the following successive approximations

Cancelling the noise terms gives the exact solution by

Exercises 8.2.3
Use the variational iteration method to solve the following nonlinear Volterra integral
equations

1. 

2. 

3. 

4. 

5. 

8.3 Nonlinear Volterra Integral Equations of the First Kind
In this section we will study the nonlinear Volterra integral equation of the fir

where the kernel K(x, t) and the function f(x) are given real-valued functions. The
function F(u(x)) is a nonlinear function of u(x). As a first kind equation, the unknown
function u(x) appears only under the integral sign, and as a Volterra equation there is at
least one limit of integration is a variable x. The linear Volterra integral equation of the
first kind is presented in Section 3.9 where it was examined by using a variety of
powerful methods.



In this section we will first use the series solution method. However, it is to be noted
that this method suffers from the size of computational work, that can be facilitated by
using any computer algebra system such as Maple or Mathematica. The series method
can be used in a direct manner like the way presented earlier in this Chapter.

8.3.1 The Series Solution Method
The series solution method was presented earlier in details. The nonlinear Volterra
integral equations of the first kind reads

where the kernel K(x, t) will be assumed a separable kernel, will be examined using the
series solution method. For simplicity, we used the nonlinear term un(x) for the
nonlinear general operator F(u(x)). To use this method we should assume that u(x) is
given by

Substituting (74) into both sides of (73), assuming that K(x, t) = h(x)g(t) yields

or simply

Using the Taylor expansions for f(x) and h(x), integrating the resulting integral at the
right side, and then equating the coefficients of like powers of x lead to the complete
determination of the coefficients ai, i ≥ 0. Consequently, the solution u(x) is readily
obtained upon using (74). As stated earlier, the method requires more work compared to
the newly developed methods such as the Adomian decomposition method or the
variational iteration method. In what follows we will use the series method to explain
three nonlinear Volterra integral equations of the first kind.

Example 1. We first consider the nonlinear Volterra integral equation of the first kind



Using the Taylor series of the left side, and substituting the series form of u(x) given by
(74) into both sides of (77) yields

Integrating the integral at the right side of (78) we find

Equating the coefficients of like powers of x in both sides yields

Consequently, the exact solution is given by

Notice that we did not use Adomian polynomials in solving this problem. Moreover, the
series solution method gave use two answers and this is normal for non linear problem.

Example 2. We next consider the nonlinear Volterra integral equation of the first kind

Using the Taylor series of the left side, and substituting the series form of u(x) given by
(74) into both sides of (82) yields

Proceeding as before, and equating the coefficients of like powers of x in both sides
yields

Consequently, the exact solution is given by



Example 3. We next consider the nonlinear Volterra integral equation of the first kind

Using the Taylor series of the left side, and substituting the series form of u(x) given by
(74) into both sides of (86) yields

Proceeding as before, and equating the coefficients of like powers of x in both sides
yields

Consequently, the exact solution is given by

Exercises 8.3.1
Use the series solution method to solve the following nonlinear Volterra integral
equations of the first kind:

1. 

2. 

3. 

4. 

8.3.2 Conversion to a Volterra Equation of the Second Kind
We turn now to use the commonly used methods, used in this text, to handle the
nonlinear Volterra integral equations of the first kind. To determine a solution for the
nonlinear Volterra integral equation of the first kind (72), we follow our approach in the
linear case in Section 3.9, hence we first convert it to a linear Volterra integral equation
of the first kind of the form



by using the transformation

This in turn means that

It is worth noting that the Volterra integral equation of the first kind (90) can be solved
by any method that was studied in Section 3.9. However, in this section we will handle
Eq. (90) by the conversion to Volterra integral equation of the second kind, and this can
be achieved by using Leibniz rule. The conversion technique works effectively only if
K(x, x) ≠ 0. Differentiating both sides of (90) with respect to x, and using Leibniz rule,
we find

Solving for v(x), provided that K(x, x) = 0, we obtain the Volterra integral equation of
the second kind given by

Having converted the Volterra integral equation of the first kind to the Volterra integral
equation of the second kind, we then can use any method that was presented before.
Because we solved the Volterra integral equations of the second kind by many methods
in this text, therefore we will select specific methods for solving the nonlinear Volterra
integral equation of the first kind after converting it to a Volterra integral equation of the
second kind. This will be worked out for revision purposes only.

Example 1. Convert the nonlinear Volterra integral equation of the first kind to the
second kind and solve the resulting equation

We first set



to carry out (95) into

Differentiating both sides of (97) with respect to x by using Leibniz rule we find the
Volterra integral equation of the second kind

We will select the modified decomposition method to solve this equation. Using the
recursive relation

The exact solutions are therefore given by

Example 2. Convert the Volterra integral equation of the first kind to the second kind
and solve the resulting equation

We first set

to carry out (101) into

Differentiating both sides of (103) and proceeding as before we find

We will select the modified decomposition method to solve this equation. Using the
recursive relation



The exact solutions are therefore given by

Example 3. Convert the Volterra integral equation of the first kind to the second kind
and solve the resulting equation

This equation is equivalent to

upon setting u2(x) = v(x). Differentiating both sides of (108) and using Leibniz rule we
obtain

For this problem, we select the Adomian decomposition method. Consequently, we use
the recursion relation

Recall that u(x) = u0 + u1 + u2 + ···. Using the Taylor series for the sum of the obtained
components gives

which gives



Consequently, the exact solution of the integral equation is given by

obtained by noting that v(x) = u2(x).

Exercises 8.3.2
Convert the following nonlinear Volterra integral equations of the first kind to a second
kind then solve the resulting equation:

1. 

2. 

3. 

4. 

5. 

6. 

8.4 Nonlinear Weakly-Singular Volterra Integral Equations
In Chapter 6, we studied the linear weakly-singular Volterra integral equations of the
second kind where the modified decomposition method was applied effectively. In this
section we will study the nonlinear weakly-singular Volterra integral equations of the
second kind.

The nonlinear weakly-singular Volterra integral equation of the second kind reads

and can be generalized to

where F(u(t)) is a nonlinear function of u(t) such as u2(x) and u3(x), and the data
function f(x) is a given real-valued function. The unknown function u(x) appears inside
and outside the integral signs, a characteristic feature of a second-kind integral equation.



The nonlinear weakly-singular Volterra integral equations (114) and (115) arise in
many mathematical physics and scientific applications such as stereology, heat
conduction, crystal growth and the radiation of heat from a semi-infinite solid.

Numerical and analytical algorithms have been used for solving the nonlinear
weakly-singular Volterra integral equations (114)–(115), where the main goal was the
determination of numerical approximations of the solutions, or closed form solutions if
exist. Examples of the methods that were used so far are the Galerkin collocation
method, quadrature methods, spline methods, the homotopy analysis method, the Taylor
series method, and the variational iteration method. Other useful methods such as the
fast spectral method, the spectral method, the random point approximation method were
also used.

In this work, we will use the Adomian decomposition method, or mostly the related
techniques which are the modified Adomian decomposition method and the noise terms
phenomenon to determine exact solutions of such nonlinear integral equations. In the
sequel, we will briefly review the necessary steps of the two proposed schemes that
will be used.

8.4.1 The Modified Decomposition Method
The Adomian method decomposes the solution u(x) by the decomposition series

and the nonlinear term F(u(x)) by the infinite series of Adomian polynomials

Where the An are the Adomian polynomials, into both sides of the given equation.
Consequently, the solution components ui(x) , i ≥ 0, can be determined by using the
standard recurrence relation

Having determined the solution components u0(x) , u1(x) , 2(x),. . . the solution u(x)
follows immediately.



However, he modified decomposition method decomposes the data function f(x) into
two components f0(x) and f1(x), where only the first part is assigned to the zeroth
solution component, and the latter is added to the first solution component u1(x) in
addition to the other terms assigned by using the standard ADM. This in turn gives the
modified recurrence relation by

Notice that the at least one of the limits of integration, either a(x) or b(x), must be a
function of the independent variable in the case of Volterra integral equations. The use
of the modified decomposition method not only minimizes the computations, but avoids
the use of the higher order Adomian polynomials for such cases. It is worth noting that a
proper selection of f0(x) and f1(x) is essential for a successful use of the modified
decomposition method.

Moreover, the noise terms, if appearing especially within both of the components
u0(x) and u1(x), will provide the exact solution by using only the first two iterations. By
canceling the noise terms for u0(x), the remaining non-canceled terms of u0(x) may give
the exact solution, and this can be verified through substitution into the original
equation.

In what follows, we will examine several illustrative examples, where each one will
be investigated by using the modified decomposition method, then by using the ADM
combined with the noise terms phenomenon. In both cases, we only need the zeroth-
order Adomian polynomial A0(x) = F (u0(x)). As will be shown in the sequel, there is
no need to use the higher-order Adomian polynomials in such cases, because we shall
see that the computations will mostly depend on the determination of u0(x) and u1(x).

In this section, we will study three nonlinear weakly-singular Volterra integral
equations. We begin by applying the modified decomposition method and next by using
the ADM combined with the noise terms phenomenon.

Example 1. Consider the nonlinear weakly-singular Volterra integral equation

The modified decomposition  into two parts defined as



Consequently, we can set the modified recurrence relation as

where the zeroth-order Adomian polynomial . The subsequent solution
components uj(x) = 0 for j ≥ 2. This gives the exact solution by

However, using the ADM combined gives the standard recurrence relation

The noise terms  appear within both u0(x) and ul(x). By canceling the noise term
from u0(x) and verifying that the remaining non-canceled term in u0(x) identically
satisfies the original equation (120), the exact solution is therefore given as

Example 2. Consider the nonlinear weakly-singular Volterra integral equation

The modified decomposition method decomposes f(x) into two parts defined as

Consequently we can set the modified recurrence relation as



where the zeroth-order Adomian polynomial .
The exact solution,

follows immediately.
However, ADM admits the use of the standard recurrence relation

The noise terms appear within both u0(x) and u1(x). Proceeding as before gives
the same exact solution obtained earlier.

Example 3. Consider the nonlinear weakly-singular Volterra integral equation

The modified decomposition method decomposes f(x) into two parts defined by

Consequently, we can set the modified recurrence relation as

The exact solution is thus given as



Exercises 8.4
Solve the nonlinear weakly-singular Volterra integral equations

1. 

2. 

3. 

4. 

5. 

6. 



Chapter 9

Applications of Integral Equations

9.1 Introduction
Several scientific and engineering applications are usually described by integral
equations or integro differential equations, standard or singular. In Chapter 1, we have
seen a large class of initial and boundary value problems that can be converted to
Volterra or Fredholm integral equations. Integral equations arise in the potential theory
more than any other field. Integral equations arise also in diffraction problems,
conformal mapping, water waves, scattering in quantum mechanics, and Volterra’s
population growth model. The electrostatic, electro magnetic scattering problems and
propagation of acoustical and elastical waves are scientific fields where integral
equations appear.

We have presented in this text a variety of traditional methods and some newly
developed methods to handle integral and integro-differential equations, Fredholm or
Volterra type. Our concern in this text was the determination of the exact solutions in an
easy computable fashion. Moreover, our aim was to present these selected methods to
facilitate the computational work, and we avoided the abstract theorems that can be
found in many other texts.

It is the goal of this chapter to select some applications that include integral or
integro-differential equations. We will employ the methods introduced in this text. For
numerical purposes we will use the Pad´e approximants that represent a function by a
ratio of two polynomials.

9.2 Volterra Integral Form of the Lane-Emden Equation
The Lane-Emden equation appears mostly in astrophysics, such as the theory of stellar
structure, and the thermal behavior of a spherical cloud of gas. The Lane-Emden
equation comes in two kinds, namely the Lane-Emden equation of the first kind, or of
index m, that reads



and the Lane-Emden equation of the second kind in the form

The Lane-Emden equation of the first kind appears in astrophysics and used for
computing the structure of interiors of polytropic stars, where exact solutions exist for m
= 0, 1, 5. However, the Lane-Emden equation of the second kind models the non-
dimensional density distribution y(x) in an isothermal gas sphere. The singular behavior
of these equations that occurs at x = 0 is the main difficulty of these two equations.
Several methods were used in the literature to overcome the difficulty of the singular
behavior.

A new study in [65] introduced a useful work to overcome the singularity behavior,
where the Lane-Emden equation was converted to an equivalent Volterra integral form
or to an equivalent Volterra integro-differential form. In what follows we summarize the
formulation of new forms.

The generalized Lane-Emden equation of shape factor of k > 1 reads

where f(y) can take ym or ey(x) as given earlier. To convert (3) to an integral form, it
was given that

Differentiating (4) twice, using the Leibniz rule, gives

that can be proved by multiplying y′ by  and adding the result to y″(x). This shows that
the Lane-Emden equation is equivalent to the Volterra integral form (4) or to the two
Volterra integro-differential forms in (5) of first-order and second-order respectively.

It is to be noted that equations (4) and (5) work for any function f(y), such as ym and
ey as in the first kind and the second kind of the Lane-Emden equation. Moreover, f(y)
can be any linear or nonlinear function of y. A significant feature of equations (4) and
(5) is the overcome of the singular behavior at x = 0. This was tested in [65] and proved
to be reliable and efficient.



Moreover, for k = 1 the integral form is

which can be obtained by setting k → 1 in Eq. (4).
Based on the last results we set the Volterra integral forms for the Lane-Emden

equations as

In what follows, we will examine the Lane-Emden equation of the first and the
second kind, where the standard shape factor k =2 will be used. For comparison
reasons, we will use the Adomian decomposition method for the Volterra integral form
(4). We then will apply the variational iteration method for the Volterra integro-
differential form (5), because the variational iteration method is applicable to the
integro-differential forms.

9.2.1 Lane-Emden Equation of the First Kind
The Lane-Emden equation of the first kind, or of index m, is

which is a basic equation in the theory of stellar structure. This equation describes the
temperature variation of a spherical gas cloud under the mutual attraction of its
molecules and subject to the laws of thermodynamics. We will first start by using the
Adomian decomposition method.

(i) By using the Adomian decomposition method:

Because the Lane-Emden equation involves the nonlinear term ym, it is normal to set the
Adomian polynomials for the nonlinear term ym by



and so on for higher order polynomials.
Using (4) for k = 2, the recursive relation becomes

Using this relation, together with the Adomian polynomials (9) leads to the first few
components

Consequently, the generalized solution of the standard Lane-Emden equation takes the
form

The following exact solutions



are obtained for m = 0, 1 and 5, respectively.
Fig. 1 below shows the Padé approximants [4/4] of y(x) in (11) for m = 2, 3, 4, 5. It

is well-known that Padé approximants into a rational function to gain more information
about the solution y(x).

Fig. 1. The Pade approximants [4/4] of y(x)) for m = 2, 3,4, 5.

(ii) By using the variational iteration method:
Recall that the variational iteration method does not require the use of the Adomian

polynomials. The variational iteration method can be used through a correction
functional that requires the use of Lagrange multiplier λ. We first start with the
generalized Lane-Emden equation of the first kind

Using (5) gives the integro-differential form of the Lane-Emden equation by



Consequently, the correction functional reads

By selecting the zeroth selection y0(x) = 1 we obtain the first few solution components

Recall that the variational iteration method gives successive approximations. This
means that the approximation y5 is consistent with the approximation obtained before by
the Adomian decomposition method.

9.2.2 Lane-Emden Equation of the Second Kind
In this section, we will study the Lane-Emden equation of the second kind

by using the Adomian decomposition method and then by the variational iteration
method. This equation, models the distribution of mass in an isothermal gas sphere.

(i) By using the Adomian decomposition method:
Because the Lane-Emden the Lane-Emden equation involves the nonlinear term ey(x), it
is normal to set the Adomian polynomials for the nonlinear term ey(x) by



To solve the Lane-Emden equation (16) by using the Adomian decomposition method,
we substitute k = 2, α = 0 and f(y) = ey in (4), and using the recursive relation

as presented before. Using (18) gives the following components

The series solution is therefore given by

Fig. 2 below shows the Padé approximants −[4/4] and −[5/5] of y(x) in (20).



Fig. 2. The Pade approximants −[4/4] and −[5/5] of y(x) in (20).

(ii) By using the variational iteration method:
To solve the Lane-Emden equation of the second kind, we set the correction

functional

Proceeding as in the previous case, we obtain the following components

The series solution is therefore given by



which is consistent with the result obtained by using the Adomian decomposition
method.

In closing this section, it is worth noting that the Adomian decomposition method
requires the use of Adomian polynomials for nonlinear terms that needs more
computational work. However, using the variational iteration method requires the use of
Lagrange multiplier λ, where we used λ = −1 for first order integro-differential
equations.

9.3 The Schlömilch’s Integral Equation
In this section we will study the Schlömilch’s integral equation that was used for the
computation of ionospheric height that corresponds to a given plasma frequency from
oblique propagation data. Although the Schlömilch’s integral equation is linear, but we
will study the linear and the nonlinear cases.

9.3.1 The Linear Schlömilch’s Integral Equation
The Schlömilch’s integral equation reads

where f(x) is a continuous differential coefficient for −π ≤ x ≤ π. It has been proved that
this equation gives one solution given by

where f′ is the derivative of f with respect to the complicated argument ξ = x sin t. The
Schlömilch’s integral equation and its unique solution have been used to determine the
electron density profile from the ionospheric ionograms for the case of the quasi-
transverse (QT) approximations [41]. However, our study on the Schlömilch’s integral
equation will be focused on the mathematical side only.

It is obvious that the Schlömilch’s integral equation is a special case of Fredholm
integral equation of the first kind. The method of regularization was used effectively in
Chapter 2 to handle the Fredholm integral equation of the first kind. In view of this, we
will employ the method of regularization to handle the Schlömilch’s integral equation



(24).

9.3.2 The Method of Regularization
The method of regularization was introduced in Chapter 2, hence we skip details. The
method of regularization converts the linear Schlömilch’s integral equation of the first
kind

to the Schlömilch’s integral equation of the second kind in the form

or equivalently

where  is a small positive parameter. It is obvious that the solution u  of equation (28)
converges to the solution u(x) of (26) as  → 0. Consequently, we can apply any method
that we studied before for solving the Fredholm integral equations of the second kind.
However, we will use the Adomian decomposition method, where we set the
recurrence relation as

In what follows we will present two illustrative examples. Our focus will be on
transforming the first kind equation to a second kind equation by using the method of
regularization, and hence we can use any appropriate method.

Example 1. Solve the Schlömilch’s integral equation

Using the method of regularization, Eq. (30) becomes



We select the Adomian method for solving this equation. The Adomian method admits
the use of the recurrence relation

This in turn gives the first few components

This in turn gives

which gives

obtained upon finding the summation of each infinite geometric series. The exact
solution is given by

Example 2. Solve the Schlömilch’s integral equation



Using the method of regularization, Eq. (37) becomes

We select the Adomian method for solving this equation. The Adomian method
admits the use of the recurrence relation

This in turn gives the first few components

This in turn gives

which gives

obtained upon finding the summation of the infinite geometric series. The exact solution
is given by

9.3.3 The Nonlinear Schlömilch’s Integral Equation
The Schlömilch’s integral equation may come in a nonlinear form as



where F(u(x sin t)) is a nonlinear function of u(x sin t), such as u2(x sin t) and u3(x sin
t), f(x) is a continuous differential coefficient for −π ≤ x ≤ π.

It is obvious that the nonlinear Schlömilch’s integral equation is a special case of the
nonlinear Fredholm integral equation of the first kind. It is thus normal to follow the
analysis used before in Chapter 7 for handling nonlinear Fredholm integral equation of
the first kind.

We first transform (44) to a linear form of the first kind given by

by using the transformation

Assuming that F(u(x sin t)) is invertible leads to

The method of regularization converts the linear Schlömilch’s integral equation of the
first kind (45) to the Schlömilch’s integral equation of the second kind in the form

where  is a small positive parameter. Applying the Adomian decomposition method
gives the recurrence relation

The scheme that we presented will be illustrated by examining the following examples.

Example 3. Solve the Schlömilch’s integral equation



Using the transformation v = u2 carries out the last equation to

Using the method of regularization, Eq. (51) becomes

The Adomian method gives the recurrence relation

This in turn gives the first few components

This in turn gives

which gives

obtained upon finding the summation of each infinite geometric series. Recall that ν =
u2, hence the exact solution is given by

Example 4. Solve the Schlömilch’s integral equation



Using the transformation ν = u3 carries out the last equation to

Using the method of regularization, Eq. (51) becomes

The Adomian method gives the recurrence relation

This in turn gives the first few components

Proceeding as before, and recall that ν = u3, hence the exact solution is given by

9.4 Bratu-Type Problems
It is well known that Bratu’s boundary value problem in 1-dimensional planar
coordinates is of the form



The standard Bratu problem (64) was used to model a combustion problem in a
numerical slab. The Bratu problem appears in many scientific applications such as the
fuel ignition of the thermal combustion theory and in the Chandrasekhar model of the
expansion of the universe. It stimulates a thermal reaction process in a rigid material
where the process depends on a balance between chemically generated heat, radiative
heat transfer and nanotechnology, and heat transfer by conduction.

The Bratu problem was subjected to a considerable amount of research work.
Several numerical techniques, such as the finite difference method, finite element
approximation, weighted residual method, Adomian-Laplace method, the variational
iteration method, collocation method, Chebyshev wavelets method, and the shooting
method have been implemented independently to handle the Bratu model numerically. In
addition, Boyd [5] employed Chebyshev polynomial expansions and the Gegenbauer
polynomials as base functions.

The exact solution to (64) reads [5]

where θ satisfies

The Bratu problem has zero, one or two solutions when λ > λc, λ = λc, and λ < λc
respectively where the critical value λc satisfies the equation

It was evaluated in [5] that the critical value λc is given by

In this section we will concern ourselves on studying three distinct Bratu-type
problems, given by



and

The last equation (71) is of great interest in magneto hydrodynamics [4]. The
aforementioned Bratu-type problems were examined by many methods in the literature.
In this section, we will convert these problems to equivalent Volterra integro-
differential equations and study it by the methods used in this text.

9.4.1 First Bratu-Type Problem
We begin this analysis by studying the first Bratu-type problem

Integrating both sides of (72) converts this equation to an equivalent Volterra integro-
differential equation given by

where a = u′(0) ≠ 0 is not defined but will be determined by using the boundary
condition u(1) = 0. Applying the variational iteration method for (73) gives the
correction functional reads

By selecting the zeroth selection u0(x) = 0 we obtain the first few solution components



where the Taylor series for the nonlinear term eu(x) was used in the computational work.
To determine a, we need to use the Padé approximants. Pade approximants represent a
function by the ratio of two polynomials. Pade approximant, symbolized by [m/n], is a
rational function defined by

where the numerator and denominator have no common factors. If we selected m = n,
then the approximants [n/n] are called diagonal approximants. The coefficients of the
polynomials in the numerator and in the denominator are determined by using the
coefficients in the Taylor expansion of the function which we need to find its
approximants. For example, considering f(x) = ex, the Pade [2/2] and [3/3]
approximants are given by

However, Padé approximants can be evaluated by using any symbolic computer
software such as Maple or Mathematica.

To determine a, we use the boundary condition u(1) = 0 in the Padé approximants
[2/2], [3/3], [4/4], ..., of (75) to find that a = π. Substituting a = π in u3(x) gives the
series solution

This in turn gives the exact solution by

Fig. 3 below shows the solution u(x) in (78) that blows up in the middle of the
domain.



Fig. 3. The solution u(x) in (78).

9.4.2 Second Bratu-Type Problem
In this section we will the second Bratu-type problem

Integrating both sides of (79) converts this equation to an equivalent Volterra integro-
differential equation given by

where a = u′(0) ≠ 0 is not defined but will be determined by using the boundary
condition u(1) = 0. Applying the variational iteration method for (80) gives the
correction functional reads

By selecting the zeroth selection u0(x) = 0 we obtain the first few solution components



where the Taylor series for the nonlinear term e−u(x) was used in the computational
work.

To determine a, we use the boundary condition u(1) = 0 in the Pade approximants
[2/2], [3/3], [4/4], ..., to find that a = π. Substituting a = π in u3(x) gives the series
solution

This in turn gives the exact solution by

Fig. 4 below shows the exact solution u(x) in (84) and the approximate solution (83).
The graph shows that u(x) is bounded, and the deviation between the exact solution and
the approximation is caused by the use of finite number of terms of the series solution.



Fig. 4. The exact solution u(x) in (84) and the approximate solution (83).

9.4.3 Third Bratu-Type Problem
We close this section on Bratu-type problems by examining a third Bratu-type problem
in the form

which is of great interest in magneto hydrodynamics [4]. Proceeding as before, we
integrate both sides of (85) to convert it to an equivalent Volterra integro-differential
equation as

where a = u′(0) ≠ 0 is not defined yet, but will be determined by using the boundary
condition u(1) = 0. Applying the variational iteration method for (86) gives the
correction functional by

By selecting the zeroth selection u0(x) = 0 we obtain the first few solution components

where the Taylor series for the nonlinear term eu(x) was used in the computational work.
Using the boundary condition u(1) = 0 gives

Substituting this result into u3(x) gives the series approximation



However, an exact solution is given by

where

and c is the root of

The root c lies between 0 and , namely c = 1.336055695, to ten figures.

9.5 Systems of Integral Equations
Systems of Fredholm and Volterra integral equations, of the first and the second kinds,
appear in scientific applications. Many powerful methods were used to study these
systems of equations. In this section, we aim to apply the methods presented in this text
to study systems of integral equations.

9.5.1 Systems of Fredholm Integral Equations
In this section we will concern ourselves on solving system of Fredholm integral
equations of the second kind with only two unknown functions u(x) and ν(x). The
analysis can be extended to more than two unknown functions. The standard system of
Fredholm integral equations of the second kind is given by



where the unknown functions that will be determined are u(x) and v(x). Recall that for
the second kind, the unknown functions appear inside and outside the integral sign. The
kernels Ki(x, t), and , and the function f1(x) and f2(x) are prescribed real-
valued functions.

Recall that we applied the direct computation method and the Adomian
decomposition method, together with its related modification, for handling Fredholm
integral equations. The aforementioned methods are now well known, hence we will
select two distinct examples that will be examined by using the two methods.

Example 1. Use the Adomian decomposition method and the noise terms phenomenon to
solve the following system of Fredholm integral equations

The Adomian decomposition method decomposes u(x) and v(x) by an infinite series of
components

where un(x) and νn(x), n ≥ 0 are the components of u(x) and ν(x) that will be computed
in a recursive manner.

Substituting (96) into (95) gives

The Adomian decomposition method admits the use of the recurrence relation



By canceling the noise terms from u0(x) and from ν0(x) we obtain the exact solutions

Recall that the remaining terms of u1(x) and v1(x) will be cancelled with the noise
terms that will appear when evaluating the components u2(x) and ν2(x). Generally, all
noise terms will vanish in the limit.

In the next example, to review the methods presented earlier, we will apply the direct
computation method. Note that we can also use the modified decomposition method.

Example 2. Solve the following system of Fredholm integral equations by using the
direct computation method

Following the analysis presented above, this system can be rewritten as

where

Substitute (101) into (102) and solving the resulting equations we find



This in turn gives the exact solutions

9.5.2 Systems of Volterra Integral Equations
Systems of Volterra integral equations appear in many scientific applications such as
Volterra population growth models and species propagation. Recall that Volterra
integral equations are characterized by at least one variable limit of integration.
Proceeding as before, we will concern ourselves for systems of Volterra integral
equations of the second kind where only two unknown functions u(x) and ν(x) are
involved.

The standard system of Volterra integral equations of the second kind, the unknown
functions u(x) and ν(x) appear inside and outside the integral sign of the form

The kernels K1(x, t), K2(x), K1(x, t), K2(x, t), and the functions f1(x) and f2(x) are given
real-valued functions.

To avoid the cumbersome work that usually arise from the traditional methods, we
will use the Adomian decomposition method and the modified decomposition method in
this section.

Example 3. Use the modified decomposition method to solve the following system of
Volterra integral equations of the second kind

The modified decomposition method suggests assumes that u(x) and ν(x) be expressed
by an infinite series of components



where un(x) and vn(x), n ≥ 0 are the components of u(x) and v(x) that will be computed
by a recursive manner.

Substituting (107) into (106) gives

The modified method gives the recursive relation

This in turn gives

Example 4. Use the modified decomposition method to solve the following system of
Volterra integral equations of the second kind

Proceeding as before, the modified decomposition method gives the recursive relation



This in turn gives

9.6 Numerical Treatment of Fredholm Integral Equations
Fredholm and Volterra integral equations have several applications in physics,
chemistry, biology, and engineering. For concrete integral equations, analytical
solutions are hard to find. Due to this fact, several numerical methods have been
developed for finding numerical solutions of integral equations. Examples of these
methods include Chebyshev polynomials, Taylor series method, the radial basis
functions, Bernstein’s method, the wavelet method,, the homotopy perturbation method,
approximation, the Toeplitz matrix method, and other methods. The need to apply
numerical methods is necessary in order to have a scientific platform to be used for
numerical purposes.

As stated before, the two newly developed methods, namely the Adomian
decomposition method and the variational iteration method provide convergent series of
the solution of any integral equation. For concrete problems, we may face some
difficulties that need cumbersome work to obtain many terms of the series solution. In
this case, we often determine few terms of the series solution, either by computing finite
number of components, if Adomian method is used, or by evaluating few
approximations, if the variational iteration method is used. In this case we use the
obtained series for numerical purposes, where it was found that the obtained truncated
series gives accuracy of higher level. In the following examples, we will use the
Adomian method for numerical treatment of the Fredholm integral equations of the
second kind. The accuracy level will be tested by showing the errors between the exact
solution and the truncated series.

Example 1. Use the Adomian decomposition method to find ϕ4 of the numerical solution
and the errors between the exact solution and ϕ4 of the Fredholm integral equation of the
second kind



The Adomian method is well known now, hence we skip details. The Adomian
method admits the use of the recurrence relation

where Ak(x) are the Adomian polynomial for the nonlinear term u2(x). By evaluating the
first four components only, and using the fourth-stage solution approximant

and by using the Taylor series for the approximant ϕ4 we find that

Note that the exact solution u(x) = cos x, therefore we list the following table of
errors.

Table 1

x Error = |cos (x) − ϕ4|

0.0 4.705300334e-2

0.1 4.387825847e-2

0.2 4.032398704e-2

0.3 3.648400803e-2

0.4 3.245382203e-2



0.5 2.832908706e-2

0.6 2.420411131e-2

0.7 2.017038004e-2

0.8 1.631513883e-2

0.9 1.272005321e-2

1.0 1.631513883e-2

1.1 6.60173118e-3

1.2 4.20326626e-3

0.00000000000

This clearly shows that we obtained a series of higher accuracy level by using four
components only.

Table 1 above shows the error between the exact solution and the approximation ϕ4.

Example 2. Use the Adomian decomposition method to find the third-stage solution ϕ3
of the numerical solution and the errors between the exact solution and ϕ3 of the
Fredholm integral equation of the second kind

Proceeding as in Example 1, we set the recurrence relation

where Ak(x) are the Adomian polynomial for the nonlinear term u2(x). By evaluating the
first three components only, and using the approximant



and by using the Taylor series for the approximant ϕ3 we find that

Note that the exact solution is u(x) = ln(1 + x).

Table 2

x Error = |In (1 + x) − ϕ3|

0.0 5.36780e-4

0.1 5.02926e-4

0.2 4.69072e-4

0.3 4.35219e-4

0.4 4.01365e-4

0.5 3.67515e-4

0.6 3.33660e-4

0.7 2.99803e-4

0.8 2.65950e-4

0.9 2.32096e-4

1.0 1.98243e-4

  

Table 2 above shows the error between the exact solution and the approximation ϕ3.

Example 3. Use the Adomian decomposition method to find the approximation ϕ12 and
ψ12 of the numerical solution and the errors between the exact solutions and ϕ12 and ψ12
of the system of Fredholm integral equations of the second kind



Proceeding as in Example 1, we set the recurrence relations

and

This in turn gives

and so on for other components. By evaluating the first twelve components for u(x) and
ν(x), the approximations

are readily obtained.



In this example, we found it necessary to determine twelve components for the
solutions u(x) and ν(x) to enhance the accuracy level. To minimize the errors between
the exact solutions and the approximations, we should evaluate more components.

Note that the exact solutions are given by

In view of this, we present the following table of errors.

Table 3

x Error = |(1 + x) − ϕ12| Error = |(1 + x2) − ψ12|

0.0 1.14880e-2 0.0

0.1 1.33575e-2 3.45040e-3

0.2 1.52270e-2 6.90080e-3

0.3 1.70965e-2 1.03512e-2

0.4 1.89660e-2 1.38016e-2

0.5 2.08355e-2 1.72520e-2

0.6 2.27050e-2 2.07024e-2

0.7 2.45745e-2 2.41528e-2

0.8 2.64440e-2 2.76032e-2

0.9 2.83135e-2 3.10536e-2

1.0 3.01830e-2 3.45040e-2

Table 3 above shows the error between the exact solutions and the approximations ϕ12
and ψ12.

9.7 Numerical Treatment of Volterra Integral Equations
In a manner parallel to the analysis presented in the previous section, we will handle



concrete problems of the Volterra integral equations, where some difficulties may arise.
In this case, we prefer to handle the problem numerically, and we often determine few
terms of the series solution, either by computing finite number of components, if
Adomian method is used, or by evaluating few approximations, if the variational
iteration method is used. In this case we use the obtained series for numerical purposes,
where it was found that the obtained truncated series gives accuracy of higher level. It is
worth noting that the accuracy level can be enhanced by determining more components,
if ADM is used, or more approximations if VIM is used. In the following examples, we
will use the Adomian method for numerical treatment of the Volterra integral equations
of the second kind. The accuracy level will be tested by showing the errors between the
exact solution and the truncated series.

Example 1. Use the Adomian decomposition method to find ϕ
4
 of the numerical solution

and the errors between the exact solution and ϕ
3
 of the Volterra integral equation of the

second kind

The Adomian method is well known now, hence we skip the details. The Adomian
method admits the use of the recurrence relation

where Ak(x) are the Adomian polynomial for the nonlinear term u2(x). By evaluating the
first four components only, and using the approximant

and by using the Taylor series for the approximant ϕ4 we find that

As stated before, we can minimize the errors between the exact solution and the
approximant, by evaluating more components of the solution. Note that the exact solution



is given by

Based on this, we list the following table of errors.

Table 4

x Error = | cos (x) − ϕ4 |

0.0 1.080430170e-8

0.1 6.996036355e-9

0.2 1.18811309e-8

0.3 1.11844732e-7

0.4 9.9126378e-7

0.5 5.0337891e-6

0.6 1.78202512e-5

0.7 4.85318893e-5

0.8 1.07732322e-4

0.9 2.01940664e-4

1.0 3.26754224e-4

1.1 4.61429093e-4

1.2 5.68707641e-4

0.00000000000

Table 4 above shows the error between the exact solution and the approximation ϕ4.
This clearly shows we obtained a series of higher accuracy level by using few

components only. The accuracy level can be enhanced by the determination of new
components.

Example 2. Use the Adomian decomposition method to find ϕ
3
 of the numerical solution



and the errors between the exact solution and ϕ3 of the Volterra integral equation of the
second kind

Proceeding as in Example 1, we set the recurrence relation

where Ak(x) are the Adomian polynomial for the nonlinear term u2(x). By evaluating the
first three components only, and using the approximant

and by using the Taylor series for the approximant ϕ3 we find that

Note that the exact solution is u(x) = ln(1 + x), hence, we present the following table
of errors

Table 5

x Error = | In (x) − ϕ3 |

0.1 4.7e-9

0.2 5.315e-7

0.3 8.016e-6

0.4 5.300296e-5

0.5 2.23463816e-4



0.6 7.08677e-4

0.7 1.84631e-3

0.8 4.16473e-3

0.9 8.41388e-3

1.0 1.557791e-2

Table 5 above shows the error between the exact solution and the approximation ϕ3.
Recall that the more components we determine the more accuracy level we achieve.

Example 3. Use the Adomian decomposition method to find ϕ
4
 of the numerical solution

and the errors between the exact solution and ϕ4 of the Volterra integral equation of the
first kind

We first convert this equation from first kind to a second kind by using Leibniz rule.
This in

We next set the recurrence relation

By evaluating the first four components only, and using the approximant

we obtain

Table 6



x Error = |In (x) − ϕ4|

0.1 3.2e-11

0.2 8.0e-11

0.3 1.68e-9

0.4 1.61e-8

0.5 9.58e-8

0.6 4.1e-7

0.7 1.4e-6

0.8 4.0e-6

0.9 1.0e-5

1.0 2.4e-5

Table 6 above shows the error between the exact solution and the approximation ϕ4
Recall that the more components we determine the more accuracy level we achieve.



Appendix A

Table of Indefinite Integrals

I. Basic Forms:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

9. .

10. .

II. Trigonometric Forms:

1. .

2. .

3. .

4. .

5. .



6. .

7. .

8. .

9. .

10. .

III. Inverse Trigonometric Forms:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

8. .

IV. Exponential and Logarithmic Functions Forms:

1. .

2. .

3. .

4. .

5. .



6. .

7. .

8. 

V. Hyperbolic Functions Forms:

1. .

2. .

3. .

4. .

5. .

6. .



Appendix B

Integrals Involving Irrational Algebraic
Functions

I. Integrals Involving , n is an Integer, n ≥ 0:

1. .

2. .

3. .

4. .

5. .

6. .

7. .

I.Integrals Involving , n is an Integer, n ≥ 1:

1. .

2. .

3. .

4. .

5. .



6. .

7. .

8. .

9. .

10. .



Appendix C

Series

I. Exponential Series:

1. .

2. .

3. .

4. .

II. Trigonometric Series:

1. .

2. .

3. .

III. Hyperbolic Functions Series:

1. .

2. .



Appendix D

The Error and the Gamma Functions

I. The Error Function:

The error function erf (x) is defined by:

1. .

2. .

The complementary error function erfc (x) is defined by:

3. .

4. erf(x) + (x) = 1

5. .

II. The Gamma Function Γ(x):

1. .

2. .

3. , n is an integer.

4. .

5. .



Answers to Exercises

Exercises 1.2
1. Fredholm, linear, nonhomogeneous
2. Volterra, linear, nonhomogeneous
3. Volterra, nonlinear, nonhomogeneous
4. Fredholm, linear, homogeneous
5. Fredholm, linear, nonhomogeneous
6. Fredholm, nonlinear, nonhomogeneous
7. Fredholm, nonlinear, nonhomogeneous
8. Fredholm, linear, nonhomogeneous
9. Volterra, nonlinear, nonhomogeneous
10. Volterra, linear, nonhomogeneous
11. Volterra integro-differential equation, nonlinear
12. Fredholm integro-differential equation, linear
13. Volterra integro-differential equation, nonlinear
14. Fredholm integro-differential equation, linear
15. Volterra integro-differential equation, linear
16. 

17. 

18. 

19. 

20. 

21. Volterra–Fredholm integral equation, nonlinear, nonhomogeneous
22. Volterra–Fredholm integro-differential equation, linear, nonhomogeneous
23. Volterra–Fredholm integro-differential equation, nonlinear, nonhomogeneous
24. Volterra (singular) integral equation, nonlinear, nonhomogeneous

Exercises 1.3
11. f(x) = x2

12. f(x) = 1 + x,
13. α = 1
14. f(x) = sin x



Exercises 1.4
1. 

2. 

3. 

4. 

5. u′″(x) = 2u(x), u(0) = u′(0) = 1, u″(0) =0
6. u″(x) + u(x) = ex, u(0) = u′(0) = 1
7. u″(x) − u(x) = 0, u(0), u′ = (0) = 1
8. u″(x) − u(x) = cos x, u(0), u (0) = −1, u′ (0) = 1
9. u″(x) − u′(x) − 2u(x) = 10, u(0) = 2, u′ (0) = 5
10. u″(x) − 5u′(x) + 6u(x) = 0, u(0) = −5, u′ (0) = −19
11. u′(x) + u(x) = sec2x, u(0) = 0
12. u′″ − 3u″(x) − 6u″(x) + 5u(x) = 0,
u(0) = 1, u′(0) = 4, u″(0) = 23
13. u″(x) − 4u(x) = 24x,
u = u′(0) = 0, u′(0) = 2
14. uuv(x) − u(x) = 0,
u(0) = u′(x) = 0, u″(0) = 2, u′″(0) = 0

Exercises 1.5
1. 

2. 

3. 

In problems 4–10, set y″(x) = u(x)
4. ,

5. 

6. 

7. 

8. 

9. 



10. 

In problems 11–15, set y″(x) = u(x)
11. 

12. 

13. 

14. 

15. 

Exercises 1.6
1. ,
where the kernel K(x, t) is defined by

2. ,

where the kernel K(x, t) is defined by

3. ,

where the kernel K(x, t) is defined by

4. ,

where the kernel K(x, t) is defined by

Exercises 1.7
1. f(x) = e2x

2. f(x) = e−3x

3. f(x) = ex −1
4. f(x) = cos(2x)
5. f(x) = sin(3x)
6. f(x) = sin h(2x)
7. f(x) = cos h(2x)



8. f(x) = cos h(3x) − 1
9. f(x) = 1 + cos(2x)
10. f(x) = 1 + sinx

Exercises 2.2
1. u(x) = 4x
2. u(x) = x3

3. 

4. u(x) = 1 + ex

5. u(x) = sin x
6. u(x) = cos x
7. u(x) = cos (4x)
8. u(x) = sinh x
9. u(x) = 2e2x

10. u(x) = sec2x
11. u(x) = sin x
12. u(x) = tan x
13. u(x) = tan− 1 x
14. u(x) = cosh x
15. 

16. 

17. 

18. u(x) = cos− 1 x
19. u(x) = xtan−1 x
20. u(x) = xsin−1 x + 1
21. 

22. 

23. 

24. u(x) = 1 + sin x
25. u(x) = 1 + sin x + cos x
26. u(x) = x sin x

Exercises 2.3
1. u(x) = x3



2. u(x) = xx

3. u(x) = x
4. u(x) = x2 + x4

5. u(x) = x + ex

6. u(x) = x + e− x

7. u(x) = 1 + x + x2

8. u(x) = ex

Exercises 2.4
1. u(x) =xex

2. u(x) =x2 − 2x + 1
3. u(x) = x sin x
4. u(x) = e2x

5. u(x) = 1 + sec2x
6. u(x) = sin (2x)
7. 

8. u(x) = sin x +cos x
9. u(x) = sec x tan x
10. u(x) = x2

11. u(x) = sin x
12. 

13. u(x) = x3

14. 

Exercises 2.5
1. u(x) = x
2. u(x) = x3

3. u(x) = 4x
4. u(x) = 1 + 2x
5. u(x) = 2 sin x
6. u(x) = sec2x
7. u(x) = sec x tan x
8. u(x) = cosh x
9. u(x) = ex

10. u(x) = sin x



Exercises 2.6
1. u(x) = 2x
2. 
3. u(x) = x + 1
4. u(x) = sin x + cos x
5. u(x) = x2

6. u(x) = x3

7. u(x) = sin x + cos x
8. 
9. 
10. 

Exercises 2.8
1. u(x) = A, A is a constant
2. u(x) = 2Ax
3. u(x) = Ax, A is a constant
4. u(x) = 2Acosx

5. 

6. 
7. u(x) = 2Asec x
8. u(x) = 2Asec2 x
9. 
10. 

Exercises 2.9
1. u(x) = x,
2. u(x) = 3x
3. u(x) = e−x,
4. u(x) = x2

5. u(x) = cos x
6. u(x) = sin x

Exercises 3.2



1. u(x) = 4x
2. u(x) = 1 + 2x
3. u(x) = e−x

4. u(x) = sinh x
5. u(x) = sin (3x)
6. u(x) = cos(2x)
7. u(x) = sin x + cos x
8. u(x) = cos x − sin x
9. u(x) = ex

10. u(x) = e−x

11. u(x) = 2 cosh x
12. u(x) =2 ex −1
13. u(x) = 2 cos x −1
14. u(x) = 2 cosh x −1
15. u(x) = cos x
16. u(x) = sec2x
17. u(x) = cosh x
18. u(x) = sinh x
19. u(x) = x3

20. u(x) = sec x tan x
21. u(x) = 8x
22. u(x) = 8x2

23. u(x) = sec2x
24. u(x) = 1 + x + x2

25. u(x) = x sin x
26. u(x) = cosh2 x

Exercises 3.3
1. u(x) = ex

2. u(x) = sinh x
3. u(x) = sin(3x) + cos x
4. u(x) = cos(2x)
5. u(x) = cos x+sin x
6. u(x) = cos x − sin x
7. u(x) = sin x
8. u(x) = cosh x

Exercises 3.4



1. u(x) = 2x + 3x2

2. u(x) = 1 + + x2

3. u(x) = sin x + cos x + cos x
4. u(x) = 1+ x
5. u(x) = −e−x + sin x
6. u(x) = e−2x

7. u(x) = ex

8. u(x) = sinh x
9. u(x) = 2 cos x − 1
10. u(x) = cos x − sin x
11. u(x) = sinh x
12. u(x) = sin x

Exercises 3.5
1. u(x) = e−3x

2. u(x) = cosh x
3. u(x) = cos x − sin x
4. u(x) = ex −1
5. u(x) = ex

6. 
7. 
8. u(x) = 2cosh x − 2
9. u(x) = x
10. u(x) = x − x2

Exercises 3.6
1. u(x) = e−x

2. u(x) = cos(3x)
3. u(x) = e2x

4. 
5. u(x) = 2cosx
6. u(x) = e−x2

7. u(x) = sinh x
8. u(x) = cos x
9. u(x) = cos x + sinx
10. u(x) = cos x − sin x



11. u(x) = 1 + ex

12. u(x) = 1 − sinh x

Exercises 3.7
1. u(x) = ex − 1
2. u(x) = ex − x −1
3. u(x) = x − sin x
4. u(x) = −x + sinh x
5. u(x) = −1 + cos x
6. u(x) = 1 − x
7. u(x) = e2x

8. u(x) = 2 + ex

9. u(x) = 1 + cos x
10. u(x) = 1 − sin x
11. u(x) = 1 + cosh x
12. u(x) = −1 + cosh x

Exercises 3.9
1. u(x) = 2x
2. u(x) = e−x

3. u(x) = ex

4. u(x) = sinh x
5. u(x) = cos x
6. u(x) = sec2x

Exercises 4.3
1. 
2. 
3. u(x) = sin x
4. u(x) = x2

5. u(x) = sec2x
6. u(x) = 1 − 3x − 3x2

7. u(x) = sin x
8. u(x) = sin x + cos x

Exercises 4.4



1. u(x) = cosh x
2. u(x) = x
3. u(x) = xex

4. u(x) = x sin x
5. u(x) = sin x
6. u(x) = x3 − x2 + x − 1
7. u(x) = sin x
8. u(x) = sin x + cos x
9. u(x) = cos x
10. u(x) = sin x − cos x

Exercises 4.5
1. u(x) = xsin x
2. u(x) = x cos x
3. u(x) = x + sec2 x
4. u(x) = 1 + 2x − 6x2

5. u(x) = ex

6. u(x) = 1 − x + x2 − x3

Exercises 4.6
1. u(x) = x cos x
2. u(x) = 1 − ex

3. u(x) = sin x cos x
4. u(x) = 2x − 6x2

5. 

Exercises 5.3
1. u(x) = x cos x
2. u(x) = 1 − ex

3. u(x) = sin x − cos x
4. u(x) = 2x − 4x2

5. u(x) = 1 − sinh x

Exercises 5.4
1. u(x) = x + ex

2. u(x) = 1 + cos x



3. u(x) = 2ex

4. u(x) = sin x + cos x
5. u(x) = 1 − sin x

Exercises 5.5
1. u(x) = xex

2. u(x) = x + sin x
3. u(x) = x − cos x
4. u(x) = x + cosh x
5. u(x) = x + ex

6. u(x) = cos x − sin x

Exercises 5.6
1. u(x) = cosh x
2. u(x) = sin x
3. u(x) = sinh x
4. u(x) = x + ex

5. u(x) = sin x + cos x
6. u(x) = ex

Exercises 5.7
1. 
2. u(x) = sin x
3. u(x) = 1+sin x
4. u(x) = 1+cosh x
5. u(x) = 1+4x
6. 
7. 

Exercises 5.8
1. u(x) = cos x
2. u(x) = e− x

3. u(x) = sinh x
4. u(x) = ex

5. u(x) = x + cos x



6. u(x) = cosh x

Exercises 6.2
1. 

2. 

3. 

4. 
5. u(x) = x
6. 
7. 
8. 

9. 

10. 

Exercises 6.3
1. u(x) = x
2. u(x) = x3

3. u(x) = 6
4. u(x) = x = 4x
5. u(x) = x
6. u(x) = 4x + 14x2

Exercises 6.4
1. 
2. 
3. 
4. 
5. 
6. u(x) = x3

7. u(x) = 1 + x
8. u(x) = 1
9. u(x) = x2



10. 
11. u(x) = 1 + x
12. u(x) = x + x3

13. u(x) = 1 + 3x3

14. u(x) = 5 − x

Exercises 6.5
1. u(x) = x2

2. u(x) = 10
3. u(x) = 10x
4. u(x) = 3 + 10x
5. u(x) = x + x2

Exercises 7.2.1
1. ;

λ = 0 is a singular point,  bifurcation point
2. 

λ = 0 is a singular point,  bifurcation point
3. ;

λ = 0 is a singular point,  bifurcation point
4. ;

λ = 0 is a singular point,  bifurcation point
5. ;

λ = 0 is a singular point,  bifurcation point
6. u(x) = 2
7. u(x) = sin x
8. u(x) = cos x
9. 
10. 
11. u(x) = x, x − 1
12. 

Exercises 7.2.2



1. 

2. 

3. u(x) = 2sin x
4. u(x) = 2cos x
5. u(x) = sec x
6. u(x) ≈ 2x
7. u(x) = x2

8. u(x) = x
9. u(x) = x
10. u(x) = x
11. u(x) = sin x + cos x
12. u(x) = sinh x
13. u(x) = cos x
14. u(x) = sec x

Exercises 7.2.3
1. u(x) = x 3x,
2. 

3. 

4. 
5. 

Exercises 7.3
1. 

2. 

3. 

4. 

5. u(x) = u, ln u
6. 

Exercises 7.4
1. u(x) = x



2. u(x) = x
3. u(x) = 1 − x
4. u(x) = 1 + x
5. 
6. 

Exercises 8.2.1
1. u(x) = x2

2. u(x) = x2

3. u(x) = 1 + x
4. u(x) = 1 + x2

5. u(x) = x2

6. u(x) = e− x

7. u(x) = 1 + x
8. u(x) = sin x
9. u(x) = cos x
10. u(x) = ex

Exercises 8.2.2
1. u(x) = 3x
2. u(x) = 2x
3. u(x) = sin x
4. u(x) = x2

5. 
6. 
7. 

8. 

9. 

10. 
11. u(x) = sec x
12. u(x) = tan x

Exercises 8.2.3
1. u(x) = x,



2. u(x) = x2,
3. u(x) = x + x2,
4. u(x) = 1 + x,
5. u(x) = 1 + x

Exercises 8.3.1
1. u(x) = ± sin x
2. u(x) = ± ex

3. u(x) = xe

4. u(x) = ±(cos x − sin x)

Exercises 8.3.2
1. u(x) = ± x2

2. u(x) = ± x4

3. u(x) = x4

4. u(x) = ± ex

5. u(x) = ± xex

6. u(x) = ± e−x

Exercises 8.4
1. u(x) = ± x3

2. u(x) = x4

3. 
4. 
5. 
6. 
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Index
Abel equation

generalized form, 178
Abel equations, 172
Abel’s integral equation, 7
Abel, Niels, 8
Adomian decomposition method, 37, 82, 129, 182, 192, 197, 228, 270

for Volterra I-DE, 151
Adomian polynomials, 197

Bifurcation point, 193, 194

difference kernel, 159, 166
Direct computation method, 54, 125, 192, 270

eigenfunctions, 72
eigenvalues, 72

Fredholm equation
first kind, 76
Fredholm I-DE, 124
ill-posed problem, 76

Fredholm integral
homogeneous, 71

Fredholm integral equation, 3
first kind, 3
first kind nonlinear, 211
nonlinear, 192
nonlinear weakly singular, 217
second kind, 3, 35
systems, 270
weakly-singular, 173, 187

Fredholm integral equations
singular, 173

Fredholm integro-differential equations, 123

ill-posed, 76, 212
Infinite geometric series, 32
Integral equation, 1
Integro-differential equations, 6

kernel, 35, 81
separable, 35, 49, 207
weakly-singular, 182

Lagrange multiplier, 50, 93, 138, 207, 233
Lane-Emden equation, 250
Leibniz, 17
Leibniz rule, 165



Method of regularization, 76, 212
Modified decomposition method, 87, 132, 187, 218
modified recurrence relation, 87
modified recursion relation, 132

Noise terms phenomenon, 45, 89, 218

Padé approximants, 249

regularization method, 258

series solution method, 96, 225, 236, 237
Singular integral equation, 7
singular integral equations, 172
Singular point, 193, 194
Successive approximations method, 60, 104
Successive substitutions method, 64, 109

Taylor series, 28
The variational iteration method

Volterra I-DE, 156

variational iteration for
first kind Volterra I-DE, 166
Fredholm I-DE, 138
Fredholm IE, 49
Fredholm nonlinear IE, 207

variational iteration method, 92, 233
Volterra IE, 92, 233

Volterra equation
first kind nonlinear, 236
first kind Volterra I-DE, 165

Volterra integral equation, 4
first kind, 117
nonlinear, 192, 223
nonlinear weakly singular, 243
second kind, 81
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