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37777775 |vwDU CQwY x@ CU= umtt Fn |=[a= xm O}W=@ xDW=O xHwDw K}LY O=Oa= n w m 'u=O}t l} F O}vm ZQi "�m� n |=yT} QD=t |=[i� 3�1�3 p=FtQo = "OW=@ F u=O}t |wQ m� n |=yT} QD=t s=tD xawtHt xOvyO u=Wv Mm�n u}vJty w C@Ftxm OvW=@ T} QD=t l} QO Qr=mU= l} ?Q[ w T} QD=t wO |rwtat `tH u=ty Qr=mU= ?Q[ w `tHxm O}vm xHwD "CU= F u=O}t |wQ |Q=OQ@ |=[i l} Mm�n x=ov; 'OW h} QaD p@k pYi QO"M1�n = FnR= xDUw}B `@=wD s=tD xawtHt C[a; b] O}vm ZQi "�[a; b] |wQ xDUw}B `@=wD |=[i� 4�1�3 p=Ftx@ Qr=mU= ?Q[ w `tH 'c Qr=mU= w f; g 2 C[a; b] |=R= x@ Qo = "OW=@ R =} C u=O}t x@ [a; b]%OvwW h} QaD Q} R CQwY(f + g)(x) = f(x) + g(x)(cf)(x) = cf(x)Q=OQ@ w f(x) = 0 `@=D QiY Q=OQ@ xm O}W=@ xDW=O xHwD "CU= |Q=OQ@ |=[i l} C[a; b] x=ov;"OwW|t h} QaD (�f)(x) = �f(x) CQwY x@ xm CU= (�f) 'f xv} Qk|=y=[i R= |m} '=y|=xrtH OvJ |=[i "�F u=O}t |wQ |=y|=xrtH OvJ |=[i� 5�1�3 p=Ftx@ CU= |DQ=@a F u=O}t |wQ f(x) |=xrtH OvJ l} "OQ=O O=} R xO=iDU= OQwt xm CU= |Q=OQ@CQwYf(x) = anxn + an�1xn�1 + � � � + a1x+ a0OvJ s=tD xawtHt "OwW|t xO}t=v xi ?} Q[ xm ai 2 F w C@Ft w K}LY OOa l} n u; QO xmxm |=xrtH OvJ "OwW|t xO=O u=Wv P =@ Q=YDN= Qw] x@ =} P (F) =@ F u=O}t |wQ |=y|=xrtHQy=_ f(x) h} QaD QO xm x u=wD u} QDnQR@ "Ovt=v QiY |=xrtH OvJ =Q OvW=@ QiY u; ?}=Q[ s=tD
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|Q=OQ@ |=y=[i 3 pYi 148|wQ |rwtat Qr=mU= ?Q[ w `tH p=ta= =@ R x@ R R= `@=wD s=tD |Q=OQ@ |=[i V O}vm ZQi �11C@=F "OvW=@ OQi `@=wD s=tD xawtHt w GwR `@=wD s=tD xawtHt ?}DQD x@ Vo w Ve w OW=@ `@=wD"V = Ve + Vo O}vmn� n |=yT} QD=t s=tD xawtHt W1 'n� n |=yT} QD=t s=tD |=[iMn�n O}vm ZQi �12%O}vm C@=F OvW=@ uQ=kDtO=B n� n |=yT} QD=t s=tD xawtHt W2 w uQ=kDtMn�n =W1 �W2:



149 |Q=OQ@ |=y=[i 3 pYi|]N pqkDU= w xOW O}rwD |=y=[iQ} R 2�3=}; xm CU= KQ]t p=-wU u}= "OW=@ =[i u}= R= |=xawtHtQ} R S w |Q=OQ@ |=[i l} V O}vm ZQi=Q =[iQ} R u}= xvwoJ 'OwHw CQwY QO w OW=@ S pt=W xm OQ=O OwHw V R= |}=[iQ} R u} QDmJwm"s} R=OQB|t ?r]t u}= uwt=Q}B |FL@ x@ VN@ u}= QO "Owtv XNWt u=wD|tQ=OQ@ "OW=@ V R= |yD=v xawtHtQ} R S w |Q=OQ@ |=[i l} V s}vm ZQi " 1�2�3 h} QaD""" 'u2 'u1 Ovv=t S |=yQ=OQ@ R= |y=vDt O=OaD Qo = s}} wo S |=[a= R= |]N ?}mQD l} =Q v 2 V%xm |Qw] x@ OvW=@ xDW=O OwHw an w """ 'a2 'a1 |=yQr=mU= w un wv = a1u1 + a2u2 + � � �+ anun'a2 'a1 "CU= un w """ 'u2 'u1 |=yQ=OQ@ R= |]N ?}mQD v xm s}} wo|t u}vJty Cr=L u}= QO"OvwW|t xO}t=v |]N ?}mQD u}= ?}=Q[ an w """|=yQ=OQ@ R= |]N ?}mQD (1;5;1) w (1;1;4) |=yQ=OQ@ =}; xm O}vm |UQQ@ " 2�2�3 p=Ft#OvDUy v2 = (3;5;2) w v1 = (1;2;�1)%xm s}@=}@ |Qw] =Q t w s |=yQr=mU= O}=@ OW=@ v2 w v1 R= |]N ?}mQD (1;1;4) xmv}= |=Q@ "pL(1;1;4) = s(1;2;�1) + t(3;5;2)%O};|t CUOx@ x]@=Q u}= u}iQ] uO=O Q=Qk |w=Ut =@8>>>>><>>>>>:s+ 3t = 12s+ 5t = 1�s+ 2t = 4w v1 R= |]N ?}mQD (1;1;4) xH}Dv QO "s = �2 w t = 1 OwW|t xH}Dv x=oDUO u}= pL R= xm"CU= v2



|Q=OQ@ |=y=[i 3 pYi 150xDW=O OwHw t w s |=yQr=mU= O}=@ v2 w v1 R= |]N ?}mQD Oy=wN@ (1;5;1) Qo = x@=Wt Cr=L QO%xm |Qw] x@ OvW=@(1;5;1) = s(1;2;�1) + t(3;5;2)%s}W=@ xDW=O O}=@ |DQ=@a x@ =}8>>>>><>>>>>:s+ 3t = 12s+ 5t = 5�s+ 2t = 1"CU}v v2 w v1 |=yQ=OQ@ R= |]N ?}mQD l} (1;5;1) u}=Q@=v@ 'OQ=Ov ?=wH x=oDUO u}= =t=x=ov; 'OW=@ F u=O}t |wQ V |Q=OQ@ |=[i R= |yD=v |=xawtHtQ} R S O}vm ZQi " 3�2�3 x}[k"CU= V |=[iQ} R l} 'S |=[a= R= |]N C=@}mQD s=tD xawtHtw x x=ov; x; y 2W Qo = "OW=@ S |=[a= R= |]N C=@}mQD s=tD xawtHtW s}vm ZQi "u=yQ@QO vn w """ 'v2 'v1 w um w """ 'u2 'u1 |=yQ=OQ@ u}=Q@=v@ 'OvDUy S |=[a= R= |]N ?}mQD y%xm |Qw] x@ OvQ=O OwHw F QO bn w """ 'b2 'b1 w am w """ 'a2 'a1 |=yQr=mU= 'Sx = a1u1 + a2u2 + � � � + amumy = b1v1 + b2v2 + � � �+ bnvn: %xm OwW|t xO}O Kw[w x@x+ y = a1u1 + a2u2 + � � � + amum + b1v1 + b2v2 + � � � + bnvn'c 2 F Qy |=R= x@ wcx = (ca1)u1 + (ca2)u2 + � � �+ (cam)uml} W u}=Q@=v@ "cx 2 W w x + y 2 W xH}Dv QO "OvDUy S |=[a= R= |]N C=@}mQD� "OW=@|t V |=[iQ} R"OQw; =Q Q} R h} QaD u=wD|t q=@ x}[k x@ xHwD =@



151 |Q=OQ@ |=y=[i 3 pYipt=W |=[iQ} R "OW=@ V |Q=OQ@ |=[i R= |yD=v xawtHtQ} R S O}vm ZQi " 4�2�3 h} QaDxO=O u=Wv span S =@ w xOW xO}t=v S \UwD xOW O}rwD |=[iQ} R S |=[a= R= |]N C=@}mQD s=tD%Qo}O CQ=@a x@ "OwW|tspan S = fa1x1 + a2x2 + � � �+ anxn j n 2 Z+; xi 2 S; ai 2 F;1 � i � ng:"span ; = f0g s}vm|t h} QaD u}vJtyQ@=Q@ R3 R= S = f(1;0;0); (0;1;0)g xawtHtQ} R \UwD xOW O}rwD |=[iQ} R " 5�2�3 p=Ft%=@ CU=span S = fa(1;0;0) + b(0;1;0) ja; b 2 Rg= f(a; b; 0) ja; b 2 Rg:Q@=Q@ P |Q=OQ@ |=[i R= S = f1; x; x2g xawtHtQ} R \UwD xOW O}rwD |=[iQ} R " 6�2�3 p=Ft%=@ CU=span S = fa0 + a1x+ a2x2ja0; a1; a2 2 Fg = P2:|=[i R= S = 8<:241 00 035 ;240 00 1359=; xawtHtQ} R\UwD xOW O}rwD |=[iQ} R " 7�2�3 p=Ft%R= CU= CQ=@a M2�2span S = 8<:a241 00 035+ b240 00 135 ����a; b 2 R9=;= 8<:24a 00 b35 ����a; b 2 R9=; :u} QDmJwm 'V |Q=OQ@ |=[i R= S xawtHtQ} R \UwD xOW O}rwD |=[iQ} R " 8�2�3 x}[k"OQ=O Q@ QO =Q S xm CU= V |=[iQ} R



|Q=OQ@ |=y=[i 3 pYi 152|=yQ=OQ@ x=ov; v 2 span S Qo = "OQ=O Q@ QO =Q S xm OW=@ V |=[iQ} Rl}W O}vm ZQi "u=yQ@%xm |Qw] x@ OvQ=O OwHw F QO ak w """ 'a2 'a1 |=yQr=mU= w S QO vk w """ 'v2 'v1v = a1v1 + a2v2 + � � �+ akvk:%u}=Q@=v@ 'CU= V |=[iQ} Rl}W uwJ w 1 � i � k |=Q@ vi 2W xH}Dv QO 'S �W xm =Hv; R=a1v1 + a2v2 + � � �+ akvk 2W:� "span S �W xH}Dv QO w v 2W u}=Q@=v@Ovm|t O}rwD =Q V |=[i S s}} wo 'S � V w |Q=OQ@ |=[i l} V O}vm ZQi " 9�2�3 h} QaD"Ovvm|t O}rwD =Q V |=[i S |=[a= xm OwW|t xDio CQwY u}= QO u}vJty "span S = V x=oQyO}rwD =Q R3 |=[i (0;1;1) w (1;0;1) '(1;1;0) |=yQ=OQ@ O}yO u=Wv " 10�2�3 p=Ft"Ovvm|t=Q Q=OQ@ u}= xm s}yO|t u=Wv "OW=@ R3 QO x=wNrO Q=OQ@ l} v = (a1; a2; a3) O}vm ZQi "pLQ=m u}= |=Q@ "CWwv (0;1;1) w (1;0;1) '(1;1;0) |=yQ=OQ@ R= |]N ?}mQD CQwY x@ u=wD|t%xm s}@=}|t |Qw] =Q t w s 'r |=yQr=mU=(a1; a2; a3) = r(1;1;0) + s(1;0;1) + t(0;1;1):%OwW|t xH}Dv hQ] wO uO=O Q=Qk |w=Ut =@8>>>>><>>>>>:a1 = r + sa2 = r + ta3 = s+ tw s = 12(a1 � a2 + a3) 'r = 12 (a1 + a2 � a3) OwW|t xH}Dv x=oDUO u}= pL =@"t = 12(�a1 + a2 + a3)



153 |Q=OQ@ |=y=[i 3 pYi�x2�4x+4 w 2x2+5x�3 'x2+3x�2 |=y|=xrtH OvJ O}yO u=Wv " 11�2�3 p=Ft"Ovvm|t O}rwD =Q P2 |=[iOvQ=O OwHw a; b; c 2 F CQwY u}= QO "OW=@ x=wNrO |=xrtH OvJ l} p 2 P2 s}vm ZQi "pLR= |]N ?}mQD CQwY x@ u=wD|t =Q p xm s}yO|t u=Wv "p(x) = ax2 + bx+ c xm |Qw] x@%xm |Qw] x@ r; s; t 2 R OQ=O OwHw |DQ=@a x@ =} "CWwv q=@ |=y|=xrtH OvJr(x2 + 3x� 2) + s(2x2 + 5x� 3) + t(�x2 � 4x+ 4) = ax2 + bx+ c%s}W=@ xDW=O O}=@ xH}Dv QO w(r + 2s� t)x2 + (3r + 5s� 4t)x+ (�2r � 3s+ 4t) = ax2 + bx+ c:%OwW|t xH}Dv ?}=Q[ uO=O Q=Qk |w=Ut =@8>>>>><>>>>>:r + 2s� t = a3r + 5s� 4t = b�2r � 3s+ 4t = c"t = �a+ b+ c w s = 4a�2b� c 'r = �8a+5b+3c OwW|t xH}Dv x=oDUO u}= pL =@"Ovvm|t O}rwD =Q P2 =y|=xrtH OvJ u}= =Pr|=[i 240 11 135 w 241 01 135 '241 10 135 '241 11 035 |=yT} QD=t O}yO u=Wv " 12�2�3 p=Ft"Ovvm|t O}rwD =Q M2�2u}= xm s}yO|t u=Wv "OW=@ M2�2 QO x=wNrO T} QD=t l} 24a11 a12a21 a2235 O}vm ZQi "pL's 'r |=yQr=mU= |DQ=@a x@ =} "CWwv q=@ |=yT} QD=t R= |]N ?}mQD CQwY x@ u=wD|t =Q T} QD=t%xm s}@=}|t |Qw] =Q u w t24a11 a12a21 a2235 = r241 11 035+ s241 10 135+ t241 01 135+ u240 11 135 :



|Q=OQ@ |=y=[i 3 pYi 154%OwW|t xH}Dv x=oDUO pL w u}iQ] uO=O Q=Qk |w=Ut =@r = 13(a11 + a12 + a21 � 2a22)s = 13(a11 + a12 � 2a21 + 2a22)t = 13(a11 � 2a12 + a21 + a22)u = 13 (�2a11 + a12 + a21 + a22)"OwW|t xH}Dv h} QaD R= |oO=U x@ Q} R x}[k'Ovm O}rwD =Q V xm OW=@ V R= |=xawtHtQ} R S1 w |Q=OQ@ |=[i l} V Qo = " 13�2�3 x}[k"Ovm|t O}rwD =Q V R}v OW=@ S1 pt=W xm V R= S2 xawtHtQ} R Qy x=ov;|=yxawtHt " 14�2�3 p=FtS1 = f(1;1;0); (1;0;1); (0;1;1); (1;0; 0)g;S2 = f(1;1;0); (1;0;1); (0;1;1); (0;0; 1)g "Ovvm|t O}rwD =Q R3=Q R3 'S = f(1;1;0); (1;0;1); (0;1;1)g xawtHt xm s}O=O u=Wv �10"2"3� p=Ft QO "pL"Ovvm|t O}rwD =Q R3 sy S2 w S1 u}=Q@=v@ 'OvDUy S pt=W wO Qy S2 w S1 uwJ w 'Ovm|t O}rwD"Ovvm O}rwD =Q |Q=OQ@ |=[i l} Ovv=wD|t |irDNt |=yxawtHt xm s}v}@|t p@k x}[k x@ xHwD =@#CU= QOkJ Ovvm O}rwD =Q =[il} Ovv=wD|t xm |}=yQ=OQ@ O=OaD u} QDtm xm CU= KQ]t p=-wU u}= p=Lswyit l} EL@ xt=O= QO #CU= s=Om Ovm O}rwD =Q =[i Ov=wD@ xm w[a O=OaD u} QDtm =@ xawtHt =}j}kO Qw] x@ Oa@ VN@ QO TBU w s}vm|t |iQat CU= R=}v OQwt ?r]t u}= |UQQ@ |=Q@ xm =Q Qo}O"O=O s}y=wN MU=B p=-wU u}= x@|y=vDt O=OaD x=oQy s}} wo |]N xDU@=w =Q V |Q=OQ@ |=[i R= S xawtHtQ} R " 15�2�3 h} QaDOwHw OvDU}v QiY |oty xm an w """ 'a2 'a1 |=yQr=mU= w S QO un w """ 'u2 'u1 |=yQ=OQ@ R=



155 |Q=OQ@ |=y=[i 3 pYi%xm |Qw] x@ 'OvW=@ xDW=Oa1u1 + a2u2 + � � �+ anun = 0"Ov=|]N xDU@=w S |=[a= xm s}} wo CQwY u}= QO u}vJtyOwW|t xDio Cr=L u}= QO u}vJty "Ov} wo |]N pkDUt 'OW=@v |]N xDU@=w xm =Q S -xawtHt l}"Ov=|]N pkDUt S |=[a= xm?}mQD CQwY x@ u=wD@ =Q S |=yQ=OQ@ R= |m} Qo = \ki w Qo =CU= |]N xDU@=w S xawtHtCk}kL QOw """ 'u2 'u1 |=yQ=OQ@ x=ov; 'OW=@ |]N xDU@=w S Qo = =Q} R "CWwv S |=yQ=OQ@ Qo}O R= |]N%xm |Qw] x@ OvQ=O OwHw OvDU}v QiY |oty xm an w """ 'a2 'a1 |=yQr=mU= w S QO una1u1 + a2u2 + � � �+ anun = 0%s} Q=O xH}Dv QO 'ak 6= 0 O}vm ZQiuk = �a1aku1 � a2ak u2 � � � � � ak�1ak uk�1 � ak+1ak uk+1 � � � � � anak unx@ u 2 S Q=OQ@ Qo = 'TmaQ@ "OwW|t xDWwv =yQ=OQ@ Qo}O R= |]N ?}mQD CQwY x@ uk wQ u}= R=|=yQr=mU= w S QO um w """ 'u2 'u1 |=yQ=OQ@ |va} 'OW=@ =yQ=OQ@ Qo}O R= |]N ?}mQD CQwY%xm |Qw] x@ OvW=@ xDW=O OwHw am w """ 'a2 'a1u = a1u1 + a2u2 + � � �+ amum; %x=ov;u� a1u1 � a2u2 � � � � � amum = 0;"CU= |]N xDU@=w S xawtHt xH}Dv QO w CU= QiY hr=Nt u ?} Q[ xmR= |]N ?}mQD l} =yvD Qo = \ki w Qo = CU= |]N pkDUt S xawtHt h} QaD x@ =v@ u}vJtyum w """ 'u2 'u1 Qo = Qo}O CQ=@a x@ =} OvW=@ QiY ?}=Q[ s=tD xm OwW QiY Q@=Q@ u; |=[a=%xm |Qw] x@ OvW=@ S R= |}=yQ=OQ@u = a1u1 + a2u2 + � � �+ amum



|Q=OQ@ |=y=[i 3 pYi 156%x=ov;a1 = a2 = � � � = am = 0-xawtHt =}; xm O}vm |UQQ@ " 16�2�3 p=Ftf(1;3;�4;2); (2;2;�4;0); (1;�3;2;�4); (�1; 0;1; 0)g"|]N xDU@=w =} CU= |]N pkDUt R4 QO%O}vm ZQi "pLc1(1;3;�4;2) + c2(2;2;�4;0) + c3(1;�3;2;�4) + c4(�1;0;1;0) = 0:%OwW|t xH}Dv u}iQ] uO=O Q=Qk |w=Ut =@8>>>>>>>>><>>>>>>>>>:
c1 + 2c2 + c3 � c4 = 03c1 + 2c2 � 3c3 = 0�4c1 � 4c2 + 2c3 + c4 = 02c1 � 4c3 = 0 %OwW|t xH}Dv x=oDUO u}= pL =@ xmc1 = 4; c2 = �3; c3 = 2; c4 = 0"CU= |]N xDU@=w xawtHt u}= u}=Q@=v@R3 QO S = f(1;0;�1); (2;1;2); (3;�2;0)g xawtHt O}yO u=Wv " 17�2�3 p=Ft"CU= |]N pkDUt%O}vm ZQi "pLc1(1;0;�1) + c2(2;1;2) + c3(3;�2;0) = 0:



157 |Q=OQ@ |=y=[i 3 pYi%CW=O s}y=wN xH}Dv QO8>>>>><>>>>>:c1 + 2c2 + 3c3 = 0c2 � 2c3 = 0�c1 + 2c2 = 0 x=oDUO u}= ?=wH =yvD xmc1 = c2 = c3 = 0"CU= |]N pkDUt S xawtHt xH}Dv QO "CU=xDUw}B `@=wD s=tD pt=W 'C[0;2�] |=[i QO S = fsinx; cos xg O}yO u=Wv " 18�2�3 p=Ft"CU= |]N pkDUt '[0;2�] xrY=i |wQ%O}vm ZQi "pLc1 sinx+ c2 cos x = 0w c2 = 0 OwW|t xH}Dv x = 0 |=R= x@ 'OW=@ Q=QkQ@ x Q}O=kt s=tD |=R= x@ O}=@ xrO=at u}= xm =Hv; R="Ov=|]N pkDUt `@=D wO u}= xH}Dv QO "c1 = 0 OwW|t xH}Dv x = �2 |=R= x@%s}vm|t h} QaD k = 0;1; : : : ; n |=R= x@ " 19�2�3 p=Ftpk(x) = xk + xk+1 + � � � + xn: -xawtHt O}yO u=WvS = fp0(x); p1(x); : : : ; pn(x)g"CU= |]N pkDUt Pn |=[i QO%s}vm ZQi "pLc0p0(x) + c1p1(x) + � � �+ cnpn(x) = 0



|Q=OQ@ |=y=[i 3 pYi 158%x=ov;c0 + (c0 + c1)x+ (c0 + c1 + c2)x2 + � � �+ (c0 + c1 + � � �+ cn)xn = 0%OwW|t xH}Dv xrO=at hQ] wO QO ?}=Q[ uO=O Q=Qk |w=Ut =@8>>>>>>>>><>>>>>>>>>:
c0 = 0c0 + c1 = 0...c0 + c1 + � � �+ cn = 0 %CW=O s}y=wN xH}Dv QOc0 = c1 = � � � = cn = 0"CU= |]N pkDUt S u}=Q@=v@ "CU= x=oDUO ?=wH =yvDQ=Po =w xOvv=wN x@ u} QtD u=wva x@ =Q u; C=@F= "OwW|t xH}Dv h} QaD R= |oO=U x@ Q} R x}[k"s}vm|t"S1 � S2 � V w |Q=OQ@ |=[i l} V O}vm ZQi " 20�2�3 x}[k"CU= |]N xDU@=w R}v S2 x=ov; OW=@ |]N xDU@=w S1 Qo = �1"CU= |]N pkDUt R}v S1 x=ov; OW=@ |]N pkDUt S2 Qo = �2"CU= |]N xDU@=w S1 x=ov; 0 2 S1 Qo = �32"3 u} QtD"O}vm OQ =} C=@F= =Q Q} R |=yxQ=Ro �1|=[a= Qo}O R= |]N?}mQDl} S w[a Qy x=ov; OW=@ |]N xDU@=w xawtHtl} S Qo = �;�"CU= S"CU= |]N xDU@=w QiY pt=W xawtHt Qy �?�



159 |Q=OQ@ |=y=[i 3 pYi"CU= |]N xDU@=w |yD xawtHt �A�"CU= |]N xDU@=w '|]N xDU@=w xawtHt l} xawtHtQ} R �C�"CU= |]N pkDUt '|]N pkDUt xawtHt l} xawtHtQ} R �E�"CU= x=wNrO Q=OQ@ O=OaD Qy R= |]N ?}mQD l} QiY Q=OQ@ �G�"CU= |yD '|yD xawtHt l} \UwD xOW O}rwD |=[i �I�"Ovm|t O}rwD =Q =[i u}= V R= |]N pkDUt xawtHtQ} R Qy �K�"CU= |]N pkDUt Ovm O}rwD =Q =[i xm xawtHtQ} R Qy �M�"X = Y x=ov; span X = span Y Qo = �O�?}mQD CQwY x@ |OQi x@ QYLvt Qw] x@ u x=ov; u 2 spanfu1; u2; : : : ; ung Qo = �P�"OwW|t xDWwv un w """ 'u2 'u1 R= |]Nx=ov; Ovm O}rwD =Q V 'S1 Qo = "S1 � S2 � V w |Q=OQ@ |=[i l} V O}vm ZQi �Q�"Ovm|t O}rwD =Q V R}v S2"CU= |]N pkDUt R}v fu; v; u + vg x=ov; OW=@ |]N pkDUt fu; vg Qo = �R�'OW=@ 0 u; C=YDNt x}k@ w 1 u; s=j C=YDNt xm OW=@ Fn QO |Q=OQ@ ej Qo = O}yO u=Wv �2"Ovm|t O}rwD =Q Fn w CU= |]N pkDUt xawtHt l} fe1; e2; : : : ; eng xawtHt x=ov;O}rwD =Q Pn w CU= Pn QO |]N pkDUt xawtHtl} f1; x; : : : ; xng xawtHt O}yO u=Wv �3"Ovm|tpkDUt xawtHtl}8<:241 00 035 ;240 10 035 ;240 01 035 ;240 00 1359=; xawtHt O}yO u=Wv �4"Ovm|t O}rwD R}v =Q =[i u}= w CU= M2�2 QO |]Nw '�3 = (1;�1;�4;0) '�2 = (2;�1;�5;2) '�1 = (1;1;2;4) |=yQ=OQ@ =}; �5#OvQw;|t O}OB =Q R4 =yQ=OQ@ u}= =}; #OvDUy |]N pkDUt R4 QO �4 = (2;1;1;6)x2 + 2 w x2 + x 'x+ 1 |=yQ=OQ@ R= |]N ?}mQD CQwY x@ =Q Q} R |=yQ=OQ@ R= s=Om Qy �6"O}U} wv@
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181 |Q=OQ@ |=y=[i 3 pYis}taD |Q=OQ@ |=y=[i x@ Q} R CQwY x@ =Q Q=OQ@ l} C=YDNt swyit q=@ h} QaD x@ xHwD =@ p=L"s}yO|tOa@ =@ |Q=OQ@ |=[i |=Q@ ?DQt x}=B l} B = fv1; v2; : : : ; vng O}vm ZQi " 3�4�3 h} QaD|OQi x@ QYLvt |=yQr=mU= xn w """ 'x2 'x1 O}vm ZQi 'x 2 V |=R= x@ "OW=@ V |y=vDt%xm OvW=@x = x1v1 + x2v2 + � � �+ xnvn:%OwW|t h} QaD Q} R CQwY x@ w xOW xO=O V}=tv [x]B O=tv =@ B x}=B x@ C@Uv x Q=OQ@ C=YDNt
[x]B = 26666664x1x2...xn

37777775 :
f(x) = 4+6x�7x2 w OW=@P2|=Q@ OQ=Ov=DU=?DQt x}=BB = f1; x; x2g Qo = " 4�4�3 p=Ft%x=ov;[f ]B = 26664 46�737775 : Qo = " 5�4�3 p=FtB = 8<:241 00 035 ;240 10 035 ;240 01 035 ;240 00 1359=;



|Q=OQ@ |=y=[i 3 pYi 182%x=ov; A = 24a bc d35 w OW=@ M2�2 |=Q@ OQ=Ov=DU= ?DQt x}=B
[A]B = 26666664abcd

37777775 :Qo = "OW=@ P2 |=Q@ ?DQt x}=B l} B = f1; (1� x); (1� x)2g O}vm ZQi " 6�4�3 p=Ft#CU= s=Om f Q=OQ@ [f ]B = 26664 5�32 37775%s} Q=O Q=OQ@ l} C=YDNt h} QaD x@ xHwD =@ "pLf(x) = 5� 1� 3(1� x) + 2(1� x)2= 4� x+ 2x2OW=@ V |Q=OQ@ |=[i |=Q@ ?DQt x}=B l} B = fv1; v2; : : : ; vng O}vm ZQi |rm Cr=L QO%xm |Qw] x@ x 2 V w[x]B = 26666664c1c2...cn
37777775 %x=ov;x = c1v1 + c2v2 + � � �+ cnvn:"OwW|t xH}Dv |DL=Q x@ h} QaD R= Q} R x}[k



183 |Q=OQ@ |=y=[i 3 pYic 2 F w x; y 2 V 'V |y=vDt Oa@ =@ |Q=OQ@ |=[i |=Q@ ?DQt x}=B l} B Qo = " 7�4�3 x}[k%x=ov; OvW=@[x+ y]B = [x]B + [y]B �1[cx]B = c[x]B �2TB w Ow@ C=YDNt x=oDUO u=QwO =} C=YDNt x=oDUO p=kDv= x@ R=}v `k=wt |[a@ 'R2 QO xm s}v=O|tC=YDNt R= xO=iDU= =@ s}DUv=wD|t =Q O}OH x=oDUO QO x]kv Qy C=YDNt 'C=YDNt x=oDUO p=kDv= R=wO B0 w B Qo = xm CU= KQ]t p=-wU u}= =Hv}= QO p=L "s}vm x@U=Lt |r@k x=oDUO QO x]kv u;x@ C@Uv Q=OQ@ l} C=YDNt u}@ |=x]@=Q xJ OW=@ |y=vDt Oa@ =@ |Q=OQ@ |=[i l} |=Q@ ?DQt x}=B'=yx}=B u}= R= |m} x@ C@Uv Q=OQ@ C=YDNt uDW=O =@ u=wD|t xvwoJ w OQ=O OwHw B0 w B |=yx}=B"OyO|t MU=B p=-wU u}= x@ Q} R -x}[k #OQw; CUOx@ Qo}O x}=B x@ C@Uv =Q u; C=YDNt?DQt x}=B wO B0 w B 'F u=O}t |wQ |Oa@ n |Q=OQ@ |=[i l} V O}vm ZQi " 8�4�3 x}[kx@ OQ=O OwHw P Q}PBTwmat ,=twRr w OQi x@ QYLvt n� nT} QD=t CQwY u}= QO "OvW=@ V |=Q@'x 2 V Qy |=Q@ xm |Qw][x]B = P [x]B0[x]B0 = P�1[x]B :%OvwW|t xO=O Q} R x]@=Q =@ P |=yuwDU u}= Q@ xwqaPj = [v0j ]B :Qw] x@ =} B x}=B x@ B0 x}=B R= C=YDNt Q}}eD T} QD=t 'T} QD=t u}= "OvDUy B0 x}=B |=[a= v0j xm"OwW|t xO}t=v C=YDNt Q}}eD T} QD=t xYqNV |=Q@ ?DQt |=yx}=B B0 = fv01; v02; : : : ; v0ng w B = fv1; v2; : : : ; vng O}vm ZQi "u=yQ@



|Q=OQ@ |=y=[i 3 pYi 184%s}W=@ xDW=O x 2 V |=Q@ w OvW=@[x]B = 26666664x1x2...xn
37777775 ; [x]B0 = 26666664x01x02...x0n

37777775 %O}vm ZQi u}vJty[v0j]B = 26666664P1jP2j...Pnj
37777775 1 � j � n %s} Q=O CQwY u}= QOx = x01v01 + x02v02 + � � �+ x0nv0n = nXj=1 x0jv0j= nXj=1 x0j0@ nXj=1 Pijvi1A = nXj=1 nXi=1(Pijx0j)vi= nXi=10@ nXj=1Pijx0j1A vi: %s} Q=O u}=Q@=v@[x]B = 26666664Pnj=1 P1jx0jPnj=1 P2jx0j...Pnj=1 Pnjx0j

37777775 :%s}W=@ xDW=O O}=@ u}=Q@=v@ "CU= OQi x@ QYLvt B x}=B x@ C@Uv x C=YDNt =t=xi = nXj=1Pijx0j 1 � i � n:



185 |Q=OQ@ |=y=[i 3 pYi%CWwv Q} R |U} QD=t ?Q[ CQwY x@ u=wD|t =Q CQ=@a u}= xm26666664x1x2...xn
37777775 = 26666664p11 p12 : : : p1np21 p22 : : : p2n... ... . . . ...pn1 pn2 : : : pnn

3777777526666664x01x02...x0n
37777775%x=ov; P = [pij] s}yO Q=Qk Qo = 'Qo}O CQ=@a x@ =}[x]B = P [x]B0 :Qo = \ki w Qo = 'x = 0 Qo = \ki w Qo = [x]B = 0 xm O}vm xHwD 'P |Q}PBTwmat C=@F= |=Q@w CU= Q}PBTwmat P xH}Dv QO "OQ=O |y}O@ ?=wH =yvD PX = 0 x=oDUO u}=Q@=v@ "[x]B0 = 0� "Ovm|t pt=m =Q C=@F= u}=T} QD=t l} u=wva x@ u=wD|t R}v =Q Q}PBTwmat w n�nT} QD=t Qy xm CU= u}= ?r=H ?r]tl} V w n � n Q}PBTwmat T} QD=t l} P Qo = xm swyit u}= x@ "CiQo Q_v QO C=YDNt Q}}eDP xm |Qw] x@ OQ=O OwHw B |=Q@ B0 ?DQt x}=B x=ov; 'OW=@ B ?DQt x}=B =@ |Oa@ n |Q=OQ@ |=[i"s} Qw;|t Q} R x}[k CQwY x@ =Q ?r]t u}= "Ow@ Oy=wN B0 x@ B R= C=YDNt Q}}eD T} QD=t=@ |Q=OQ@ |=[il} V w F u=O}t |wQ Q}PBTwmat n� nT} QD=tl} P Qo = " 9�4�3 x}[kOQ=O OwHw V |=Q@ B0 OQi x@ QYLvt w ?DQt x}=B x=ov; 'OW=@ B ?DQt x}=B =@ w F u=O}t |wQ n Oa@'x 2 V Qy |=Q@ xm |Qw] x@[x]B = P [x]B0[x]B0 = P�1[x]B :l} P = [pij] w OW=@ V |=Q@ ?DQt x}=B l} B = fv1; v2; : : : ; vng O}vm ZQi "u=yQ@%s}yO|t Q=Qk "OW=@ Q}PBTwmat T} QD=tv0j = nXi=1 pijvi 1 � j � n:



|Q=OQ@ |=y=[i 3 pYi 186Q=m u}= |=Q@ "CU= V |=Q@ ?DQt x}=B l} B0 = fv01; v02; : : : ; v0ng xm s}yO u=Wv CU= |i=mZQi "CWwv B0 |=[a= R= |]N ?}mQD CQwY x@ u=wD|t =Q vk 2 B Q=OQ@ Qy xm s}yO|t u=Wv%s} Q=O xH}Dv QO 'P�1 = (qij) O}vmXj qjkv0j =Xj qjk nXi=1 pijvi!=Xj Xi (qjkpij)vi=Xi 0@Xj pijqjk1A vi=Xi �ikvi = vk:� "V = span B0 xH}Dv QO w B � span B0 u}=Q@=v@B0 = f(�1;0;0); (4;2;0); (5;�3;8)g w OQ=Ov=DU= x}=B B O}vm ZQi " 10�4�3 p=FtQ=OQ@ C=YDNt w xDi=} =Q B x@ B0 R= C=YDNt Q}}eD T} QD=t "OvW=@ F3 |=Q@ |@DQt |=yx}=B"O} Qw; CUOx@ =Q B0 x}=B QO (x1; x2; x3)%s} Q=O "pL[(�1;0;0)]B = 26664�100 37775 ; [(4;2;0)]B = 2666442037775 ; [(5;�3;8)]B = 26664 5�38 37775%s}yO Q=Qk Qo = u}=Q@=v@P = 26664�1 4 50 2 �30 0 8 37775 %x=ov;[x]B = P [x]B0



187 |Q=OQ@ |=y=[i 3 pYi%xH}Dv QO w[x]B0 = P�1[x]B ; %s} Q=O =t=P�1 = 26664�1 2 1180 12 3160 0 18 37775 ; %u}=Q@=v@[x]B0 = 26664�1 2 1180 12 3160 0 18 3777526664x1x2x337775 = 26664�x1 + 2x2 + 118 x312x2 + 316x318x3 37775 :%x=ov; x = (3;2;�8) Qo = X=N Cr=L QO[x]B0 = 26664�10�12�1 37775 ; %Qo}O CQ=@a x@ =}(3;2;�8) = �10(�1;0;0)� 12(4;2;0) � 1(5;�3;8):|=yx}=B B0 = f1; (1 � x); (1 � x)2g w B = f1; x; x2g O}vm ZQi " 11�4�3 p=Ft|=xrtH OvJ TBU w xDi=} =Q B0 x@ B R= C=YDNt Q}}eD T} QD=t "OvW=@ P2 |=Q@ |@DQtf(x) = a+ bx+ x2;"O}U} wv@ (1� x) |=yu=wD ?ULQ@ =Q



|Q=OQ@ |=y=[i 3 pYi 188%s} Q=O "pL[1]B = 2666410037775 ; [(1� x)]B = 26664 1�10 37775 ; [(1� x)2]B = 26664 1�21 37775%s}yO Q=Qk Qo =P = 266641 1 10 �1 �20 0 1 37775Qo = =Pr 'P�1 = P s} Q=O =t= "[f ]B0 = P�1[f ]B pO=at Qw] x@ =} '[f ]B = P [f ]B0 x=ov;%x=ov; f(x) = a+ bx+ cx2[f ]B0 = 266641 1 10 �1 �20 0 1 3777526664abc37775 = 26664a+ b+ c�b� 2cc 37775 %xH}Dv QO wa+ bx+ cx2 = (a+ b+ c) + (�b� 2c)(1� x) + c(1� x)24"3 u} QtD'v1 = (1;0;�1) 'u; QO xm OW=@ R3 |=Q@ ?DQt x}=B l} B = fv1; v2; v3g O}vm ZQi �1"O}vm =O}B x}=B u}= x@C@Uv =Q (a; b; c) Q=OQ@ C=YDNt "v3 = (1;0;0) w v2 = (1;1;1)%u; QO xm B = fv1; v2; v3; v4g O}yO u=Wv �2v1 = (1;1;0;0)v2 = (0;0;1;1)v3 = (1;0;0;4)v4 = (0;0;0;2)



189 |Q=OQ@ |=y=[i 3 pYi"O} Qw; CUOx@ x}=B u}= x@ C@Uv =Q OQ=Ov=DU= x}=B |=yQ=OQ@ C=YDNt w CU= R4 |=Q@ x}=B l}|w=UD v xOW xO=O Q=OQ@ |=R= x@ w xDi=} =Q B x@ B0 R= P C=YDNt Q}}eD T} QD=t OQwt Qy QO �3"O}vm j}kLD =Q [v]B = P [v]B0"v = (3;�5) w B0 = f(0;1); (1;1)g 'B = f(0;�1); (2;1)g 'V = R2 �;�"v = 1+x+x2 wB0 = f2; x+3; x2�1g 'B = f1;1+x; x2g 'V = P2 �?�'B = 8<:241 00 035 ;240 10 035 ;240 00 135 ;240 01 0359=; 'V =M2�2 �A�"v = 243 �11 4 35 w B0 = 8<:241 10 035 ;241 01 035 ;241 00 135 ;240 11 0359=;'B = f(1;0;0); (1;1;0); (1;1;1)g 'V = R3 �C�"v = (a; b; c) w B0 = f(1;0;1); (1;0;�1); (0;1;0)gw B0 = f1; (1� x); (1� x)2; (1� x)3g ' B = f1; x; x2; x3g 'V = P3 �E�"v = a+ bx+ cx2 + dx3|=[i |=Q@ |@DQt |=yx}=B B0 = fv1; v2; v3; v4g w B = fv1; v2; v3; v4g O}vm ZQi �4"O}@=}@ =Q B x@ B0 R= C=YDNt Q}}eD T} QD=t "OvW=@ V |Q=OQ@|DQwY x@ u; Q=OQ@ Qy xm OW=@ Fn |=Q@ ?DQt x}=B l} B = fv1; v2; : : : ; vng O}vm ZQi �5%O}yO u=Wv Q = [v1; v2; : : : ; vn] s}yO Q=Qk Qo = "CU= xOW xDWwv |vwDUv = Q[v]B :w OW=@ P2 |=[i |=Q@ OQ=Ov=DU= x}=B B O}vm ZQi �6P = 266641 2 32 5 31 0 837775"OW=@ B x@ B0 R= C=YDNt Q}}eD T} QD=t 'P xm O}@=}@ |Qw] =Q P2 |=Q@ B0 x}=B



|Q=OQ@ |=y=[i 3 pYi 190s}yO|t Q=Qk "OW=@\rDNt O=Oa= u=O}t |wQ C x@ R R= xDUw}B `@=wD s=tD |=[i V O}vm ZQi �7"f3(x) = e�ix w f2(x) = eix 'f1(x) = 1"Ov=|]N pkDUt `@=wD u}= O}vm C@=F �;�P Q}PBTwmat 3� 3T} QD=t 'g3(x) = sinx w g2(x) = cos x 'g1(x) = 1 Qo = �?�"gj =P3i=1 pijfi xm O}@=}@ |Qw] =Q



191 |Q=OQ@ |=y=[i 3 pYiT} QD=t l} |vwDU w |Q]U |=y=[i 5�3R= xO=iDU= =@ w s}yO|t Q=Qk xar=]t OQwt =Q =yT} QD=t =@ Q_=vDt |=y=[i R= |[a@ VN@ u}= QO"s}vm|t |UQQ@ =Q T} QD=t l} -x@DQ w |Q}PBTwmat 'xOvvm O}rwD xawtHt w |]N pqkDU= s}y=it"s}vm|t |Qw;O=} OQm s}y=wN xO=iDU= u; R= EL@ -xt=O= QO xm =Q O=tv l} CUNv =t=w """ 'C2 'C1 |=yuwDU w Rm w """ 'R2 'R1 |=yQ]U =@ m� nT} QD=t l} A O}vm ZQi|mwr@ CQwY x@ =Q AT} QD=t xm CU= QDCL=Q `k=wt R= |[a@ "OW=@ Cn
A = hC1 C2 : : : Cni = 26666664R1R2...Rm

37777775QO Q} R CQwY x@ |Q]U =} |vwDU T} QD=t l} QO A ?Q[pY=L Cr=L u}= QO "s}yO V}=tv"Ot; Oy=wN
A26666664x1x2...xn

37777775 = hC1 C2 : : : Cni26666664x1x2...xn
37777775 = x1C1 + x2C2 + � � �+ xnCn

hy1 y2 : : : ymiA = hy1 y2 : : : ymi26666664R1R2...Rm
37777775= y1R1 + y2R2 + � � � + ymRm:C2 = 24�17 35 'C1 = 242535 'A |=yuwDU x=ov; A = 242 �1 35 7 �235 Qo = " 1�5�3 p=Ft



|Q=OQ@ |=y=[i 3 pYi 192%xH}Dv QO "OvDUy C3 = 24 3�235 w
A26664x1x2x337775 = 24 2x1 � x2 + 3x35x1 + 7x2 � 2x335 = x1 242535+ x2 24�17 35+ x3 24 3�235= x1C1 + x2C2 + x3C3:"Ovm|t u=}@ =Q AT} QD=t |Q}PBTwmat |=Q@ pO=at \}=QW R= |[a@ Q} R -x}[k"OvrO=at sy =@ Q} R \}=QW OW=@ n� n |k}kL T} QD=t l} A Qo = " 2�5�3 x}[k"Ov=|]N pkDUt Rn QO A |=yQ]U �1"Ovvm|t O}rwD =Q Rn 'A |=yQ]U �2"Ov=|]N pkDUt Rn QO A |=yuwDU �3"Ovvm|t O}rwD =Q Rn 'A |=yuwDU �4"CU= Q}PBTwmat A �5Qw] x@ �5� w �4� '�3� uOw@ pO=at C=@F= "OvrO=at sy =@ �5� w �2� '�1� xm s}yO|t u=Wv "u=yQ@"Ow@ Oy=wN x@=Wtw dim Rn = n uwJ �22"3"3� -x}[k x@ =v@ x=ov; 'OvW=@ |]N pkDUt A |=yQ]U O}vm ZQi=Q �2� '�1� u}=Q@=v@ "Ovvm|t O}rwD =Q Rn 'A |=yQ]U wQu}= R= 'OvDUy n R}v A |=yQ]U O=OaD"OyO|t xH}Dv'R1 O}vm ZQi "BA = I xm s}vm =O}B |Qw] =Q B T} QD=t CU= |i=m �2� R= �5� G=DvDU= |=Q@R= |]N ?}mQD CQwY x@ u=wD|t =Q ei Q=OQ@ Qy �2� x@ xHwD =@ "OvW=@ A |=yQ]U Rn w """ 'R2%xm |Qw] x@ OvQ=O OwHw bij |=yQr=mU= =Pr "CWwv Rn w """ 'R2 'R1ei = bi1R1 + bi2R2 + � � �+ binRn 1 � i � n



193 |Q=OQ@ |=y=[i 3 pYi"OyO|t xH}Dv =Q �5� u}= w BA = I x=ov; B = [bij ] s}yO Q=Qk Qo = p=LQo = "CU= A s=i Q]U Ri xm c1R1 + c2R2 + � � � + cnRn = 0 O}vm ZQi %�1� ( �5�%x=ov; C = hc1 c2 : : : cni s}yO Q=QkCA = c1R1 + c2R2 + � � �+ cnRn = 0xH}Dv QO w C = 0 OwW|t xH}Dv s}vm ?Q[ A�1 QO CU=Q CtU R= =Q q=@ x]@=Q Qo =� "Ovm|t pt=m =Q C=@F= u}= w c1 = c2 = � � � = cn = 0R3 |=Q@ x}=B l} (1;1;7) w (3;1;�4) '(1;2;�1) |=yQ=OQ@ O}yO u=Wv " 3�5�3 p=Ft"CU=%s}yO|t Q=Qk "pLA = 266641 2 �13 1 �41 1 7 37775pkDUt u; |Q]U |=yQ=OQ@ u}=Q@=v@ "CU= Q}PBTwmat A xH}Dv QO w det A = �41 s} Q=O"OvyO|t R3 |=Q@ x}=B l} p}mWD xH}Dv QO w Ov=|]NQO 'Ov=|]N pkDUt (0;1;3) w (1;0;4) '(3;�1;0) |=yQ=OQ@ xm =Hv; R= " 4�5�3 p=Ft"CU= Q}PBTwmat A = 266643 �1 01 0 40 1 337775T} QD=t xH}DvOwHw u; |=yQ]U uOw@|]N pkDUt wT} QD=t |Q}PBTwmat u}@ |=x]@=Q xJ xm O=O u=Wv p@k -x}[ku}@ |]=@DQ= sy R=@ =}; 'OQm C@LY `@ QtQ}e |=yT} QD=t |Q}PBTwmat OQwt QO u=wD|tv =t= "OQ=O#OQ=O OwHw T} QD=t X=wN w =yv; \UwD xOW O}rwD |=[iQ} R '|Q]U |=yQ=OQ@ uOw@ |]N pkDUt"s} Qw;|t =Q Q} R h} QaD CUNv Q=m u}= |=Q@ w OQm =O}B =yv; u}@ |]=@DQ= u=wD|t sy R=@ xv=DN@WwNOvDUy Rn QO |}=yQ=OQ@ A |=yQ]U x=ov; 'OW=@ m� n T} QD=t l} A Qo = " 5�5�3 h} QaD"OwW|t xO=O u=Wv row A =@ w xO}t=v A |Q]U |=[i =Q =yQ]U u}= \UwD xOW O}rwD |=[iQ} R xm



|Q=OQ@ |=y=[i 3 pYi 194=Q =yuwDU u}= \UwD xOW O}rwD |=[iQ} R xm OvDUy Rm QO |}=yQ=OQ@ A |=yuwDU x@=Wt Qw] x@"OwW|t xO=O u=Wv col A =@ w xO}t=v A |vwDU |=[ipta l} s=Hv= =@ xm OW=@ |U} QD=t B w m � n T} QD=t l} A O}vm ZQi " 6�5�3 x}[k"row A = row B CQwY u}= QO "O};|t CUOx@ A |wQ |D=tOkt |Q]UQO 'OW= @ T } Q D=t Q]U wO uOQ m =H @=H '| D=tO kt |Q]U pta Q o = %pw= C r=L "u=yQ @"OvDUy u=Um} |Q]U|=[i |=Q=O xH}Dv QO w OvDUy u=Um} |Q]U|=yQ=OQ@ |=Q=OB wACQwYu}=|Q]U |=yQ=OQ@ x=ov; 'OW=@ xOW xi=[= Qo}O Q]U x@ A Q]U l} R= |@ Q[t Qo = %swO Cr=L?Q[ w `tH pta CLD |Q=OQ@ |=[i xm =Hv; R= w OvDUy A |Q]U |=yQ=OQ@ R= |]N ?}mQD BB |Q]U |=[i xH}Dv QO w OvQ=O Q=Qk A |Q]U |=[i QO =yQ=OQ@ u}= 'u}=Q@=v@ CU= xDU@ Qr=mU=x@=Wt |Q]U pta l} s=Hv= =@ u=wD|t R}v =Q A |iQ] R= "CU= A |Q]U |=[i R= |=xawtHtQ} Ru}=Q@=v@ w CU= B |Q]U |=[i xawtHtQ} R R}v A |Q]U |=[i u}=Q@=v@ "OQw; CUOx@ B |wQ"row A = row B� "OwW|t xH}Dv p@k Cr=L x@=Wt OW=@ xOW ?Q[ Qr=mU= l} QO A Q]U l} xm |Dr=L|Q]U |=[i 's} Qw;QO R}v |v=mrB�|Q]U sQi x@ =Q A T} QD=t Qo = OwW|t xH}Dv q=@ -x}[k R=Ov=|]N pkDUt |v=mrB�|Q]U sQi x@ T} QD=t l} QiYQ}e |Q]U |=yQ=OQ@ =t= "Ovm|tv Q}}eD u;x@ =Q ?r]t u}= "OvDUy A |Q]U |=[i |=Q@ x}=B l} u; QiYQ}e |=yQ]U u}=Q@=v@ �11 u} QtD�"s}vm|t u=}@ Q} R x}[k CQwY|Q]U |=[i |=Q@ x}=Bl} 'AT} QD=tl} |v=mrB�|Q]U sQi QiYQ}e |=yQ]U " 7�5�3 x}[k"OvDUy A"O} Qw; CUOx@ Q} R |=yQ=OQ@ \UwD xOW O}rwD |=[i |=Q@ x}=B l} " 8�5�3 p=Ftv1 = (1;�2;0;0;3) v2 = (2;�5;�3;�2;6)v3 = (0;5;15;10;0) v4 = (2;6;18;8;6)



195 |Q=OQ@ |=y=[i 3 pYi%xm A T} QD=t |Q]U |=[i =@ CU= Q@=Q@ '=yQ=OQ@ u}= \UwD xOW O}rwD |=[i "pL
A = 266666641 �2 0 0 32 �5 �3 �2 60 5 15 10 02 6 18 8 6

37777775%CU= Q} R CQwY x@ T} QD=t u}= |v=mrB�|Q]U sQi =t=
R = 266666641 �2 0 0 30 1 3 2 00 0 1 1 00 0 0 0 0

37777775%R= OvDQ=@a R T} QD=t QiYQ}e |=yQ]U =Pru1 = (1;�2;0;0;3); u2 = (0;1;3;2;0); u3 = (0;0;1;1;0)\UwD xOW O}rwD |=[i |=Q@ x}=B l} xH}Dv QO w OvyO|t A |Q]U |=[i |=Q@ x}=B l} p}mWD xm"OvDUy v4 w v3 'v2 'v1 |=yQ=OQ@u}=Q@=v@ "CU= |m} u; xO=yv=QDT} QD=t |Q]U |=[i =@T} QD=tl} |vwDU |=[i xm O}vm xHwD=O}B =Q T} QD=t xO=yv=QD |Q]U |=[i CU= |i=m T} QD=t l} |vwDU |=[i |=Q@ x}=B uOQm =O}B |=Q@"s}U} wv@ |vwDU CQwY x@ =Q =yQ=OQ@ u}= TBU 'xOQm%x=oQy O}vm =O}B AT} QD=t |vwDU |=[i |=[i |=Q@ x}=B l} " 9�5�3 p=FtA = 266641 0 1 13 2 5 10 4 4 �437775



|Q=OQ@ |=y=[i 3 pYi 196%s} Q=O "pLAt = 266666641 3 00 2 41 5 41 1 �4
37777775%CU= Q} R CQwY x@ u; |v=mrB�|Q]U sQi xH}Dv QO w

R = 266666641 3 00 1 20 0 00 0 0
37777775

w w1 = 2666413037775 xH}Dv QO w At |Q]U |=[i |=Q@ x}=B l} (0;1;2) w (1;3;0) |=yQ=OQ@ u}=Q@=v@
"OvyO|t p}mWD A |vwDU |=[i |=Q@ x}=B l} w2 = 2666401237775Oa@ |=Q=O A |vwDU w |Q]U |=y=[i x=ov; 'OW=@ m�nT} QD=tl} A Qo = " 10�5�3 x}[k"OvDUy |w=UtS = fb1; b2; : : : ; bkg w |Oa@ k 'A = [aij]m�n T} QD=t |Q]U |=[i O}vm ZQi "u=yQ@'A2 'A1 =@ =Q AT} QD=t |=yQ]U Qo = "bi = (bi1; bi2; : : : ; bin) xm OW=@ =[i u}= |=Q@ x}=Bl}%xm |Qw] x@ OvQ=O OwHw cij |=yQr=mU= x=ov; s}yO u=Wv Am w """Ai = ci1b1 + ci2b2 + � � �+ cikbk 1 � i � m:



197 |Q=OQ@ |=y=[i 3 pYi%s} Q}o|t xH}Dv 's}yO Q=Qk |w=Ut sy =@ =Q q=@ CqO=at hQ] wO s=j C=YDNt Qo =a1j = c11b1j + c12b2j + � � �+ c1kbkja2j = c21b1j + c22b2j + � � �+ c2kbkj...amj = cm1b1j + cm2b2j + � � �+ cmkbkj %pO=at Qw] x@ =}26666664a1ja2j...amj
37777775 = b1j 26666664 c11c21...cm1

37777775+ b2j 26666664 c12c22...cm2
37777775+ � � � + bkj 26666664 c1kc2k...cmk

37777775\UwD xOW O}rwD |=[i QO A uwDU Qy xH}Dv QO wCU= A s=j uwDU CQ=@a u}=AJCtUT} QD=t%u}=Q@=v@ "CU= CU=Q CtU Q=OQ@ kdim col A � k = dim row A:%OwW|t xH}Dv s}yO Q=Qk =Q At T} QD=t A |=H x@ q=@ x]@=Q QO Qo = p=Ldim col At � dim row At %pO=at Qw] x@ =}dim row A � dim col A %u}=Q@=v@dim col A = dim row A:� "OQm u=}@ =Q Q} R h} QaD u=wD|t q=@ x}[k x@ xHwD =@ p=L



|Q=OQ@ |=y=[i 3 pYi 198x@DQ =Q A |vwDU |=[i =} |Q]U |=[i Oa@ OW=@m�nT} QD=tl} A Qo = " 11�5�3 h} QaD"s}yO|t u=Wv rank A =@ w xO}t=v A T} QD=t%O} Q}o@ Q_v QO =Q Q} R T} QD=t " 12�5�3 p=Ft
A = 26666666664

1 2 0 3 01 2 �1 �1 00 0 1 4 02 4 1 10 10 0 0 0 1
37777777775"O}vm =O}B A |Q]U |=[i |=Q@ x}=B l} �1"O}vm XNWt =Q A x@DQ �2#OvQ=O Q=Qk A |Q]U |=[i QO (y1; y2; y3; y4; y5) |=yQ=OQ@ xJ �3"pL"O};|tCUOx@ Q} R -xDi=} p} wLD |v=mrB |Q]UT} QD=t A|wQ |D=tOkt |Q]U p=ta= s=Hv= =@ �1

R = 26666666664
1 2 0 3 00 0 1 4 00 0 0 0 10 0 0 0 00 0 0 0 0

37777777775v3 = (0;0;0;0;1) w v2 = (0;0;1;4;0) 'v1 = (1;2;0;3;0) |=yQ=OQ@ u}=Q@=v@"OvDUy A |Q]U |=[i |=Q@ x}=B l}"rank A = 3 '�1� CtUk x@ xHwD =@ �2?}mQD CQwY x@ Qo = \ki w Qo = OQ=O Q=Qk A |Q]U |=[i QO (y1; y2; y3; y4; y5) Q=OQ@ �3%xm |Qw] x@ OW=@ xDW=O OwHw c3 w c2 'c1 |=yQr=mU= O}=@ u}=Q@=v@ 'OW=@ v3 w v2 'v1 R= |]N(y1; y2; y3; y4; y5) = c1v1 + c2v2 + c3v3 = (c1;2c1; c2;3c1 + 4c2; c3):



199 |Q=OQ@ |=y=[i 3 pYi%s}W=@ xDW=O O}=@ xH}Dv QO xmy2 = 2y1; y4 = 3y1 + 4y3 '=Prrow A = f(y1; y2; y3; y4; y5)jy2 = 2y1; y4 = 3y1 + 4y3g= f(y1;2y1; y3;3y1 + 4y3; y5)jy1; y2; y3 2 Rg:O}rwD �m w """ '�2 '�1 |=yQ=OQ@ \UwD xm OW=@ Rn R= |}=[iQ} R W Qo = xm O}vm xHwDu}@ QO x}=B |=[a= ,=twRr 's}vm =O}B W |=Q@ |=x}=B p@k |=yp=Ft QO xOW x�=Q= VwQ =@ w OW=@ xOWu}ty u}@ R=W |=Q@ |=x}=B xm OW=@ ?r=H =t |=Q@ CU= umtt =t= "OvW=@|tv �m w """ '�2 '�1"Ovm|t ltm =t x@ CyH u}= QO Q} R ?r]t "s}vm =O}B �i |=yQ=OQ@|v=mrB�|Q]U sQi R w An w """ 'A2 'A1 |=yuwDU =@ m� nT} QD=t l} A O}vm ZQix@ =v@ x=ov; OW=@ r 'A x@DQ Qo = "OW=@ Rn w """ 'R2 'R1 |=yuwDU =@ A T} QD=t xDi=} p} wLD"OvwW|t Qy=_ R QO wQW}B 1 'r O=OaD xH}Dv QO w xOw@ QiYQ}e Q]U r |=Q=O R '�7"5"3� x}[k'u}=Q@=v@ "OvW=@|t QiY 1 u; u}}=B w q=@ |=yx}=QO OwW Qy=_ wQW}B 1 xm uwDU Qy QO s} Q=O xHwD =t=|=Q@ Rji = ei 'x=ov; OvW=@ xOW Qy=_ jr w """ 'j2 'j1 |=yuwDU QO ?}DQD x@ wQW}B |=y1 u}= Qo ="CU= QiY u; C=YDNt x}k@ w 1 u; s=i C=YDNt xm CU= |Q=OQ@ ei xm 1 � i � r%xm s}vm ZQi w s} Q}o@ Q_v QO =Q Ajr w """ 'Aj2 'Aj1 |=yuwDU Qo = p=Lc1Aj1 + c2Aj2 + � � �+ crAjr = 0|Qw] x@ OQ=O OwHwM Q}PBTwmatT} QD=t u}=Q@=v@ 'CU= A xDi=} p} wLD |v=mrB�|Q]U sQi R uwJAJ CtU R= =Q q=@ xrO=at u}iQ] Qo = "1 � i � n |=Q@MAi = Ri xH}Dv QO wMA = R xm%OwW|t xH}Dv s}vm ?Q[ M QO0 = c1MAj1 + c2MAj2 + � � � + crMAjr= c1Rj1 + c2Rj2 + � � �+ crRjr= c1e1 + c2e2 + � � � + crer



|Q=OQ@ |=y=[i 3 pYi 200%xH}Dv QO wc1 = c2 = � � � = cr = 0A |vwDU |=[i Oa@ uwJ w Ov=|]N pkDUt AT} QD=t R= Ajr w """ 'Aj2 'Aj1 |=yuwDU u}=Q@=v@x}[k QO =Q ?r]t u}= "OvDUy A |]N pkDUt |=yuwDU O=OaD QFm =OL =yuwDU u}= 'CU= r R}v"s}vm|t xYqN Q} RT} QD=t xDi=} p} wLD |v=mrB�|Q]U sQiR wm�nT} QD=tl}A O}vmZQi " 13�5�3 x}[kCU= xOW Qy=_ =yv; QO wQW}B 1 xm OvW=@ R R= |}=yuwDU Rjr w """ 'Rj2 'Rj1 Qo = "OW=@ AA |vwDU |=[i |=Q@ x}=B l} w xOw@ |]N pkDUt A R= Ajr w """ 'Aj2 'Aj1 |=yuwDU x=ov;"OvyO|t p}mWDx}=B l} xm O}@=}@ =Q S = fv1; v2; v3; v4; v5g xawtHt R= |=xawtHtQ} R " 14�5�3 p=Ft'v3 = (0;1;3;0) 'v2 = (2;�5;�3;6) 'v1 = (1;�2;0;3) x=oQy 'OW=@ span S |=Q@"v5 = (5;�8;1;2) w v4 = (2;�1;4;7)Q=Qk |DQ=@a x@ =} "OvW=@ u; |=yuwDU vi |=yQ=OQ@ xm s}vm|t h} QaD |Qw] =Q A T} QD=t "pL%s}y|tA = 26666664 1 2 0 2 5�2 �5 1 �1 �80 �3 3 4 13 6 0 7 2
37777775%s} Q=O "s} Qw;|t QO xDi=} p} wLD |v=mrB�|Q]U sQi x@ =Q A wR = 266666641 0 2 0 00 1 �1 0 00 0 0 1 00 0 0 0 1

37777775 :A |vwDU |=[i |=Q@ x}=B l} A sHvB w sQ=yJ 'swO 'pw= |=yuwDU 'p@k x}[k x@ =v@ wQ u}= R="CU= span S |=Q@ x}=B l} S = fv1; v2; v4; v5g xawtHt xH}Dv QO "OvyO|t p}mWD



201 |Q=OQ@ |=y=[i 3 pYi-xawtHt R= |=xawtHtQ} R =}; " 15�5�3 p=FtS = f(2;�3;5); (8;�12;20); (1;0;�2); (0; 2;�1); (7;2;0)g#OW=@ R3 |=Q@ x}=B l} xm OQ=O OwHw%s}y|t Q=Qk "pLA = 26664 2 8 1 0 7�3 �12 0 2 25 20 �2 �1 037775%s} Q=O 's}vm|t p}O@D 'R xDi=} p} wLD |v=mrB�|Q]U sQi x@ =Q AR = 266641 4 0 0 20 0 1 0 30 0 0 1 437775'CU= 3 R}v R3 |=[i Oa@ uwJ w Ov=|]N pkDUt A sQ=yJ w swU 'pw= |=yuwDU 'p@k x}[k x@ =v@w S R= xawtHtQ} R l} B = f(2;�3;5); (1;0;�2); (0;2;�1)g |va} =yQ=OQ@ u}= u}=Q@=v@"CU= R3 |=Q@ x}=B l}O}vm ZQi " 16�5�3 p=FtS = f2+x+ 2x2 + 3x3;4+ 2x+ 4x2 + 6x3;6+ 3x+ 8x2 + 7x3;2+ x+ 5x3;4+ x+ 9x3g:"O}@=}@ P3 R= |}=[iQ} R u=wva x@ span S |=Q@ x}=B l}Q} R CQwY x@ P3 |=Q@ OQ=Ov=DU= ?DQt x}=B x@ C@Uv S |=[a= C=YDNt pt=W S0 -xawtHt "pL%CU=S0 = f(2;1;2;3); (4;2;4;6); (6;3; 8;7); (2; 1;0; 5); (4;1; 0;9)g



|Q=OQ@ |=y=[i 3 pYi 202%s}vm|t h} QaDA = 266666642 4 6 2 41 2 3 1 12 4 8 0 03 6 5 7 9
37777775 :%CU= Q} R CQwY x@ AT} QD=t xDi=} p} wLD |v=mrB�|Q]U sQiR = 266666641 2 0 4 00 0 1 �1 00 0 0 0 10 0 0 0 0
37777775xOW O}rwD |=[i |=Q@ x}=B l} w OvDUy |]N pkDUt A sHvB w swU 'pw= |=yuwDU OwW|t xH}Dv'u}=Q@=v@ "OvyO|t p}mWD S0 \UwDf2+ x+ 2x2 + 3x3;6+ 3x+ 8x2 + 7x3;4+ x+ 9x3g"CU= S \UwD xOW O}rwD P3 |=[iQ} R |=Q@ x}=B l}|y=vDt Oa@ =@ |Q=OQ@ |=[i R= |]N pkDUt xawtHtQ} R Qy �18"3"3� x}[k x@ =v@ xm s}v=O|txawtHt u}= VQDUo xwLv |=Q@ |rta VwQ uwvm =D |rw O=O VQDUo V |=Q@ x}=Bl} x@ u=wD|t =Q Vx�=Q= R}v Q=m u}= |=Q@ |WwQ u=wD|t p@k x}[k R= xO=iDU= =@ "CU= xO}OQov x�=Q= V |=Q@ x}=B l} x@x=wNrO x}=B l} B w OW=@ V QO |]N pkDUt xawtHtQ} R l} S s}vm ZQi xm CQwY u}O@ "O=OQ=Qk u; QO S |=yQ=OQ@ CUNv xm s} Q}o|t Q_v QO CQwY u}O@ =Q S0 ?DQt xawtHt "OW=@ V |=Q@=@ "Ovm|t O}rwD =Q V |=[i S0 CQwY u}= QO "OvW=@ xOt; =yv; p=@vO x@ B |=[a= TBU w xDiQoxawtHtQ} R u}= "Ovm O}rwD =Q V xm s}vm|t =O}B S0 R= |]N pkDUt xawtHtQ} R p@k VwQ R= xO=iDU="Ow@ Oy=wN S pt=W%O}vm ZQi " 17�5�3 p=FtV = f(x1; x2; x3; x4; x5) 2 R5 jx1 + 7x2 + 5x3 � 4x4 + 2x5 = 0g



203 |Q=OQ@ |=y=[i 3 pYi-xawtHt O}yO u=Wv �1S = f(�2;0;0;�1;�1); (1;1;�2;�1;�1); (�5;1;0; 1;1)g"CU= V R= |]N pkDUt xawtHtQ} R l}"O}@=}@ S pt=W V |=Q@ |=x}=B �2"s}vm|t Q=Po =w xOvv=wN x@ u} QtD u=wva x@ =Q �1� CtUk C=@F= "pL|=Q@ "s}vm|t =O}B V |=Q@ x=wNrO x}=B l} CUNv 'OW=@ S pt=W xm V |=Q@ |=x}=B uOQm =O}B |=Q@%s} Q=O V h} QaD R= xO=iDU= =@ Q=m u}=x1 = �7x2 � 5x3 + 4x4 � 2x5:Q} R CQwY x@ V |=yQ=OQ@ x=ov; x5 = t4 w x4 = t3 'x3 = t2 ''x2 = t1 s}yO Q=Qk Qo = p=L%OvDUy(x1; x2; x3; x4; x5) = (�7t1 � 5t2 + 4t3 � 2t4; t1; t2; t3; t4)= t1(�7;1;0;0;0) + t2(�5;0;1;0;0)+ t3(4;0;0;1;0) + t4(�2;0;0;0;1): 'u}=Q@=v@B = f(�7;1;0;0;0); (�5;0;1;0;0); (4;0; 0;1; 0); (�2;0; 0;0; 1)g"CU= V |=Q@ x}=B l}QO Q} R CQwY x@ =Q OvW=@ B |=yQ=OQ@ TBU w S |=yQ=OQ@ CUNv u; |=yuwDU xm |U} QD=t p=L%s} Q}o|t Q_v
A = 26666666664

�2 1 �5 �7 �5 4 �20 1 1 1 0 0 00 �2 0 0 1 0 0�1 �1 1 0 0 1 0�1 �1 1 0 0 0 1
37777777775



|Q=OQ@ |=y=[i 3 pYi 204%R= CU= CQ=@a T} QD=t u}= xDi=} p} wLD |v=mrB�|Q]U sQi
R = 26666666664

1 0 0 1 1 0 �10 1 0 0 �12 0 00 0 1 1 12 0 00 0 0 0 0 1 �10 0 0 0 0 0 0
37777777775|DQ=@a x@ =} OW=@|t V |=Q@ x}=B l} A sWW w swU 'swO 'pw= |=yuwDU 'u}=Q@=v@f(�2;0;0;�1;�1); (1;1;�2;�1;�1); (�5;1;0; 1;1); (4; 0;0; 1;0)g"OQ=O Q@ QO =Q S xm CU= V |=Q@ |=x}=BQO "OvW=@ A T} QD=t |=yuwDU An w """ 'A2 'A1 w m� n T} QD=t l} A s}vm ZQi""" 'x2 'x1 |=yQr=mU= Qo = \ki w Qo = 'OQ=O Q=Qk A |vwDU |=[i QO Y |vwDU T} QD=t CQwY u}=%xm |Qw] x@ OvW=@ xDW=O OwHw xn wx1A1 + x2A2 + : : : xnAn = Y

"AX = Y xm |Qw] x@ OW=@ xDW=O OwHw X = 26666664x1x2...xn
37777775 Q=OQ@ 'pO=at Qw] x@ =}"s}vm|t u=}@ Q} R x}[k CQwY x@ u; C}ty= p}rO x@ =Q ?r]t u}=CU= Q=oR=U AX = Y CqO=at x=oDUO 'OW=@ m� n T} QD=t l} A Qo = " 18�5�3 x}[k"OW=@ xDW=O Q=Qk A |vwDU |=[i QO Y Qo = \ki w Qo =""" '�2 '�1 |=yQ=OQ@ \UwD xOW O}rwD |=[i QO xm =Q Y |=yQ=OQ@ =D Ovm|t ltm =t x@ x}[k u}="s}vm XNWt j}kO Qw] x@ OvQ=O Q=Qk �m w



205 |Q=OQ@ |=y=[i 3 pYi%CU= xOW O}rwD Q} R |=yQ=OQ@ \UwD xm OW=@ R4 R= |}=[iQ} R W O}vm ZQi " 19�5�3 p=Ftv1 = (1;2;2;1); v2 = (0;2;0;1); v3 = (�2;0;�4;3)"OvQ=O Q=Qk W QO Y = (y1; y2; y3; y4) 2 R4 |=yQ=OQ@ xJ xm O}vm XNWt j}kO Qw] x@Y 2W p@k x}[k x@ =v@ "OvW=@ v3 w v2 'v1 u; |=yuwDU xm OW=@ |U} QD=t A O}vm ZQi "pL's}U} wv@ =Q x=oDUO u}= xOwRi= T} QD=t Qo = "OW=@ Q=oR=U AX = Y x=oDUO Qo = \ki w Qo = CU=%s} Q=O[A : Y ] = 266666641 0 �2 y12 2 0 y22 0 �4 y31 1 3 y4
37777775%CQwY x@ u; |wQ |D=tOkt |Q]U p=ta= s=Hv= R= TB xm266666641 0 0 y1 � 13y2 + 23y40 1 0 �y1 + 56y2 � 23y40 0 1 16(2y4 � y2)0 0 0 y3 � 2y1
37777775%xH}Dv QO "y3 = 2y1 =} y3 � 2y1 = 0 Qo = \ki w Qo = CU= Q=oR=U x=oDUO u}=Q@=v@ "O};|t QOW = f(y1; y2; y3; y4; y5)jy3 = 2y1g:|=Q@ Q} R pO=at \}=QW �2"5"3� w �7"4"1� |=}=[k s=eO= =@ =Hv}= =D xm s}vm|t |Qw;O=} xtD=N QO"O};|t CUOx@ T} QD=t l} |Q}PBTwmat%OvrO=at sy =@ Q} R \}=QW x=ov; 'OW=@ n� nT} QD=t l} A Qo = " 20�5�3 x}[k"CU= Q}PBTwmat A �1



|Q=OQ@ |=y=[i 3 pYi 206"OQ=O |y}O@ ?=wH =yvD AX = 0 x=oDUO �2"CU= Q=oR=U Y |vwDU T} QD=t Qy |=R= x@ 'AX = Y x=oDUO �3"CU= In |Q]U RQ=sy A �4"det A 6= 0 �5"CU= n x@DQ |=Q=O A �6"Ov=|]N pkDUt A |Q]U |=yQ=OQ@ �7"Ovvm|t O}rwD =Q Rn 'A |Q]U |=yQ=OQ@ �8"Ov= |]N pkDUt A |vwDU |=yQ=OQ@ �9"Ovvm|t O}rwD =Q Rn 'A |vwDU |=yQ=OQ@ �105"3 u} QtD"O}vm OQ =} C=@F= =Q Q} R |=yxQ=Ro �1"T} QD=t u; QiY Q}e |=yuwDU O=OaD =@ CU= Q@=Q@ T} QD=t l} x@DQ �;�"CU= QiY T} QD=t 'QiY x@DQ =@ m� nT} QD=t =yvD �?�"OQ=Ov T} QD=t x@DQ |wQ |Q}F-=D |D=tOkt |Q]U p=ta= s=Hv= �A�"OQ=O|tv xov C@=F =Q T} QD=t x@DQ ,=twRr |D=tOkt |vwDU p=ta= s=Hv= �C�"T} QD=t u; |]N pkDUt |=yQ]U O=OaD =@ CU= Q@=Q@ T} QD=t l} x@DQ �E�"CU= m x@DQ |=Q=O QFm =OL m� nT} QD=t l} �G�"CU= Q}PBTwmat n x@DQ =@ T} QD=t Qy �I�"OW=@ xDW=O |]N pkDUt |=yQ]U Ov=wD|tv 3� 4 T} QD=t l} �K�"OW=@ xDW=O |]N pkDUt |=yuwDU Ov=wD|tv 3� 4 T} QD=t l} �M�"m � n x=ov; rank A = m w m� nT} QD=t l} A Qo = �O�



207 |Q=OQ@ |=y=[i 3 pYi"Ov=|]N xDU@=w u; |=yuwDU =} =yQ]U x=ov; OW=@v `@ Qt T} QD=t l} A Qo = �P�OW=@ Q=oR=U Y Qy |=R= x@ 'CU= m� n T} QD=t l} A xm AX = Y x=oDUO Qo = �Q�"m � n x=ov;"Ov=|]N pkDUt R}v u; |=yuwDU x=ov; OvW=@ |]N pkDUt T} QD=t l} |=yQ]U Qo = �R�O}rwD =Q Rm R}v u; |=yuwDU x=ov; 'Ovvm O}rwD =Q Rn 'm�nT} QD=tl} |=yQ]U Qo = �S�"Ovvm|t"O}vmXNWt =Q A x@DQ w xDi=} A |vwDU w |Q]U |=y=[i |=Q@ |=x}=B Q} R OQ=wt R=l} Qy QO �2A = 266641 1 2 11 0 1 22 1 3 437775 �?� A = 266641 2 �12 4 60 0 �837775 �;�
A = 266666641 2 0 1 12 4 1 3 03 6 2 5 12 �8 1 �3 1

37777775 �C� A = 26666666664
1 �3 2 2 10 3 6 0 �22 �3 �2 4 43 �3 6 6 35 �3 10 10 5

37777777775 �A�
"O}@=}@ Q} R |=yQ=OQ@ \UwD xOW O}rwD |=[iQ} R |=Q@ x}=B l} �3(1;1;�4;�3); (2;0;2;�2); (2;�1;3;2) �;�(1;1;0;0); (0;0;1;1); (�2;0;2; 2); (0;�3;0;3) �?�(1;�1;2;5;1); (3;1;4;2;7); (1; 1;0; 0;0); (5; 1;6; 7;8) �A�=yQ=OQ@ u}= \UwD xOW O}rwD |=[iQ} R |=Q@ xOW xO=O |=yQ=OQ@ u}@ R= x}=B l} p@k u} QtD QO �4"O}vm =O}B"OvQ=O Q=Qk Q} R |=yQ=OQ@ \UwD xOW O}rwD |=[iQ} R QO |}=yQ=OQ@ xJ �5�1 = (1;0;2;1;�1); �2 = (�1;2;�4;2;0);�3 = (2;�1;5;2;1); �4 = (2;1;3;5;2)



|Q=OQ@ |=y=[i 3 pYi 208u}@ R= "OwW QiY u; Q=OQ@ Qy C=YDNt `tH xm OW=@ R5 R= |}=[iQ} R W O}vm ZQi �6"O}vm =O}B W |=Q@ x}=B l} OvQw;|t O}OB =Q W xm Q} R |=yQ=OQ@u1 = (2;�3;4;�5;2) u2 = (�6;9;�12;15;�6)u3 = (3;�2;7;�9;1) u4 = (2;�8;2;�2;6)u5 = (�1;1;2;1;�3) u6 = (0;�3;�18;9;12)u7 = (1;0;�2;3;�2) u8 = (2;�1;1;�9;7) %O}vm ZQi �7W = f(x1; x2; x3; x4; x5) 2 R5 jx1 � 2x2 + 3x3 � x4 + 2x5 = 0gW R= |]N pkDUt xawtHtQ} Rl} S = f(0;1;1;1;0); (2;0;0;0;�1)g O}yO u=Wv"O}yO VQDUo W |=Q@ x}=B l} x@ =Q u; w CU=-xawtHt O}yO u=Wv "OW=@ 2� 2 uQ=kDt |=yT} QD=t s=tD |=[i W O}vm ZQi �8S = 8<:24 0 �1�1 1 35 ;241 22 335 ;242 11 935 ;24 1 �2�2 4 35 ;24�1 22 �1359=;"OW=@ W |=Q@ x}=B l} xm O}@=}@ =Q S R= |=xawtHtQ} R w Ovm|t O}rwD =Q W%OW=@ Q} R uoty x=oDUO ?=wH |=[i W O}vm ZQi �98><>:x1 � x2 + 2x4 � 3x5 + x6 = 02x1 � x2 � x3 + 3x4 � 4x5 + 4x6 = 0pkDUt xawtHtQ} R l} S = f(0;�1;0;1;1;0); (1;0;1;1;1;0)g O}yO u=Wv �;�"CU= W QO |]N"O}yO VQDUo W |=Q@ x}=B l} x@ =Q S �?�pkDUt xawtHtQ} Rl} R}v S0 = f(1;0;1;1;1;0); (0;2;1;1; 0;0)g O}yO u=Wv �A�"CU= W QO |]N



209 |Q=OQ@ |=y=[i 3 pYi"O}yO VQDUo W |=Q@ x}=B l} x@ =Q S0 �C�j=iD= |w=UD |Dr=L xJ QO "rank AB � rank A w rank AB � rank B O}yO u=Wv �10"ODi=|t"CU= |]N pkDUt |v=mrB�|Q]U T} QD=t l} QiYQ}e |=yQ]U O}yO u=Wv �11l} Qo = \ki w Qo = rank A = m O}yO u=Wv "OW=@ m� n T} QD=t l} A O}vm ZQi �12"AB = Im xm |Qw] x@ OW=@ xDW=O OwHw B Ovv=t n�mT} QD=t%O}yO u=Wv 'OvW=@ m� n |=yT} QD=t B w A Qo = �13rank(A+B) � rank A+ rank B %O}yO u=Wv �14"CU= |]N pkDUt R}v AB |=yQ]U x=ov; OvW=@ |]N pkDUt B w A |=yQ]U Qo = �;�"CU= |]N pkDUt R}v AB |=yuwDU x=ov; OvW=@ |]N pkDUt B w A |=yuwDU Qo = �?�T} QD=t x=ov; 'x 6= y xm OvW=@ |}=yQr=mU= z w y 'x Qo = O}yO u=Wv �1524 3 x+ y + zx+ y + z x2 + y2 + z235�"O} Q}o@ Q_v QO =Q AAt w A = 241 1 1x y z35T} QD=t %|}=tvy=Q� "CU= Q}PBTwmat



|r}tmD p�=Ut 210|r}tmD p�=UtR= |}=[i Q} R W Cr=L Qy QO O}yO u=Wv OW=@ R |wQ |Q=OQ@ |=[i V = Rn O}vm ZQi �1"CU}v VW = f(a1; :::; an) j a1 � 0g �;�W = f(a1; :::; an) jPni=1 a2i = 1g �?��CU= =} wo O=Oa= Q � W = f(a1; :::; an) j aj 2 Qg �A�OW=@ Q} R T} QD=t |=yQ]U \UwD xOW O}rwD |Q=OQ@ |=[i V O}vm ZQi �2266666643 21 0 9 01 7 �1 �2 �12 14 0 6 16 42 �1 13 0
37777775 O}@=}@ V |=Q@ |=x}=B �;�"OvDUy V pN=O (a1; a2; a3; a4; a5) |=yQ=OQ@ R= l} s=Om �?�CtUk QO xm V R= |=x}=B QO u; V}=tv OQ=O Q=Qk V QO (a1; :::; a5) Q=OQ@ xm s}v=O@ Qo = �A�#CU}J O}OQw; CUO@ (1)Qo = =yvD w Qo = Ov=|]N pkDUt u; |=yuwDU x=ou; OW=@ |FrFt q=@ T} QD=t A Qo = O}yO u=Wv �3"OvW=@ QiY=v u; |rY= Q]k |wQ |=yx}=QO"OW=@ u; |=[i Q} Rl} U w OW=@ F u=O}t |wQ V |Q=OQ@ |=[i R= Q=OQ@ wO x; y O}vm ZQi �4xOW O}rwD |=[i Q} R Y w OW=@ x w U \UwD xOW O}rwD |=[i Q} R W O}vm ZQi xwqa x@"x 2 Y x=ou; y 2W � V Qo = O}vm C@=F "OW=@ y w U \UwDx@ OvW=@ V |=y=[i Q} R V2 wV1 w OW=@ F u=O}t |wQ n |y=vDt Oa@ =@ |Q=OQ@ |=[i V Qo = �5CQwY u}= QO "dim (V2) > n2 w dim (V1) > n2 xm |Qw]V1 \ V2 6= f0g



211 |r}tmD p�=Ut"dim V � l � dim W w V � W w OvW=@ |Q=OQ@ |=[i l} |=y=[i Q} R V;W Qo = �6"dim V = l w V � U �W xm CUy U pFt |}=[i Q} R O}yO u=Wvx=ov; "OvW=@ V |=[i Q} R xU W3;W2;W1 Qo = O}yO u=Wv �7dim (W1 +W2 +W3) = dim W1 + dim W2 + dim W3� dim W1 \W2 � dim W1 \W3 � dimW2 \W3+ dim W1 \W2 \W3"O} Qw; CUO@ x@=Wt |=x]@=Q R}v QDW}@ |=y=[i O=OaD |=Q@a1; : : : ; an |k}kL O=Oa= O}yO u=Wv OvW=@ Rn QO |}=yQ=OQ@ v1; : : : ; vn+2 O}vm ZQi �8xm} Qw] x@ �OvQiY=v =yv; R= |[a@ xm � OvQ=O OwHwa1v1 + :::+ an+2vn+2 = 0; a1 + � � �+ an+2 = 0:O}vm C@=F OvW=@ R}=tDt pw= O=Oa= p1; : : : ; pn O}vm ZQi �9flog(pi) : 1 � i � ng;u=O}t |wQ |k}kL O=Oa= u=O}t xm O} Q}o@ xH}Dv "CU= |]N pkDUt =} wo O=Oa= u=O}t |wQ"CU}v |y=vDt Oa@ R= =} wo O=Oa=%CU= Q} R xawtHt u1; : : : ; uk 2 Rn ?OLt VWwB R= Qw_vt �10ft1u1 + � � �+ tkuk : 0 � t1; : : : ; tk w t1 + t2 + � � �+ tk = 1g;=RHt xawtHt wO x@ u=wD|t =Q u1; : : : ; un+2 2 Rn |w[a n+ 2 xawtHt Qy O}yO u=Wv"OvW=@ xDW=O l =QDW= sy =@ =yv; ?OLt VWwB xm OQm s}UkDQ=OQ@ "CU= V |=[i |=Q@ x}=B l} fv1; : : : ; vng O}vm ZQi �11xawtHt 'i Qy |=Q@ xm OW=@ xDW=O O}=@ |]QW xJ v = a1v1 + a2v2 + � � � + anvnfv1; :::; vi�1; v; vi+1; :::; vng "OW=@ V |=Q@ |=x}=B



|r}tmD p�=Ut 212"OW=@ F u=O}t |wQ |y=vDt Oa@ =@ |Q=OQ@ |=[i l} V w |y=vDt u=O}t l} F O}vm ZQi �12"O}@=}@ =Q V |=[a= O=OaD=Q v 2 V |=Q@ |i=m w sRq \QW CU= V |=[i Q} R |=Q@ x}=B l} fv1; :::; vng O}vm ZQi �13xawtHt xm O}@=}@fv1 � v; :::; vn � vg#CU}J \QW u}= |UOvy u=}@ "OW=@ V |=Q@ x}=B l} R}vx]@=Q O}yO u=Wv �14span fW1 \W2g = span W1 \ span W2"CU}v CUQO xQ=wtyRn |=[i Q} R R}vW1 [W2 |OQ=wt xJ QO OvW=@ Rn |=[i Q} R QO W2;W1 O}vm ZQi �15#Qw]J W c1 #CU=|=[i Q} R wO R= |m} pt=W xm CU= V R= |}=[i Q} R W w V = W1 �W2 O}vm ZQi �16O}yO u=Wv "CU= W2 =} W1W = (W \W1)� (W \W2)#Qw]J OW=@v W2 =} W1 |=[i Q} R wO R= |m} pt=W W Qo =%O}vm C@=F OW=@ \rDNt O=Oa= u=O}t |wQ |y=vDt Oa@ =@ |=[i l} V Qo = �17dimR(V ) = 2dimC (V )\UwD xOW O}rwD |Q=OQ@ |=[i =}; 'OW=@ n� nT} QD=t l} A O}vm ZQi �18fI;A;A2; ::::g;=@ =[i u}= R= w[a wO Qy O}yO u=Wv %|}=tvy=Q� #OwW n� n |=yT} QD=t s=tD Ov=wD|t"�OvwW|t =Hx@=H sy



213 |r}tmD p�=Ut"O}@=}@ =Q CU= l} =@ Q@=Q@ =yv; x@DQt xm |}=yT} QD=t s=tD �19"AB �BA = I xm OvQ=Ov OwHw A;B |=yT} QD=t O}vm C@=F Q} R VwQ x@ �20'n Qy |=Q@ O}yO u=Wv "AB �BA = I O}vm ZQi �;�AnB �BAn = nAn�1:"OW=@ |]N pkDUt O}=@ fI;A;A2; :::g xawtHt xm O}yO u=Wv q=@ ZQi =@ �?�"OW=@ Q=QkQ@ Ov=wD|tv AB �BA = I pw= ZQi xm O} Q}o@ xH}Dv 18 xr-=Ut x@ xHwD =@ �A�CQwY x@ V CQwY u}= QO "OW=@ F |wQ |Q=OQ@ |=[il} V w |y=vDt=v u=O}tl} F Qo = �21"CU}v OwN |ak=w |=[i Q} R |y=vDt O=OaD `=tDH=x=ou; BtA = 0 =} BAt = 0 Qo = �22rank(A+B) = rank A+ rank B:x=ou; AB = 0 w OW=@ uwDU n |=Q=O A Qo = �23rank A+ rank B � n:CQwY x@ =yu; Qr=mU= ?Q[ w `tH w Ov=|k}kL O=Oa= |=yxr=@vO xty xawtHt V O}vm ZQi �24%O}yO Q=Qk CU= xOW h} QaD |=xirwtW = f(a1; a2; :::) 2 V : limi!1ai = 0g;U = f(a1; a2; :::) 2 V : 1Xi=1 a2i <1g:"CU= |k}kL O=Oa= u=O}t |wQ |Q=OQ@ |=[i l} V O}yO u=Wv �;�"CU= V |=[i Q} R W O}yO u=Wv �?�"OQ=O Q=Qk sy W QO xm CU= V R= |}=[i Q} R R}v U O}yO u=Wv �A�
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V = R2 ; F = R;8><>:(a1; b1) + (a2; b2) = (a1 + a2;0)r:(a; b) = (ra; 0) �C�V = R2 ; F = R;8><>:(a1; b1) + (a2; b2) = (a1 + a2; b1b2)r:(a; b) = (ra; b) �E�V = R2 ; F = R;8><>:(a1; b1) + (a2; b2) = (a1 � a2; b1 � b2)r:(a; b) = (ra; rb) �G�V = R+ ; F = R;8><>:a+ b = abr:a = ar �I�|rwtat ?Q[ w `tH =@ F = R;V = ff : R ! R j f 0 + 2f = 0g �K�|rwtat ?Q[ w `tH =@ F = R; V = ff : R ! R j f 0 + 2f = 1g �M�|rwtat ?Q[ w `tH =@ F = R; V = ff : R ! R : f(1) = 0g �O�|rwtat ?Q[ w `tH =@ F = R; V = ff : R ! R : f(x2) = (f(x))2g �P�



|r}tmD p�=Ut 218|rwtat ?Q[ w `tH =@ R |wQ Q}PBjDWt `@=wD ẁtHt �Q�F = R; V = f(x; y; z) 2 R3 : x+ y + z = 1g �R�8><>:(x1 + y1 + z1) + (x2 + y2 + z2) = (x1 + x2 � 1; y1 + y2; z1 + z2)r:(x; y; z) = (rx� r + 1; ry; rz)O} Q}o@ Q_v QO =Q |k}kL |=[i R= ai = (ai1; :::; ain) (1 � i � n) |Q=OQ@ xawtHt �49Qo = O}vm C@=Fj aij j> nXi=1;i 6=j j aij j"Ov=|]N pkDUt jwi |=yQ=OQ@ xawtHt x=ou;



219 xOW pL p�=UtxOW pL p�=Utu; |=[i Q} R l} U w OvW=@ F u=O}t |wQ V |Q=OQ@ |=[i R= Q=OQ@ wO x; y O}vm ZQi �1O}rwD |=[i Q} R Y w OW=@ x; V \UwD xOW O}rwD |=[i Q} R W O}vm ZQi xwqa x@ OW=@"x 2 Y x=ou; y 2W � U Qo = O}vm C@=F "OvW=@ y; V \UwD xOWW xmv}= x@ xHwD =@ x 2 U Qo = "W � U 6= � TB "y 2 W � U ZQi j@] "pLZk=vD w W � U = � xH}Dv QO "W = U TB CU= U w x \UwD xOW O}rwD |=[ixm OQ=O OwHw x 2 U w y 2W uwJ "x 62 U xH}Dv QO "CU=y = �x+ u (� 2 F)ZQi j@] |rw " y = u 2 U TB � = 0 Qo = p=Ly 2W � U:u}=Q@=v@ �x = y � u '(1) x]@=Q x@ xHwD =@ w xH}Dv QO |va}x = ��1y � ��1u 2 Y:x@ OvW=@ V |=y=[i Q} R V1; V2 w OW=@ F u=O}t |wQ n |y=vDt Oa@ =@ |Q=OQ@ |=[i V Qo = �2xm |Qw]dim (V1) > n2 ; dim V2 > n2 : CQwY u}= QOV1 \ V2 6= f0g|iQ] R= dim (V1 \ V2) = 0 TB "V1 \ V2 = f0g O}vm ZQi "pLdim (V1 + V2) = dim V1 + dim V2 � dim (V1 \ V2)> n2 + n2 � 0 = n=Pr CU= Zk=vD u}=w dim (V1 + V2) � n TB dim (V1 + V2) � dim V |rwV1 \ V2 6= f0g



xOW pL p�=Ut 220"dim V � l < dimW w V �W w OvW=@ |Q=OQ@ |=[il} |=y=[i Q} RW w V Qo = �3xm CU= V pFt |}=[i Q} R O}yO u=Wvdim U = l; V � U �W|= v @ t x @ =Q u; O W= @ V |=Q @ | }= v @ t f�1; :::; �rg O } v m ZQ i "p L%s} Q=O ZQi j@] "s}yO|t `}UwD W |=Q@ f�1; :::; �r ; �r+1; :::; �ngr = dim V � l � dimW = nV � U �W xm CU= K[=w OW=@ f�1; :::; �ng |=yQ=OQ@ \UwD xOW O}rwD |=[i p=L"dim V = l w%O}vm C@=F OvW=@ R}=tDt pw= O=Oa= p1; :::; pn O}vm ZQi �4flog(pi) : 1 � i � ngu=O}t |wQ |k}kL O=Oa= u=O}t xm O} Q}o@ xH}Dv "CU= |]N pkDUt =} wo O=Oa= u=O}t |wQ"CU}v |y=vDt Oa@ R= =} wo O=Oa="1 � i � n|=Q@�i 2 Q u; QO xm�1 log(p1)+:::+�n log(pn) = 0 O}vmZQi "pL%xH}Dv QO "log(p�11 ) + :::+ log(p�n2 ) = 0 s} Q=O CQwY u}= QOlog(p�11 :::p�nn ) = 0 = log(1)=) p�11 ::::p�nn = 1"CU= |]N pkDUt flog(p1); :::; log(pn)g TB �1 = �2 = ::: = 0 xm CU= K[=w|y=vDt=v flog(p) j CU= pw= |OOa pg xawtHt TB CU= |y=vDt=v pw= O=OaD uwJ p=L|y=vDt=v Oa@ R= =} wo O=Oa= u=O}t |wQ |k}kL O=Oa= u=O}t xH}Dv QO w CU= |]N pkDUt w"CU=



221 xOW pL p�=Ut"OW=@ F u=O}t |wQ |y=vDt Oa@ =@ |Q=OQ@ |=[i l} V w |y=vDt u=O}t l} F O}vm ZQi �5"O}@=}@ =Q V |=[a= O=OaD`@=D "OW=@ V |=Q@ x}=B l} fv1; :::; vng w dim V = n w jFj = q O}vm ZQi "pLO} Q}o@ Q_v QO =Q Q} R x]@=[ =@ ' : F � : : : � F| {z }Q=@ n ! V'(�1; :::; �n) = �1v1 + :::+ �nvnxm OvQ=O OwHw b1; :::bn |=yQr=mU= x=ov; v 2 V Qo = =Q} R "CU= =WwB `@=D u}=v = b1v1 + :::+ bnvn: u}=Q@=v@'(b1; :::; bn) = v Qo = =Q} R CU= l} x@ l} `@=D u}='(�1; :::; �n) = '(�01; :::; �0n) =) �1v1 + :::+ �nvn = �01v1 + :::+ �0nvn=) (�1 � �01)v1 + :::+ (�n � �0n)vn = 0TB OvW=@|t |]N pkDUt fv1; :::; vng uwJw�1 = �01; :::; �n = �0n %xH}Dv QO(�1; :::; �n) = (�01; :::; �0n)=Pr CU= Q@=Q@ sy =@ F � : : :� F| {z }Q=@ n w V |=[a= O=OaD u}=Q@=v@j V j= j F j � j F j : : : j F j| {z }Q=@ n = qn



xOW pL p�=Ut 222%O}vm C@=F OW=@ \rDNt O=Oa= u=O}t |wQ |y=vDt Oa@ =@ |=[i l} V Qo = �6dim R(V ) = 2dim C (V )|=Q@ |}=v@t f�1; :::; �ng w OW=@ n Q@=Q@ \rDNt O=Oa= u=O}t |wQ V Oa@ O}vm ZQi "pLu=O}t |wQ \rDNt O=Oa= u=O}t |=Q@ |}=v@t f�1; �2g w OW=@ \rDNt O=Oa= u=O}t |wQ V%s}yO|t u=Wv "OW=@ |k}kL O=Oa=f�1�1; :::; �1�n; �2�1; :::; �2�ngZQi "Ovm |t O}rwD =Q V jwi xawtHt s}vm|t C@=F =OD@= "CU= R |wQ V |=Q@ |}=v@tTB v 2 V O}vmv = �1�1 + :::+ �n�n (�i 2 C ; 1 � i � n)%s} Q=O TB i = 1; :::; n Qy |=Q@ �i 2 C uwJ w�i = li�1 + l0i�2 (li; l0i 2 R; 1 � i � n) %xH}DvQOv = (l1�1 + l01�2)�1 + :::+ (ln�1 + l0n�2)�n=) v = L1�1�1 + L01�2�1 + :::+ Ln�1�n + L0n�n�npkDUt |k}kL O=Oa= u=O}t |wQ f�1�1; :::; �1�n; �2�1; :::; �2�ng s}vm|t C@=F p=L%O}vm ZQi "CU= |]N�1�1�1+�2�1�2+ :::+�n�1�n+�01�2�1+�02�2�2+ :::+�0n�2�n = 0%xH}Dv QO (�i; �0i 2 R;1 � i � n) u; QO xm(�1�1 + �01�2)�1 + (�2�1 + �02�2)�2 + :::+ (�n�1 + �0n�2)�n = 0



223 xOW pL p�=UtTB CU= |]N pkDUt \rDNt O=Oa= u=O}t |wQ f�1; :::; �ng uwJ p=L�1�1 + �01�2 = �2�1 + �02�2 = ::: = �n�1 + �0n�2 = 0�i�1+�0i�2 = 0 s} Q=O 1 � i � n|=Q@ w OvW=@|t|]NpkDUtR|wQ f�1 ; �2g uwJw%xH}Dv QO�i = �0i = 0; i = 1;2; :::; n:u}=Q@=v@ "CU= R |wQ V |=v@t l} f�1�1:::�1�n; �2�1; :::; �2�ng xawtHt TBdim R(V ) = 2n = 2dim C (V )CQwY x@ V CQwY u}= QO "OW=@ F |wQ |Q=OQ@ |=[il} V w |y=vDt=v u=O}tl} F Qo = �7"CU}v OwN |ak=w |=[i Q} R |y=vDt O=OaD `=tDH=`=tDH= CQwY x@ u=wD|tv =Q V s}yO|t u=Wv �=y=[i Q} R O=OaD� n |wQ =QkDU= =@ "pLOwN |ak=w |=[i Q} R l} Q@=Q@ V =Q} R CU= K[=w n = 1 Cr=L QO "CWwv =[i Q} R nCQwY x@ u=wDv =Q V |va} "OW=@ Q=QkQ@ n�1 |=Q@ smL w 1 < n O}vm ZQi p=L "CU}v`=tDH= CQwY x@ u=wD|tv =Q V s}yO|t u=Wv CWwv OwN |ak=w |=[i Q} R n� 1 `=tDH=V1; V2; :::; Vn |=y=[i Q} R s}vm|t ZQi 'hrN ZQi "CWwv OwN |ak=w |=[i Q} R nV = Snk=1 Vk xm OvW=@ OwHwtuwJ |rw y =2 Sn�1k=1 Vk xm CUy V w[a y TB "V 6= Sn�1k=1 Vk =QkDU= ZQi j@]Qo = uwJ Sn�1k=1 Vk 6� Vn |iQ] R= "y 2 Vn ,=t=Rr= TB V = [nk=1vkn�1[k=1 Vk � Vn TBV = n�1[k=1 Vk [ Vn � Vn 6� VA = fx + �y : xawtHt "x =2 Vn xm OQ=O OwHw x 2 Sn�1k=1 Vk =Pr CU= Zk=vD xm�1; �2 Qo = ,=}v=F w CU= |y=vDt=v u=O}t l} F ,qw= =Q} R CU= |y=vDt=v xawtHtl} � 2 Fg



xOW pL p�=Ut 224w (�1��2)y = 0TB �1y = �2y xH}Dv QO x+�1y = x+�2y xm OvW=@ F w[a wOVk |=y=[i Q} R O=OaD uwJ V = Snk=1 Vk s} Q=O p=L "�1 = �2 =PrCU= QiY=v y uwJl} pk=OLTBCU= |y=vDt=vA xawtHt |=[a= O=OaD wCU= |y=vDt Ov=xO=O p}mWD =QV xmO}vm ZQi "CU= A xawtHt |=[a= R= w[a wO pk=OL pt=W xm OQ=O OwHw Vi pFt =[i Q} Rx = x+ �1y� �1y 2 Vn x=ov; t = n Qo = "OvW=@ x+ �2y w x+ �1y w[a wO u}=x=ov; OW=@ 1 � t � n� 1 Qo = p=L CU= Zk=vD xm(x+ �1y)� (x+ �2y) 2 Vt =) (�1 � �2)y 2 Vt%xH}Dv QO �1 � �2 6= 0 TB �1 6= �2 uwJwy = (�1 � �2)�1(�1 � �2)y 2 VtQ} R n `=tDH= CQwY x@ u=wD|tv =Q V w CU= p]=@ hrN ZQi u}=Q@=v@ "CU= Zk=vD xm"CWwv OwN |ak=w |=[i|Qw] x@ OvW=@ V xQU |=y=[i Q} R fVig1i=1 w OW=@ R u=O}t |wQ |Q=OQ@ |=[il} V Qo = �8"CU}v =[i Q} R S1j=1 Vj O}yO u=Wv "Vn 6� S1j=1;j 6=n Vj 'n Qy |=Q@ xmR= "y 6= S1j=2 Vj xm OQ=O OwHw y 2 V1 TB V1 6� S1j=2 Vj xmv}= x@ xHwD =@ "pL%s} Q=O CQwY u}= Q}e QO Q} R S1j=2 Vj 6= V1 |iQ]V2 � 1[j=2Vj � V1 =) V2 � V2 =) V2 � 1[j=1;j 6=2VjxawtHt p=L x =2 V1 xm OQ=O OwHw x 2 [1j=2Vj TB CU= Zk=vD xmR ,qw= =Q} R CU= Q=tW=v xawtHt u}= "s} Q}o|t Q_v QO =Q A = fx + �y : � 2 Rg�1y = �2yTB x+�1y = x+�2y xm OvW=@ R w[a wO �1; �2 Qo = ,=}v=F wCU=Q=tW=vS1j=1 Vj O}vm ZQi p=L "�1 = �2 xH}Dv QOCU= QiY=v y uwJw (�1��2)y = 0 =PrOvDUy =[i Q} R =Q=tW O=OaD V1; V2; ::: uwJ p=L "A � S1j=1 Vj xH}Dv QO OW=@ =[i Q} RQ}e QO =Q} R CU= A xawtHt R= w[a wO pt=W pk=OL Vk xm OQ=O OwHw k |a}@] OOa TBuwJ w OW=@|t A |=[a= R= w[a l} QFm =OL pt=W Vk 'k |a}@] OOa Qy |=Q@ CQwYv}=



225 xOW pL p�=UtZQi TB "CU= Zk=vD u}= w CU=Q=tW |=xawtHt R}v ATB CU=Q=tW =y=[i u}= O=OaDTB k = 1 Qo = x+ �1y; x+ �2y 2 Vk O}vmx = x+ �1y � �1y 2 v1%s} Q=O 2 < k Qo = w CU= Zk=vD xmx+ �1y � (x+ �2y) 2 Vk =) �1y � �2y 2 Vk=) (�1 � �2)y 2 Vk%xH}Dv QO �1 � �2 6= 0 TB �1 6= �2 uwJ wy = (�1 � �2)�1(�1 � �2)y 2 Vk"CU}v =[i Q} R S1j=1 Vj TB CU= Zk=vD R}v Cr=L u}= xmxm |Qw] x@ OW=@ (x1; :::; xn) Ovv=t Rn R= ?DQt |=y|}=Dn s=tD xawtHt L O}vm ZQi �9"x1 = x3 = ::: |va} "OvQ@=Q@ sy =@ u; OQi x@DQt |=yxir-wt"CU= Rn |=[i Q} R L O}vm C@=F �;�"O}vm XNWt =Q L Oa@ w O}yO x�=Q= L|=Q@ x}=B l} �?�"pL|=yxir-wt TB OvW=@ L QY=va y = (y1; :::; yn) w x = (x1; :::; xn) O}vm ZQi �;�"� 2 R Qo = p=L OvQ@=Q@ sy =@ R}v y OQi |=yxir-wtw OvQ@=Q@ sy =@ x OQix+ �y = (x1; :::; xn) + �(y1; :::; yn)= (x1 + �y1; :::; xn + �yn)xi = xj xmv}= x@ xHwD =@ OvW=@ x+ �y OQi xir-wt wO xi+ �yi w xj +�yj Qo = p=LTB yi = yj wxi + �yi = xi + �yj =) x+ �y 2 L"CU= =[iQ} R L =Pr



xOW pL p�=Ut 226"CU= L |=Q@ x}=B l} Q} R xawtHt OW=@ OQi n Qo = �?�f(1;0;1;0; :::;1); e2 ; e4; :::; en�1gxH}Dv QO Ov=QiY x}k@ w 1 u; s=k xir-wt xm CU= |Q=OQ@ ek u; QO xmdim (L) = n+ 12%CU= L |=Q@ x}=B l} Q} R xawtHt OW=@ GwR n Qo =f(1;0; :::;1); e2 ; e4; :::; eng"dim (L) = n2 + 1 xH}Dv QOf(x; y); (z; t); (x0 ; y0); (z0; t0)g � C 2 w OW=@ \rDNt O=Oa= u=O}t C O}vm ZQi �10wO xm |Qw] x@ OQ=O OwHw C QO OvDU}v QiY sy =@ wO Qy xm �; � |=yQr=mU= O}vm C@=F"OvQ=O |]N |oDU@=w �0 = �(x0; y0) + �(z0; t0) w � = �(x; y) + �(z; t) Q=OQ@pqODU= C}rm x@ xmv}= uwO@ s} Q}o|t Q_v QO =Q�0; � R= ��+ �0�0 = 0 |]N ?}mQD "pL"�0 = 1 s}vm|t ZQi "OwW OQ=w |rrN�� + �0 = 0 =) �(�(x; y) + �(z; t)) + (�(x0; y0) + �(z0; t0)) = 0=) 0@�x+ x0 �z + z0�y + y0 �t+ t01A0@��1A = 0@001ACQwY u}= QO A = 0@�x+ x0 �z + z0�y + y0 �t+ t01A s}yO|t Q=Qkdet (A) = �2(xt� yz) + �(xt0 + x0t� yz0 � y0z) + x0t0 � y0z0 = 0Qo = "CU= ?=wH |=Q=O \rDNt O=Oa= u=O}t |wQ � ?UL Q@ jwi xrO=at s}yO|t u=Wv p=LZQi p=L "CU= pL xr-=Ut w CU= ?=wH |=Q=O xW}ty xrO=at x=ou; x0t0 � y0z = 0



227 xOW pL p�=UtQiY=v jwi xrO=at QO �2 =} � ?} Q[ s}yO u=Wv CU= |i=m TB x0t0 � y0z0 6= 0 O}vm(z; t) w (x; y)CQwY u}= QO xt� yz = 0 |va} OW=@ QiY �2 ?} Q[ O}vm ZQi "CU=xm OQ=O OwHw  |va} OvQ=O |]N |oDU@=w(z; t) = (x; y) CQwY u}= QO� = �(x; y) + �(z; t) = �(x; y) + �(x; y)= (�+ �)(x; y)OwHwt �1 w�1 u}=Q@=v@ "Ov=|]N pkDUt (z0; t0) w(x0; y0) =Pr x0t0 � y0z0 6= 0 uwJ wxm CU=(x; y) = �1(x0; y0) + �(z0; y0) %xH}Dv QO� = (�+ �)(x; y) = (�+ �)(�1(x0; y0) + �1(z0; t0))= (�+ �)�0?} Q[ Qo = w OvDUy |]N xDU@=w�0 w� |=� w� |=R= x@ OW=@ QiY �2 ?} Q[ Qo = u}=Q@=v@"OOQo|t pL xr�Ut R}v Cr=L u}= QO =Pr CU= ?=wH |=Q=O xrO=at OW=@ QiY=v �2"O} Q}o@ Q_v QO =Q |k}kL |=[i R= ai = (ai1; :::; ain) (1 � i � n) |Q=OQ@ xawtHt �11Qo = O}vm C@=Fj aij j> nXi=1;i 6=j j aij j"Ov=|]N pkDUt jwi |=yQ=OQ@ xawtHt x=ov;xm �1; :::; �n |=yQr=mU= =Pr OvW=@ |]N xDU@=w fa1; :::; ang xawtHt O}vm ZQi "pLxm CU= OwHwt OvDU}v QiY |oty�1a1 + �2a2 + :::+ �nan = 0



xOW pL p�=Ut 228s} Q=O TB 1 � i � n |=Q@ ai = (ai1; :::; ain) |iQ] R=nXj=1 �j aji = 0 j = 1;2; :::; n (2�3)QiY |oty 1 � i � n =y �i uwJ j �k j= maxfj �i j: 1 � i � ng O}vm ZQi p=L%s} Q=O �2�3� j@] "j �k j> 0 TB OvDU}vnXj=1 �j ajk = 0 =) �kakk = � nXj=1;j 6=k�j ajk=)j �kakk j=j nXj=1;j 6=k�jajk j� nXj=1;j 6=k j �jajk j=)j �k jj akk j� nXj=1;j 6=k j �j jj ajk j=)j akkj � nXj=1;j 6=k j �j�k jj ajk j� Xj=1;j 6=k j ajk j"Ov=|]N pkDUt jwi |=yQ=OQ@ =Pr CU= Zk=vD QO xr-=Ut ZQi =@ u}= xm


