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u=v}tQDO 2 pYi 84uwJ |rw "Ovvm|t h} QaD =yCWo}=H swyit R= xO=iDU= =@ =Q u=v}tQDO `@=D ,qwtat "Ovm|t =i}=xO=iDU= =@ =Q u; h} QaD u}=Q@=v@ s} R=OQB@ `@=D u}= |Qw�D w |OwHw x@vH x@ O=} R s}y=wN|tv =Hv}= QO|y}O@ Qw] x@ 1 � 1 T} QD=t l} u=v}tQDO CUNv xm ?}DQD u}O@ "s}vm|t u=}@ TqBq \U@ R=|awtHt CQwY x@ TqBq \U@ R= xO=iDU= =@ n� nT} QD=t Qy u=v}tQDO TBU w OOQo|t h} QaD|iQat x@ R=}v CUNv Q=m u}= |=Q@ "OwW|t h} QaD (n� 1)� (n� 1) |=yT} QD=t u=v}tQDO R="s} Q=O O=tv l}|U} QD=t 'fAij T} QD=t 'n � 2 |=Q@ 'OW=@ F u=O}t |wQ n� n T} QD=t l} A O}vm ZQi"O};|t CUO x@ A T} QD=t s=j uwDU w s=i Q]U hPL =@ xm (n� 1)� (n� 1) CU=%x=ov; 'OW=@ A = 266641 2 34 5 67 8 937775 Qo = " 1�1�2 p=Ft~A11 = 245 68 935 ; ~A13 = 244 57 835 ; ~A32 = 241 34 635 :u=v}tQDO x=ov; A = [a] w n = 1 Qo = "OW=@ n�nT} QD=tl} A O}vm ZQi " 2�1�2 h} QaDn � 2 |=Q@ w OwW|th} QaD det A = a CQwY x@ OwW |t xO=O u=Wv jAj =} det A O=tv =@ xm A'OwW|t h} QaD Q} R CQwY x@ A u=v}tQDOdet A = nXj=1(�1)1+ja1j det ~A1j ;"OwW|t xO}t=v pw= Q]U ?UL Q@ TqBq \U@ pwtQi u}= xm=@ xm Ovt=v|t A T} QD=t s=j uwDU w s=i Q]U xR=Uty =Q cij = (�1)i+j det ~Aij ,qwtat'OwW xDWwv Q} R CQwY x@ Ov=wD|t A u=v}tQDO O=tv u}= R= xO=iDU=det A = a11c11 + a12c12 + � � �+ a1nc1n = nXj=1 a1jc1j ;"OwW|t xO}t=v R}v pw= Q]U ?UL Q@ xR=Uty \U@ 'pwtQi u}= CyH u}O@



85 u=v}tQDO 2 pYix@U=Lt uwDU Qy =} Q]U Qy ?UL Q@ TqBq \U@ CQwY x@ Ov=wD|t T} QD=t l} u=v}tQDO"s}vm|t u=}@ C=@F= uwO@ w Q} R x}[k QO =Q ?r]t u}= xm OOQoTqBq \U@ CQwY x@ u=wD|t =Q `@ Qt T} QD=t Qy u=v}tQDO "�TqBq \U@� 3�1�2 x}[k|wQ n�nT} QD=tl} A Qo = '|DQ=@a x@ =} "OQm x@U=LtT} QD=t u; uwDU Qy =} Q]U Qy?ULQ@%s} Q=O '1 � i; j � n xm j w i K}LY OOa Qy |=R= x@ x=ov; 'OW=@ F u=O}tdet A = nXk=1(�1)i+k aik det ( ~Aik) = nXk=1 aikcik; wdet A = nXk=1(�1)k+j akj det ( ~Akj) = nXk=1akjckj ;u}vJ u=wD|t =Q ?r]t u}= xm "det A = ad� bc 'x=ov; A = 24a bc d35 Qo = " 4�1�2 p=Ft?Q[rY=L |=yvt |rY= Q]k |=yx}=QO ?Q[rY=L =@ CU=Q@=Q@ 2� 2T} QD=t u=v}tQDO xm OQm u=}@"|aQi Q]k |=yx}=QO'x=ov; A = 26664a11 a12 a13a21 a22 a23a31 a32 a3337775 Qo = " 5�1�2 p=Ft
det A = (�1)1+1a11 ������a22 a23a32 a33������+ (�1)1+2a12 ������a21 a23a31 a33������+ (�1)1+3a13 ������a21 a22a31 a33������ ;"O};|t QO Q} R CQwY x@ uOQm xO=U R= TB xmdet A = (a11a22a33 + a12a23a31 + a13a21a32)� (a13a22a31 + a11a23a32 + a12a21a33);



u=v}tQDO 2 pYi 86"OQm u=}@ CU= hwQat TwQ=U xOa=k s=v x@ xm Q} R CQwY x@ u=wD|t =Q q=@ ?r]txUTBU w xDWwv AT} QD=t CU=Q CtU QO ?}DQD x@ =Q A swO w pw= uwDU Qo = xm ?}DQD u}O@?Q[rY=L ẁtHt =@ CU= Q@=Q@ A u=v}tQDO x=ov; 's}vm XNWt u; |wQ |aQi Q]k xU w |rY= Q]k%Q} R CQwY x@ |aQi Q]k Qy |=yx}=QO ?Q[rY=L ẁtHt |=yvt |rY= Q]k Qy |=yx}=QO
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" """""""""""""""""""""""""""" """""""""""""""""""""""""""" """"""""""""""""""""""""""""a11 a12 a13 a11 a12a21 a22 a23 a21 a22a31 a32 a33 a31 a32 %xH}Dv QO wdet A = (a11a22a33 + a12a23a31 + a13a21a32)� (a13a22a31 + a11a23a32 + a12a21a33):'x=oQy A u=v}tQDO x@U=Lt CU= ?wr]t " 6�1�2 p=FtA = 266643 4 51 7 21 0 �137775 :%s}U} wv|t TwQ=U xOa=k R= xO=iDU= =@ "pL
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" """""""""""""""""""""""""""" """""""""""""""""""""""""""" """"""""""""""""""""""""""""3 4 5 3 41 7 2 1 71 0 �1 1 0 %xH}Dv QOdet A = [(3� 7� (�1)) + (4� 2� 1) + (5� 1��0)]� [(5� 7� 1) + (3� 2� 0) + (4� 1� (�1))]= �21+ 8� 35+ 4 = �44:



87 u=v}tQDO 2 pYi%x=oQy det A x@U=Lt CU= ?wr]t " 7�1�2 p=Ft
A = 26666664 3 0 0 05 1 2 02 6 0 �1�6 3 1 0

37777775 :xO=iDU= |vwDU =} Q]U ?UL Q@ u; \U@ R= CU= QDy@ T} QD=t l} u=v}tQDO uOQm =O}B |=Q@ "pLpw= Q]U p=Ft u}= QO "Ovm|t st}v|t =Q =t C=@U=Lt Q=m u}= =Q} R 'OQ=O =Q QiY x}=QO u} QDW}@ xm s}vmw s}vm|t x@U=Lt pw= Q]U ?UL Q@ \U@ R= xO=iDU= =@ =Q A u=v}tQDO u}=Q@=v@ 'CU= ?=NDv= u} QDy@%s} Q=Odet A = (�1)1+1 � 3� ���������1 2 06 0 �13 1 0 ���������+ 0+ 0+ 0;%OwW|t xH}Dv ,=OOHt swU uwDU ?UL Q@ u=v}tQDO u}= \U@ =@det A = 3� (�1)2+3 (�1) ������1 23 1������ = �15:xOvvm xDUN w O=} R C=@U=Lt sRrDUt TqBq \U@ j} Q] R= T} QD=t l} u=v}tQDO uOQm =O}B'T} QD=t u=v}tQDO uOQm =O}B |=Q@ u; \U@ x=ov; 'OW=@ 5 � 5 T} QD=t l} A Qo = ,qFt =Q} R 'CU=Oy=wN 3�3T} QD=t 4 pt=W R}v =yv; R= s=Om Qy \U@ xm OW=@|t 4� 4T} QD=t u=v}tQDO 5 pt=WQDW}@ TqBq \U@ VwQ u}=Q@=v@ "OQo x@U=Lt 3� 3 T} QD=t 20 u=v}tQDO O}=@ xH}Dv QO xm "Ow@|=yQiY O=OaD xJQy s} Q=O xHwD 'QDxO=U VwQ x�=Q= |=Q@ "OQ}o|t Q=Qk xO=iDU= OQwt |Q_v p�=Ut QO|WwQ O}=@ wQ u}= R= "CU= QDCL=Q u; u=v}tQDO x@U=Lt OW=@ QDO=} R T} QD=t uwDU l} =} Q]U l}"OyOV}=Ri= u; u=v}tQDO QO |U=U= Q}}eD uwO@ T} QD=t uwDU =} Q]U QO =Q =yQiY O=OaD xm OQm =O}B =Q"CU= |D=tOkt |Q]U p=ta= R= xO=iDU= T} QD=t l} QO QiY O}rwD |=yx=Q R= |m} xm CU= K[=w"OQ=O T} QD=t u=v}tQDO |wQ |Q}F-=D xJ |D=tOkt |Q]U p=ta= s=Hv= xm OwW|t KQ]t p=wU u}= p=L



u=v}tQDO 2 pYi 88T} QD=t u=wD|t =yv; R= xO=iDU= =@ w CU= x@U=Lt p@=k |DL=Q x@ p=ta= xvwo u}= Q}F-=D xv=DN@WwN"OQm x@U=Lt |DL=Q x@ =Q u; u=v}tQDO TBU w xOQw;QO |FrFt q=@ T} QD=t l} sQi x@ =Q'x=ov; 'OW=@ n� nT} QD=t l} A Qo = " 8�1�2 x}[k"det A = 0 x=ov; OW=@ QiY uwDU l} =} Q]U l} |=Q=O A Qo = �1pY=L T} QD=t u=v}tQDO x=ov; s}vm =Hx@=H sy =@ =Q A |=RHt uwDU wO =} =RHt Q]U wO Qo = �2"�det A =@ CU= Q@=Q@Q@=Q@ pY=L T} QD=t u=v}tQDO x=ov; OwW ?Q[ c C@=F l} QO A uwDU l} =} Q]U l} Qo = �3"c det A =@ CU="det A = 0 x=ov; OvW=@ |w=Ut uwDU wO =} Q]U wO |=Q=O |U} QD=t Qo = �4x@ A T} QD=t uwDU l} R= |@ Q[t =} w Qo}O Q]U x@ A T} QD=t Q]U l} R= |@ Q[t Qo = �5"Ovm|tv Q}}eD T} QD=t u=v}tQDO 'OwW xi=[= u; Qo}O uwDU?Q[rY=L =@ CU= Q@=Q@ A u=v}tQDO x=ov; 'OW=@ �|FrFt u}}=B� |FrFt q=@ T} QD=t l} A Qo = �6"|rY= Q]k |wQ |=yx}=QO"OW Oy=wN C=@F= x@=Wt Qw] x@ =yuwDU |=Q@ 's}vm|t u=}@ T} QD=t |=yQ]U |=Q@ =Q C=@F= "u=yQ@OwW|t xH}Dv s}U} wv@ CU= QiY xm |vwDU =} Q]U u=ty ?UL Q@ =Q TqBq \U@ CU= |i=m �1"det A = 0ZQi p=L "CU= |y}O@ xH}Dv n = 2 |=Q@ "s}vm|tC@=F -=QkDU= R= xO=iDU= =@ =QCtUk u}= �2Q]U wO |}=H@=H R= xm OW=@ |U} QD=t B Qo = "OW=@ n > 2 =@ n� nT} QD=t l} A s}vm|=yQ]U R= Q}e Q]U l} ?UL Q@ =Q B w A u=v}tQDO TqBq \U@ 'OW=@ xOt; CUO x@ AT} QD=t wO Qy QO OW=@ s= i Q]U s}vm|t ZQi xm Q]U u}= |=yx}=QO "s}U} wv|t xOW =H@=H



89 u=v}tQDO 2 pYi'u}=Q@=v@ 'CU= |w=Ut sy =@ B w Adet A = nXk=1(�1)i+k aik det ~Aikdet B = nXk=1(�1)i+k aik det ~Bik (1�2)xOW pY=L ~Aik Q]U wO |}=H@=H R= xm CU= (n� 1)� (n� 1) T} QD=t l} ~Bik =t=\@=wQ x@ xHwD =@ u}=Q@=v@ "det ~Bik = �det ~Aik =QkDU= ZQi R= xO=iDU= =@ =Pr "CU=%OwW|t xH}Dv �1�2�det B = �det Au=v}tQDO\U@ Qo = "OW=@ c Qr=mU= QOA s=i Q]U uOQm ?Q[ R= pY=LT} QD=tB O}vmZQi �3%s} Q}o|t xH}Dv 'OvDUy |m} B w A |=yQ]U x}k@ uwJ 's}U} wv@ =Q s=i Q]U ?UL Q@ Bdet B = nXk=1(�1)i+k bik det ( ~Bik)= nXk=1(�1)i+k caik det ( ~Bik)= c nXk=1(�1)i+k aik det ( ~Aik)= cdet AQ]U wO u}= |}=H@=H R= xm OW=@ |U} QD=t B w OvW=@ |w=Ut sy =@ A T} QD=t Q]U wO Qo = �4det A = �det B �?� CtUk R= xO=iDU= =@ =t= "CU= A = B x=ov; CU= xOW pY=L"det A = 0 xH}Dv QO w"OW=@ xOW pY=L u; s=j Q]U x@ A s=i Q]U Q@=Q@ t uOwRi= =@ xm OW=@ |U} QD=t B O}vm ZQi �5'CQwY x@ B s=j Q]U xH}Dv QOhaj1 + tai1 aj2 + tai2 : : : ajn + taini



u=v}tQDO 2 pYi 90uwvm = "OvQ@=Q@ sy =@ A s=j Q]U |=yx}=QO xR=Uty =@ B QO Q]U u}= |=yx}=QO xR=Uty "CU=%R= CU= CQ=@a Q]U u}= ?UL Q@ B u=v}tQDO \U@det B = nXk=1(ajk + taik) cjk(B)= nXk=1ajkcjk(A) + t nXk=1 aikcjk(A)= det A+ tdet C|U} QD=t C w OvDUy B w A s=k uwDU w s=j Q]U xR=Uty ?}DQD x@ cjk(B) w cjk(A) xmQ]U xH}Dv QO "CU= xOt; CUO x@ A s=j Q]U |=H x@ A s=i Q]U |v} Ro}=H R= xm CU="det B = det A xH}Dv QO w det C = 0 =Pr "OvDUy |w=Ut sy =@ C s=j w s=ip=L "CU= |y}O@ xH}Dv n = 1 |=Q@ "s}vm|t C@=F =Q ?r]t 'n |wQ =QkDU= R= xO=iDU= =@ �6Q@ =Q A u=v}tQDO \U@ Qo = "OW=@ n > 1 w |FrFt q=@ n� n T} QD=t l} A O}vm ZQi%u}=Q@=v@ 'CU= a11 uwDU u}= QiY Q}e x}=QO =yvD uwJ 's}U} wv@ u; pw= uwDU ?ULdet A = (�1)1+1a11 det ~A11 = a11det ~A11;u; |rY= Q]k |=yx}=QO xm CU= (n � 1) � (n � 1) w |FrFt q=@ T} QD=t l} ~A11 =t='=QkDU= ZQi x@ =v@ u}=Q@=v@ "OvDUy ann w """ 'a32 'a22det ~A11 = a22a32 : : : ann; 'u}=Q@=v@det A = a11a22 : : : ann:�OvwQ R= xO=iDU= =@ =Q u; u=wD|t 'A T} QD=t u=v}tQDO uOQm =O}B |=Q@ p@k x}[k x@ xHwD =@ p=L"OQm ?=UL =Q u; u=v}tQDO |oO=U x@ w xOQw;QO |FrFt q=@ T} QD=t l} sQi x@ Two |iPL



91 u=v}tQDO 2 pYi'x=oQy det A x@U=Lt CU= ?wr]t " 9�1�2 p=FtA = 266640 1 53 �6 92 6 137775's} Q=O 's}vm|t p}O@D |FrFt q=@ T} QD=t l} x@ =Q A 'p@k x}[k R= xO=iDU= =@ "pLdet A = ���������0 1 53 �6 92 6 1��������� = � ���������3 �6 90 1 52 6 1��������� "s}OQm =H@=H =Q T} QD=t swO w pw= Q]U
= �3 ���������1 �2 30 1 52 6 1��������� "s}DiQo QwDm =i 3 R= pw= Q]U QO pO=at Qw] x@ =} s}OQm ?Q[ 13 QO =Q pw= Q]U
= �3 ���������1 �2 30 1 50 10 �5��������� "CU= xOW xi=[= swU Q]U x@ pw= Q]U Q@=Q@ �2
= �3 ���������1 �2 30 1 50 0 �55��������� "CU= xOW p}O@D |FrFtq=@ T} QD=t x@ w CU= xOW xi=[= swU Q]U x@ swO Q]U Q@=Q@ �10= (�3)� 1� 1� (�55) = 165

"det A x@U=Lt CU= ?wr]t A = 266641 �1 31 0 �12 1 6 37775 Qo = " 10�1�2 p=Ftpta l} =@ xm CU= QDxO=U =Hv}= QO u}=Q@=v@ "s} Q=O QiY x}=QO l} T} QD=t u}= swO Q]U QO "pLxO=iDU= Q]U u}= ?UL Q@ u=v}tQDO \U@ R= TBU w s}vm QiY =Q swO Q]U R= Qo}O x}=QO l} |vwDU



u=v}tQDO 2 pYi 92's}vm|t `tH swU uwDU =@ =Q pw= uwDU Q=m u}= |=Q@ "s}vmdet A = ���������1 �1 31 0 �12 1 6 ��������� = ���������1 �1 41 0 02 1 8��������� = �1 �������1 41 8������ = 12
u=v}tQDO x@U=Lt CU= ?wr]t det 26664a b cp q rx y z37775 = 6 Qo = " 11�1�2 p=Ft

A = 26664a+ x b+ y c+ z3x 3y 3z�p �q �r 37775 : "pLdet A = 3(�1)det ���������a+ x b+ y c+ zx y zp q r ��������� "CU= xOW xDiQo QwDm =i �1 R= swU Q]U QO w 3 R= swO Q]U QO
= �3det ���������a b cx y zp q r��������� "CU= xOW xi=[= pw= Q]U x@ swO Q]U |ivt
= 3det ���������a b cp q rx y z��������� = 18 "OvOW =H@=H swU w swO |=yQ]U|FrFt sQi x@ =yT} QD=t u}= Qo = "OvwW|t Qy=_ p�=Ut QO C=aiO x@ |mwr@ |=yT} QD=t u=v}tQDOOvQ=O Q=Qk |rY= Q]k Q} R xm |}=ylwr@ w OvW=@ `@ Qt |rY= Q]k |wQ |=ylwr@ xm swyit u}= x@ OvW=@"O};|t CUO x@ |rY= Q]k |wQ |=ylwr@ u=v}tQDO ?UL Q@ =yv; u=v}tQDO x=ov; OvW=@ QiY



93 u=v}tQDO 2 pYi|=yT} QD=t B w A u; QO xm =Q 24A 0Y B35 w 24A X0 B35 |mwr@ |=yT} QD=t " 12�1�2 x}[k%CQwY u}= QO "O} Q}o@ Q_v QO OvDUy `@ Qtdet 24A 0Y B35 = det A det B; det 24A X0 B35 = det A det B:xO=iDU= =@ =Q x}[k 'CU= k � k T} QD=t l} A u; QO xm T = 24A X0 B35 O}vm ZQi "u=yQ@Qo = 'k > 1 O}vm ZQi "CU= K[=w x}[k 'k = 1 Cr=L |=Q@ "s}vm|t C@=F k |wQ =QkDU= R=%s} Q=O s}U} wv@ pw= uwDU ?UL Q@ =Q T u=v}tQDO \U@det T = kXi=1(�1)i+1 ai1 det ~Ti1 (2�2)'Qo}O |wU R= =t= "OvDUy A pw= uwDU |=yx}=QO ak1 w : : : 'a21 'a11 xm~Ti1 = 24 ~Ai1 Xi0 B 35xOW pY=L A pw= uwDU w s=i Q]U hPL R= xm CU= (k � 1)� (k � 1) T} QD=t l} ~Ai1 xm'=QkDU= ZQi x@ =v@ w CU=det ~Ti1 = det ~Ai1 det B (3�2)%OwW|t xH}Dv �2�2� x]@=Q QO �3�2� x]@=Q uO=O Q=Qk =@ p=Ldet T = kXi=1(�1)i+1ai1 det ~Ai1 det B= det B kXi=1(�1)i+1 ai1 det ~Ai1= det B det A:�



u=v}tQDO 2 pYi 94" 13�1�2 p=Ft
det 26666666664

3 1 0 0 02 1 0 0 00 1 3 �1 22 �1 5 0 03 1 1 0 1
37777777775 = det 243 12 135det 266643 �1 25 0 01 0 137775 = 1� 5 = 5

1"2 u} QtD"O}vm =O}B =Q Q} R |=yT} QD=t R= s=Om Qy u=v}tQDO �1266666641 0 �1 01 3 0 21 0 2 10 5 0 7
37777775 �?� 266641 b cb c 1c 1 b37775 �;�266666643 1 �5 21 0 5 21 8 0 11 1 2 �1

37777775 �A�
"O}vm ?=UL =Q Q} R |=yu=v}tQDO 'OW=@ det 26664a1 a2 a3b1 b2 b3c1 c2 c337775 = k Qo = �2



95 u=v}tQDO 2 pYi26664b1 + c1 b2 + c2 b3 + c3a1 + c1 a2 + c2 a3 + c3a1 + b1 a2 + b2 a3 + b337775 �?� 26664 2a1 2a2 2a33b1 + 5c1 3b2 + 5c2 3b3 + 5c37c1 7c2 7c3 37775 �;�266642a1 + b1 2a2 + b2 2a3 + b32b1 + c1 2b2 + c2 4b3 + c32c1 + a1 2c2 + a2 2c2 + a337775 �A�"O}@=}@ =Q Q} R |=yT} QD=t R= l} Qy u=v}tQDO �326666666664
1 �1 2 0 �20 1 0 4 11 1 3 0 00 0 0 3 �10 0 0 1 1

37777777775 �;�26666666664
1 2 0 3 0�1 3 1 4 00 0 2 1 10 0 �1 0 20 0 3 0 1

37777777775 �?�
�OvDUy `@ Qt |=yT} QD=t C w B 'A�26664A X Y0 B 00 Z C37775 �A�
�OvDUy `@ Qt |=yT} QD=t C w B 'A�26664A X 00 B 0Y Z C37775 �C�%x=oQy Ovvm|t jOY det A = 0 xrO=at QO xm O}@=}@ =Q y w x Q}O=kt s=tD �4



u=v}tQDO 2 pYi 96
A = 26666664x y 0 00 x y 00 0 x yy 0 0 x

37777775 �?� A = 266640 x yy 0 xx y 037775 �;�
A = 26666664 1 x x2 x3x x2 x3 1x2 x3 1 xx3 1 x x2

37777775 �A�%O}yO u=Wv �5det 266641 a a21 b b21 c c237775 = (b� a)(c� a)(c � b)
%O}yO u=Wv �6

det 266666641 x x2 x3a 1 x x2p b 1 xq r c 1
37777775 = (1� ax)(1� bx)(1� cx)

%O}yO u=Wv �7
det 26666664x �1 0 00 x �1 00 0 x �1a b c x+ d

37777775 = a+ bx+ cx2 + dx3 + x4



97 u=v}tQDO 2 pYi%O}yO u=Wv �8det 26664a+ x b+ x c+ xb+ x c+ x a+ xc+ x a+ x b+ x37775 = (a+b+c+3x)[(ab+ac+bc)�(a2+b2+c2)]%x=ov; 'OW=@ n� n Q} R T} QD=t Qo = O}yO u=Wv �9
det 266666666664

1 1 0 0 : : : 0 00 1 1 0 : : : 0 0... ... ... ... . . . ... ...0 0 0 0 : : : 1 11 0 0 0 : : : 0 1
377777777775 = 1+ (�1)n+1

'sQi x@ T} QD=t x=ov; 'OvW=@ x=wNrO Qr=mU= n+ 1 'cn w : : : 'c1 'c0 Qo = �10Mn = 266666641 c0 c20 : : : cn01 c1 c21 : : : cn1... ... ... . . . ...1 cn c2n : : : cnn
37777775%O}yO u=Wv "OwW|t xO}t=v OvwtQ=Ov=w T} QD=t l}det Mn = �0�i�j�n(cj � ci)'O}yO u=Wv =QkDU= R= xO=iDU= =@ %|}=tvy=Q�(det Mn = (cn � cn�1)(cn � cn�2) : : : (cn � c0)det Mn�1"O}vm ?=UL =Q det (A� tI) 'OW=@ Q} R CQwY x@ A T} QD=t Qo = �11A = 26666664 0 0 : : : 0 a0�1 0 : : : 0 a1... ... . . . ... ...0 0 : : : �1 an�1
37777775



u=v}tQDO 2 pYi 98T} QD=t l} Twmat w u=v}tQDO 2�2T} QD=t xm s}yO|t u=Wv =yv; R= xO=iDU= =@ 'xOQm C@=F =Q u=v}tQDO X=wN R= |[a@ VN@ u}= QOxO=iDU= =@ A�1 x@U=Lt |=Q@ |rwtQi TBU "det A 6= 0 Qo = \ki w Qo = 'CU= Q}PBTwmat Au=}@ �8"1"2� x}[k R= |=xH}Dv u=wva x@ =Q Q} R x}[k |=OD@= QO =t= "Owtv s}y=wN x�=Q= u=v}tQDO R="s}vm|t%x=ov; OW=@ n� nT} QD=t l} A w n� n |D=tOkt T} QD=t l} E Qo = " 1�2�2 x}[kdet EA = det Edet A:"s}vm|t |UQQ@ OW=@ xDW=O Ov=wD|t E xm |irDNt |=yCr=L QO =Q x}[k C=@F= "u=yQ@EA |iQ] R= w det E = �1 x=ov; OW=@ I �uwDU wO� Q]U wO |}=H@=H R= pY=L E Qo = �hr='xH}Dv QO OwW|t pY=L A �uwDU wO� Q]U wO |}=H@=H R= xm CU= |U} QD=tdet EA = �det A = det E det A|iQ] R= det E = c x=ov; OW=@ c QiY=v Qr=mU= QO I �uwDU� Q]Ul} ?Q[ R= pY=L E Qo = �?'xH}Dv QO w OwW|t pY=L c QO A �uwDU� Q]U l} ?Q[ R= xm CU= |U} QD=t EAdet EA = cdet A = det E det Ax=ov; 'OW=@ Qo}O � uwDU� Q]U x@ I �uwDU� Q]U l} R= |@ Q[t uOwtv xi=[= R= pY=L E Qo = �Ax@ A �uwDU� Q]U l} R= |@ Q[t uOwtv xi=[= R= xm CU= |U} QD=t EA |iQ] R= "det E = 1'xH}Dv QO w OwW|t pY=L Qo}O �uwDU� Q]Udet EA = det A = det E det A� "Ovm|t pt=m =Q C=@F= u}= w"O};|t CUO x@ |DL=Q x@ Q} R xH}Dv =QkDU= R= xO=iDU= =@



99 u=v}tQDO 2 pYin� nT} QD=t l} A w n� n |D=tOkt |=yT} QD=t Ek w : : : 'E2 'E1 Qo = " 2�2�2 xH}Dv'x=ov; OW=@det (Ek : : : E2E1A) = det Ek : : : det E2 det E1 det A"det A = 0 x=ov; OW=@v Q}PBTwmat A Qo = " 3�2�2 xH}Dv"OQm p}O@D I x@ |D=tOkt |Q]U p=ta= =@ u=wD|tv =Q A u}=Q@=v@ CU}v Q}PBTwmat A uwJ "u=yQ@Q]Ul} |=Q=O O}=@ R xH}Dv QO" R 6= I x=ov; OW=@ A xDi=} p} wLD |v=mrB |Q]U sQi R Qo = u}=Q@=v@w : : : 'E2 'E1 |D=tOkt |=yT} QD=t |iQ] R= "det R = 0 '�8"1"2� x}[k x@ =v@ =Pr OW=@ QiY%xm |Qw] x@ OvQ=O OwHw EkR = Ek : : : E2E1A 'p@k x}[k x@ =v@ xH}Dv QO0 = det R = det Ek : : : det E2 det E1 det A� "det A = 0 u}=Q@=v@ 'i Qy |=Q@ det Ei 6= 0 xm =Hv; R= w"s}vm|t u=}@ B w A `@ Qt w x=wNrO T} QD=t wO Qy |=Q@ =Q u=v}tQDO uOw@ |@ Q[ C}Y=N p=L"det AB = det A det B x=ov; 'OvW=@ n� n |}=yT} QD=t B w A Qo = " 4�2�2 x}[kR= =t= "det A = 0 s} Q=O p@k xH}Dv x@ =v@ OW=@v Q}PBTwmat A xm s}vm|t ZQi CUNv "u=yQ@'Ow@ Oy=wN A Twmat l} B(AB)�1 CQwYv}= Q}e QO =Q} R 'CU}v Q}PBTwmat R}v AB |iQ]%xH}Dv QO "det AB = 0 u}=Q@=v@det AB = 0 = det Adet BIn =@ |Q]U RQ=sy �7"4"1� x}[k x@ =v@ x=ov; 'OW=@ Q}PBTwmat T} QD=t l} A O}vm ZQi p=L%xm |Qw] x@ OvQ=O OwHw Ek w : : : 'E2 'E1 |D=tOkt |=yT} QD=t u}=Q@=v@ "Ow@ Oy=wNA = Ek : : : E2E1I



u=v}tQDO 2 pYi 100%s} Q=O p@k x}[k T=U= Q@ wdet A = det Ek : : : det E2 det E1%s} Q=O p@k xH}Dv R= xO=iDU= =@ wdet AB = det (Ek : : : E2E1B)= det Ek : : : det E2 det E1 det B= det Adet B:� %x=ov; B = 24 c d�d c35 w A = 24 a b�b a35 Qo = " 5�2�2 p=FtAB = 24 ac� bd ad+ bd�(ad+ bd) ac� bd35%xm OyO|t xH}Dv det AB = det Adet B |w=UD u}=Q@=v@ w(a2 + b2)(c2 + d2) = (ac� bd)2 + (ad+ bc)2"CU= \rDNt O=Oa= |=Q@ |@r=H |w=UD jwi |w=UD'A1 Qo = |va} "OQm u=}@ R}v T} QD=t |y=vDt O=OaD |=Q@ u=wD|t =QkDU= R= xO=iDU= =@ =Q p@k x}[k%x=ov; 'OvW=@ n� n |=yT} QD=t Ak w : : : 'A2det (A1A2 : : : Ak) = det A1 det A2 : : : det Ak%OwW|t xH}Dv i Qy |=Q@ Ai = A Qo = X=N Cr=L QO wdet Ak = (det A)kxO=iDU= =@ =QT} QD=tl} |Q}PBTwmat |=Q@ |i=m w sRq \QW u=wD|t p@k |=}=[k R= xO=iDU= =@ p=L"OQm u=}@ u=v}tQDO R=



101 u=v}tQDO 2 pYiQo = \ki w Qo = CU= Q}PBTwmat A 'OW=@ n � n T} QD=t l} A O}vm ZQi " 6�2�2 x}[k"det A�1 = 1det A Cr=L u}= QO w det A 6= 0'�4"2"2� x}[k x@ =v@ w AA�1 = I x=ov; OW=@ Q}PBTwmat A Qo = "u=yQ@1 = det I = det (AA�1) = det Adet A�1"det A�1 = 1det A w det A 6= 0 u}=Q@=v@xH}Dv QO w CU= In =@ |Q]U RQ=sy A xm s}yO|t u=Wv 'OW=@ det A 6= 0 O}vm ZQi 'TmaQ@A xDi=} p} wLD |v=mrB�|Q]U sQi R O}vm ZQi "Ow@ Oy=wN Q}PBTwmat A '�7"4"1� x}[k x@ =v@%xm |Qw] x@ OvQ=O OwHw Ek w : : : 'E2 'E1 |D=tOkt |=yT} QD=t x=ov; 'OW=@R = Ek : : : E2E1A 'u}=Q@=v@det R = det Ek : : : det E2 det E1 det AQiY Q]U I}y |=Q=O R det R 6= 0 xH}Dv QO 'i Qy |=Q@ det Ei 6= 0 w det A 6= 0 xm =Hv; R=� "Ovm|t pt=m =Q C=@F= u}= w R = I u}=Q@=v@ "CU}v#CU= Q}PBTwmat A = 26664 1 0 �c�1 3 10 2c �437775T} QD=t c R= |Q}O=kt xJ |=R= x@ " 7�2�2 p=FtQ]U ?UL Q@ u; \U@ TBU w swU uwDU x@ pw= uwDU Q@=Q@ c uOwtv xi=[= =@ =Q A u=v}tQDO "pL%s}vm|t x@U=Lt pw=det A = det 26664 1 0 �c�1 3 10 2c �437775 = det 26664 1 0 0�1 3 1� c0 2c �4 37775 = 2(c+ 2)(c� 3)x=oQy CU= Q}PBTwmat A xH}Dv QO OW=@ c = �2 =} c = 3 Qo = \ki w Qo = det A = 0 u}=Q@=v@"OW=@ c 6= �2;3



u=v}tQDO 2 pYi 102"CU= det E = det Et x=ov; 'OW=@ |D=tOkt |Q]U T} QD=t l} E Qo = " 8�2�2 x}[kx=ov; 'OW=@ c C@=F QO I Q]U l} uOwtv ?Q[ =} w I Q]U wO |}=H@=H R= pY=L E Qo = "u=yQ@I Q]U l} R= |@ Q[t uOwtv xi=[= R= pY=L E Qo = "det E = det Et xH}Dv QO w Et = EuwDU l} R= |@ Q[t uOwtv xi=[= R= pY=L R}v Et uwJ w det E = 1 x=ov; 'OW=@ Qo}O Q]U x@"det Et = 1 xH}Dv QO 'CU= Qo}O uwDU x@ I� "Ovm|t pt=m =Q C=@F= u}= w det E = det Et u}=Q@=v@"s}vm|t u=}@ n� n x=wNrO T} QD=t Qy |=Q@ =Q q=@ x}[k p=L"det At = det A x=ov; 'OW=@ n� nT} QD=t l} A Qo = " 9�2�2 x}[k'�3"2"2� xH}Dv x@ =v@ u}=Q@=v@ 'CU}v Q}PBTwmat R}v At x=ov; OW=@v Q}PBTwmat A Qo = "u=yQ@det A = 0 = det At;Ek w : : : 'E2 'E1 |D=tOkt |=yT} QD=t x=ov; 'OW=@ Q}PBTwmat T} QD=t l} A O}vm ZQi p=L%xm |Qw] x@ OvQ=O OwHwA = Ek : : : E2E1I; %xH}Dv QO wAt = Et1Et2 : : : Etk; %s} Q=O p@k x}[k x@ =v@det At = det Et1 det Et2 : : : det Etk= det E1 det E2 : : : det Ek= det A:�"O} Qw; CUOx@ =Q det (A3B�1AtB2) Q=Okt 'det B = 5 'det A = 2 Qo = " 10�2�2 p=Ft



103 u=v}tQDO 2 pYi"pLdet (A3B�1AtB2) = det A3 det B�1 det At det B2= (det A)3 � 1det Bdet A � (det B)2= 23 � 15 � 2 � 52 = 80"OvDUy |w=Ut u=v}tQDO |=Q=O x@=Wt |=yT} QD=t O}yO u=Wv " 11�2�2 p=Ftx@ OQ=O OwHw P Q}PBTwmat T} QD=t x=ov; "OvW=@ x@=Wt T} QD=t wO B w A O}vm ZQi "pL%xH}Dv QO "B = P�1AP xm |Qw]det B = det P�1AP = det P�1 det Adet P= 1det P det Adet P = det A:"OQm =O}B =QT} QD=t l} Twmat u=v}tQDO R= xO=iDU= =@ u=wD|t xvwoJ xm s}yO|t u=Wv xt=O= QO"s} Q=O h} QaD l} x@ R=}v CUNv =t=C = [cij ] =@ ,qwtat xm 'A xR=Uty T} QD=t 'OW=@ `@ Qt T} QD=t l} A Qo = " 12�2�2 h} QaDT} QD=t "CU= AT} QD=t s= (i; j) xR=Uty u; s= (i; j) x}=QO xmCU= |U} QD=t 'OwW|t xO=O u=Wv'Qo}O CQ=@a x@ =} "CU= xR=Uty T} QD=t xO=yv=QD 'OwW|t xO=O u=Wv adj A =@ xm 'A |k=Lr=adj A = Ct = [cij ]t; %s} Q=O O=tv u}= R= xO=iDU= =@nXi=1 aij cij = det A; %x=ov; j 6= k Qo = wnXi=1 aik cij = 0:



u=v}tQDO 2 pYi 104'OW=@ xOW pY=L A s= j uwDU |=H x@ A s=k uwDU |v} Ro}=H =@ xm OW=@ |U} QD=t B Qo = =Q} R'xH}Dv QO w ~Bij = ~Aij |iQ] R= "CU= det B = 0 w xOw@ |w=Ut uwDU wO |=Q=O B x=ov;0 = det B= nXi=1(�1)i+j bij det ~Bij= nXi=1(�1)i+j aik det ~Aij= nXi=1 aik cij : %xm s} Q}o|t xH}Dv =yxR=Uty C}Y=N u}= R=nXi=1 aik cij = �jkdet A '=t=cij = (adj A)ji %OwW|t xH}Dv q=@ x]@=Q R= u}=Q@=v@nXi=1(adj A)ji aik = �jkdet A%s} Q=O =yT} QD=t ?Q[ h} QaD x@ =v@ xH}Dv QO((adj A)A)jk = �jkdet A pO=at Qw] x@ =}(adj A)A = (det A)I %xm O=O u=Wv u=wD|t ?}DQD u}ty x@A(adj A) = (det A)I



105 u=v}tQDO 2 pYi'xH}Dv QO w det A 6= 0 x=ov; 'OW=@ Q}PBTwmat A Qo = u}=Q@=v@A�1 = 1det Aadj Ax}[k OW xDio q=@ QO xJv; "Ovm|t x�=Q= T} QD=t l} Twmat x@U=Lt CyH =Q |rwtQi x]@=Q u}= w"Ovm|t C=@F= =Q Q} R%x=ov; 'OW=@ Q}PBTwmat 'n� nT} QD=t l} A Qo = " 13�2�2 x}[kA�1 = 1det Aadj A"O}vm =O}B =Q A Twmat w A |Q}PBTwmat \QW 'A = 24a bc d35 O}vm ZQi " 14�2�2 p=Ft"ad� bc 6= 0 Qo = \ki w Qo = CU= Q}PBTwmat A =Pr 'det A = ad� bc uwJ "pL%s} Q=O CUNv A Twmat uOQm =O}B |=Q@adj A = 24 d �b�c a 35 %xH}Dv QO wA�1 = 1ad� bc 24 d �b�c a 35w xOQm =H@=H =Q |rY= Q]k |wQ |=yx}=QO '2� 2 T} QD=t l} Twmat uOQm =O}B |=Q@ '|DQ=@a x@ =}?Q[ u=v}tQDO Tma QO =Q pY=LT} QD=tTBU w xOQm ?Q[ |ivtl} QO =Q |aQi Q]k |=yx}=QO"s}vm|t%x=oQy 'O}@=}@ =Q A Twmat w A |k=Lr= T} QD=t " 15�2�2 p=FtA = 26664 1 3 �20 1 5�2 �6 7 37775



u=v}tQDO 2 pYi 106's}vm|t =O}B =Q A xR=Uty T} QD=t CUNv "pL
C = 26664c11 c12 c13c21 c22 c23c31 c32 c3337775 =

266666666666664
������ 1 5�6 7������ � ������ 0 5�2 7������ ������ 0 1�2 �6������� ������ 3 �2�6 7 ������ ������ 1 �2�2 7 ������ � ������ 1 3�2 �6������������3 �21 5 ������ � ������1 �20 5 ������ ������1 30 1������

377777777777775
= 2666437 �10 2�9 3 017 �5 137775 %xH}Dv QOadj A = 26664 37 �9 17�10 3 �52 0 1 37775'xH}Dv QO w det A = 3 OwW|t xH}Dv adj A pw= uwDU QO A pw= Q]U ?Q[ =@A�1 = 13 26664 37 �9 17�10 3 �52 0 1 37775%O}yO u=Wv 'n � 2 w n� nT} QD=t l} A Qo = " 16�2�2 p=Ftdet (adj A) = (det A)n�1s}vm|t ZQi u}=Q@=v@ "CU= pY=L xH}Dv w adj A = 0 x=ov; 'A = 0 xm |DQwY QO "pL%xH}Dv QO "A 6= 0A(adj A) = (det A)I



107 u=v}tQDO 2 pYi%OwW|t xH}Dv s}vm ?=UL =Q u}iQ] u=v}tQDO Qo =det Adet (adj A) = det [(det A)I] = (det A)ndet I%x=ov; det A 6= 0 Qo = p=Ldet (adj A) = (det A)n�1 %x=ov; det A = 0 Qo = wAadj A = 0|w=UD u}=Q@=v@ "det (adj A) = 0 '�3"2"2� xH}Dv x@ =v@ w CU}v Q}PBTwmat adj A xH}Dv QO w"CU= Q=QkQ@ xOW xDU=wN2"2 u} QtD"O}vm OQ =} C=@F= =Q Q} R |=yxQ=Ro �1"CU=yT} QD=t |wQ |]N T} QD=t l} u=v}tQDO �;�"CU}v Q}PBTwmat A x=ov; OW=@ u=wDJwB T} QD=t l} A Qo = �?�"CU}v Q}PBTwmat uQ=kDt O=B w n� nT} QD=t Qy x=ov; OW=@ OQi |OOa n Qo = �A�"CU= Q}PBTwmat |FrFt q=@ T} QD=t Qy �C�"det E = �1 x=ov; OW=@ |D=tOkt T} QD=t l} E Qo = �E�"det A = det B x=ov; OvW=@ x@=Wt T} QD=t wO B w A Qo = �G�"det A = det B x=ov; OvW=@ |Q]U RQ=sy B w A Qo = �I�"CU= |FrFt q=@ R}v adj A x=ov; OW=@ |FrFt q=@ T} QD=t l} A Qo = �K�"CU= uQ=kDt R}v A�1 x=ov; OW=@ uQ=kDt Q}PBTwmat T} QD=t l} A Qo = �M�"(At)�1 = (A�1)t 'x=ov; OW=@ Q}PBTwmat A Qo = �O�



u=v}tQDO 2 pYi 108"O}@=}@ =Q Q} R |=yT} QD=t R= l} Qy |k=Lr= T} QD=t �2266641 �1 23 1 00 �1 137775 �?� 26664 3 1 2�1 1 31 3 837775 �;�13 26664�1 2 22 �1 22 2 �137775 �A�#OvQ}OBTwmat Q} R |=yT} QD=t c R= |Q}O=kt xJ |=R= x@ �3266644 c 3c 2 c5 c 437775 �?� 26664 0 c �c�1 2 �1c �c c 37775 �;�266641 c �1c 1 10 1 c 37775 �A�
%CU= ?wr]t "det A = 3 w A = 26664a b cp q ru v w37775 'O}vm ZQi �4

B = 266644u 2a �p4v 2b �q4w 2c �r37775 x=oQy det (3B�1) �;�
C = 266642p �a+ u 3u2q �b+ v 3v2r �c+ w 3w37775 x=oQy det (2C�1) �?�'x=oQy 'Cio u=wD|t xJ det A OQwt QO �5



109 u=v}tQDO 2 pYiA2 = I �?� A2 = A �;�A = �At �C� A3 = A �A�A2 + I = 0 �G� "CU= Q}PBTwmat P w PA = P �E�w CU= OQi |OOa n xm |r=L QO OvW=@ n � n |=yT} QD=t B w A Qo = O}yO u=Wv �6"CU}v Q}PB Twmat B w A |=yT} QD=t R= |m} x=ov; AB = �BAOW=@ Q}PBTwmat ABC xm |Qw] x@ OvW=@ n� n |=yT} QD=t C w B w A Qo = O}yO u=Wv �7"CU= Q}PBTwmat B x=ov;%O}yO u=Wv 'OvW=@ n� n Q}PBTwmat |=yT} QD=t B w A O}vm ZQi �8"adj (adj A) = (det A)n�2A �;�"adj A�1 = (adj A)�1 �?�"adj At = (adj A)t �A�"adj (AB) = adj A adj B �C�"adj (cA) = cn�1adj A �E�OwHw c |=RHt Qr=mU= Q=Okt n QFm =OL O}yO u=Wv "OW=@ n� nT} QD=tl} A O}vm ZQi �9"det (cI �A) = 0 xm |Qw] x@ OQ=Ox=ov; 'OW=@ Q}PBTwmat A Qo = O}yO u=Wv "OvW=@ n� n |=yT} QD=t B w A O}vm ZQi �10"OW=@v Q}PBTwmat tA+B xm |Qw] x@ OQ=O OwHw t Qr=mU= Q=Okt n QFm =OL



u=v}tQDO 2 pYi 110Qt=Qm xOa=k 3�2"s}yO|t Q=Qk |UQQ@ OQwt =Q Q}eDt n w xrO=at n x=oDUO pL QO u=v}tQDO R= |OQ@ Q=m VN@ u}= QO"O} Q}o@ Q_v QO =Q Q} R Q}eDt n w xrO=at n =@ CqO=at x=oDUO Q=m u}= |=Q@8>>>>>>>>><>>>>>>>>>:
a11x1 + a12x2 + :::+ a1nxn = b1a21x1 + a22x2 + :::+ x2nxn = b2...an1x1 + an2x2 + :::+ annxn = bn'OW=@ Q} R KQW x@ C@=F T} QD=t B w =yQ}eDt T} QD=t X '?}=Q[ T} QD=t A O}vm ZQi Qo =

A = 266666664a11 a12 ... a1na21 a22 ... a2n... ... . . . ...an1 an2 ... ann
377777775 ; X = 26666664x1x2...xn

37777775 ; B = 26666664b1b2...bn
37777775Q}PBTwmat A x=ov; 'det A 6= 0 Qo = p=L "OwW|t xDWwv AX = B CQwY x@ x=oDUO x=ov;CUO x@ X = A�1B CQwY x@ xrO=at ?=wH A�1 QO xrO=at u}= u}iQ] ?Q[ =@ w Ow@ Oy=wN's}yO Q=Qk |k=Lr= T} QD=t R= xO=iDU= =@ =Q u; Q=Okt A�1 |=H x@ |w=UD u}= QO Qo = "Ot; Oy=wN%s} Q=O26666664x1x2...xn

37777775 = 1det A(adj A)B



111 u=v}tQDO 2 pYi
= 1det A 26666664c11 c21 : : : cn1c12 c22 : : : cn2... ... . . . ...c1n c2n : : : cnn

3777777526666664b1b2...bn
37777775"Ot; Ovy=wN CUOx@ Q} R CQwY x@ xn w : : : 'x2 'x1 |=yQ}eDt u}=Q@=v@x1 = 1det A [b1c11 + b2c21 + � � �+ bncn1]x2 = 1det A [b1c12 + b2c22 + � � �+ bncn2]...xn = 1det A [b1c1n + b2c2n + � � � + bncnn]TqBq \U@ x}@W xOW Qy=_ x1 x@U=Lt pwtQi QO xm b1c11 + b2c21 + � � �+ bncn1 Q=Okt =t=A1 Qo = u}=Q@=v@ 'OvDUy A pw= uwDU =@ Q_=vDt |=yxR=Uty cn1 w : : : 'c21 'c11 uwJ "CU=Q_=vDt |=yxR=Uty w OwW pY=L B |vwDUT} QD=t =@ A pw= uwDU uOQm Zwa R= xm OW=@ |U} QD=tu=v}tQDO \U@ u}=Q@=v@ "1 � i � n |=Q@ ci1 = c0i1 'x=ov; s}yO V}=tv c0ij =@ =Q T} QD=t u}= =@"Ow@ Oy=wN Q} R CQwY x@ pw= uwDU ?UL Q@ A1det A1 = b1c011 + b2c021 + � � � + bnc0n1= b1c11 + b2c21 + � � � + bncn1= (det A)x1Cw=iD u}= =@ "CiQo u=wD|t R}v Qo}O |=yQ}eDt |=Q@ =Q xH}Dv u}ty "x1 = det A1det A u}=Q@=v@u}= "s}yO Q=Qk =Q B |vwDUT} QD=t A s=i uwDU |=H x@ CU= |i=m xi Q}eDt uOQw; CUO@ |=Q@ xm"OQm u=}@ Q} R x}[k CQwY x@ u=wD|t =Q ?r=]t'x=oDUO ?=wH 'OW=@ Q}PBTwmat w n� nT} QD=t l} A Qo = "�Qt=Qm xOa=k� 1�3�2 x}[kAX = B



u=v}tQDO 2 pYi 112%CU= Q} R CQwY x@ xn w: : : 'x2 'x1 Q}eDt n w xrO=at n R=x1 = det A1det A ; x2 = det A2det A ; : : : ; xn = det Andet A"O};|t CUO x@ B |vwDU T} QD=t =@ A s=i uwDU uOQm Zwa R= Ai T} QD=t Qy u; QO xm"O} Qw; CUOx@ =Q Q} R CqO=at x=oDUO QO x1 Q=Okt " 2�3�2 p=Ft8>>>>><>>>>>:5x1 + x2 � x3 = 49x1 + x2 � x3 = 1x1 � x2 + 5x3 = 2T} QD=t =@ A pw= uwDU uOQm Zwa R= pY=L xm A1 T} QD=t w A ?}=Q[ T} QD=t u=v}tQDO "pL"s}vm|t x@U=Lt =Q CU= 2666441237775det A = det 266645 1 �19 1 �11 �1 5 37775 = �16
det A1 = det 266644 1 �11 1 �12 �1 5 37775 = 12 'u}=Q@=v@x1 = det A1det A = �34Qo}O x@U=Lt uwO@ =Q Q}eDt l} xm OyO|t =t x@ =Q u=mt= u}= Qt=Qm xOa=k xJ Qo = xm O}vm xHwDuOQm =O}B |=Q@ sRq C=@U=Lt 'nQR@ CqO=at |=yx=oDUO QO p=L Qy x@ =t= s} Qw; CUO x@ =yQ}eDt



113 u=v}tQDO 2 pYiVwQ u}= Q@ xwqa "CU}v Two |iPL VwQ QO C=@U=Lt QDtm Qt=Qm xOa=k QO =yu=v}tQDO R= |m}Q=m x@ OvW=@v sy `@ Qt |DL =} w Q}PBTwmat =yv; ?}=Q[ T} QD=t xm |}=yx=oDUO |=Q@ Two |iPL'u; |k=Lr= T} QD=t R= xO=iDU= =@ T} QD=t l} Twmat uOQm =O}B x@=Wt Qt=Qm xOa=k u}=Q@=v@ "OwQ|t"OQ}o|t Q=Qk xO=iDU= OQwt |Q_v p�=Ut QO QDW}@ w Ow@ Oy=wNv |OQ@ Q=m VwQ l}3"2 u} QtD"O}vm pL Qt=Qm xOa=k R= xO=iDU= =@ =Q Q} R CqO=at x=oDUO R= s=Om Qy �18>>>>>>>>><>>>>>>>>>:
x1 � x3 + x4 = 3x2 + 2x3 + x4 = 1�x1 + x2 + x3 = �2x1 + 2x2 + x3 � 2x4 = 0 �?� 8>>>>><>>>>>:�2x+ y + 3z = 0�y + z = 2x+ 2y = �1 �;�8>>>>><>>>>>:3x� 2y = 73y � 2z = 63z � 2x = �1 �C� 8>>>>><>>>>>:4x� y + 3z = 16x+ 2y � z = 03x+ 3y + 2z = �1 �A�8>>>>>>>>><>>>>>>>>>:

x+ 2y � 3z + 5w = 02x+ y � 4z � w = 1x+ y + z + w = 0�x� y � z + w = 4 �G� 8>>>>>>>>><>>>>>>>>>:
4x+ y + z + w = 1x� y + 2z � 3z = 02x+ y + 3z + 5w = 0x+ y � z � w = 0 �E�

Qo = "det A 6= 0 w OW=@ n� nT} QD=t l} A = hA1 A2 : : : Ani O}vm ZQi �2%s}yO Q=Qk w OW=@ |v=ty T} QD=t s=j uwDU ejbij = det Bijdet A"OwW pY=L A T} QD=t s=i uwDU |=H x@ ej uO=O Q=Qk =@ xm CU= |U} QD=t Bij u; QO xm"CU= A T} QD=t Twmat B = (bij) O}yO u=Wv



|r}tmD p�=Ut 114|r}tmD p�=Ut"O}@=}@ =Qv; uwQ=w CU= Q}PBuwQ=w Qo = #CU= Q}PB uwQ=w Q} R |k}kL T} QD=t =}; �1266666641 2 3 40 2 3 40 0 3 40 0 0 4
37777775 ;#Qw]J s} Q}o@ Q_v QO Z5 =} Z3 QO |}=yx}=QO =@ |U} QD=t u=wva x@ =Q q=@ T} QD=t Qo =w OW=@ 3� 3 |a@ Qt T} QD=t A O}vm ZQi �2p = 266640 1 01 0 00 0 137775 ; T} QD=t xm s}v=O|t u}vJsy266641 0 1 2 �3 �40 1 0 �1 2 20 0 �1 0 0 1 37775 ;"O}vm ?=UL =Q A�1 "CU= [A j p] T} QD=t |Q]U RQ=syx@U=Lt CU@ wr]t �3� = det 266641 x1 x21 ::: xn�21 x2 ::: xn... ... ... ... ... ... ... ...1 xn x2n ::: xn�2n x1 ::: xn�137775 :x@U=Lt CU= ?wr]t �4det 0BBB@266641 x1 ::: xn�21 (x2 + x3 + :::+ xn)n�1... ... ... ... ...1 xn ::: xn�2n (x1 + :::+ xn�1)n�1 377751CCCA :



115 |r}tmD p�=Ut'� 2 C Qy |=R= x@ xm |Qw] x@ OW=@ \rDNt u=O}t |wQ n� nT} QD=t l} A O}vm ZQi �5|rY= Q]k |wQ QiY=v x}=QO l} QFm =OL xm CU= |U} QD=t x@=Wt A O}vm C@=F " A 6= �I"OQ=OQr=mU= Qy |=Q@ "CU= 1 Q@=Q@ u; |=yx}=QO xty xm CU= |=n � n T} QD=t J O}vm ZQi �6xJ QO u; |=yx}=QO =} T} QD=t u}= xm CU= syt =}; "O}@=}@ =Q J � aI T} QD=t u=v}tQDO 'aF = Zp =@ F = R xm |v=tR =Q xr�Ut u}= CU= syt Qo = #CU= xOW xDiQo Q_v QO |v=O}t"O}vm |UQQ@|k}kL Q}O=kt =@ n�n |v=tyT} QD=t I w |k}kL Q}O=kt =@ n�nT} QD=tl} A O}vm ZQi �7't 2 R Qy |=R= x@ O}vm ZQi u}vJsy "OW=@f(t) = det (I + tA): "f 0(0) x@U=Lt CU= ?wr]t|=yx}=QO x}k@ w QiY u; Q]k |wQ |=yx}=QO xty xm OW=@ 2k�2kT} QD=tl} A O}vm ZQi �8u}= =}; "CU= Q}PBuwQ=w \rDNt =} |k}kL T} QD=t l} u=wva x@ A O}yO u=Wv "Ov=�1 u;#CU= Q=QkQ@ R}v Qo}O |=yu=O}t |=Q@ ẁ[wt"OW=@ Q} R |mwr@ CQwY x@ xm OW=@ Q}PBTwmat w 2n� 2n |U} QD=t M O}vm ZQi �9M�1 = 24E FG H35 ; M = 24A BC D35"det M � det H = det A O}yO u=Wvw i; k = 0; :::; n xm A = (aik) O}vm ZQi �10aik = hn�ki (1+ h2i )k "det A x@U=Lt CU= ?wr]t



|r}tmD p�=Ut 1162 hr=Nt F xYNWt w CU= F u=O}t |wQ uQ=kDt O=B n� n T} QD=t l} A O}vm ZQi �11"O}vR@ Zkv p=Ft GwR |=yn |=Q@ w det A = 0 x=o u; OW=@ OQi n Qo = O}yO u=Wv "CU="O}vR@ CU= 2 u=O}t xYNWt xm |v=tR |=Q@ R}v |[kv p=Ftx}=QO Qy x@ C@=F OOa l} Qo = w CU= QiY OQi x@DQt R= uQ=kDtO=B T} QD=t u=v}tQDO O}vm C@=F �12"Ovm|tv Q}}eD u=v}tQDO s}vm xi=[= GwR x@DQt =@ uQ=kDtO=B T} QD=t l}CU= 1 u; |rY= Q]k |q=@ QY=va xm OW=@ 2n� 2n uQ=kDtO=B T} QD=t l} A O}vm ZQi �13"det A CU= ?wr]t"aij = �n+ij � u; QO xm OW=@ (m + 1) � (m + 1) |U} QD=t A = (aij) O}vm ZQi �14"det A = 1 O}yO u=Wvai;i+1 = Ci 'i = 1; :::; n� 1 Qy |=Q@ xm OW=@ n� n |U} QD=t A = (aij) O}vm ZQi �15T} QD=t u=v}tQDO O}vm C@=F "CU= QiY T} QD=t |=yx}=QO x}k@I +A+ :::+An�1"C = C1:::Cn xm CU= (1� C)n�1 Q@=Q@"Ov=CUQO OvW=@ xDW=O |vat Q} R |=yCQ=@a xm |DQwY QO xm O}yO u=Wv �16det24A B0 D35 = det A � det D �;�det24EA EBC D 35 = det E � det24A BC D35 �?�det24 A BC +EA D +EB35 = det24A BC D35 �A�



117 |r}tmD p�=UtO}yO u=Wv OvW=@ |a@ Qt T} QD=t k 'A1; :::; Ak O}vm ZQi �17
det 26666664A1 � : : : �: A2 : : : �: : . . . �: : : : : Ak

37777775 = det A1 � det A2 � � � � det Ak:
"det (A2 + I) � 0 'R |wQ n� nT} QD=t Qy |=Q@ O}yO u=Wv �18"cii = xi w i 6= j Qy |=Q@ Cij = aibj 'Cn�n = (cij) xm det C CU@ wr]t �19u; QO xm An�n = (aij) O}vm ZQi �20aij = 8><>:(�1)ji�jj i 6= j2 i = j "det A CU@ wr]tO}yO u=Wv "bij = (�1)i+jaij xm |tUk x@ OvW=@ n� nT} QD=t wO A;B O}vm ZQi �21"det A = det B"CU= |FrFt q=@ R}v u; uwQ=w x=ou; OW=@ |FrFt q=@ Q}PBuwQ=w T} QD=t A Qo = O}yO u=Wv �22xm |Qw] x@ OW=@ =} wo O=Oa= u=O}t |wQ n� nT} QD=t l} A = (aij) O}vm ZQi �23aij = gcd(i; j);#=QJ #CU= uwQ=w |=Q=O A =}; "CU= j; i x}ra swUkt u} QDoQR@ gcd(i; j) u; QO xmQ@=Q@ u; Q]k Q}e |=[a= w r |w=Ut xty u; |rY= Q]k |=[a= xm n� nT} QD=t u=v}tQDO �24"O}vm x@U=Lt =Q CU= �Q=Okt (n+ 1) |=Q@ A+ �B x=oQy O}vm C@=F OvW=@ n� nT} QD=t wO A;B O}vm ZQi �25"OvDUy u=wD IwB A;B x=ou; OW=@ u=wD IwB � R}=tDt



|r}tmD p�=Ut 118"Ov=C@=F |k}kL O=Oa= d wa0 u; QO xm aj = a0 + jd 'j = 0;1; :::; n |=Q@ O}vm ZQi �26O}yO Q=Qk
A = 26666664a0 a1 a2 : : : ana1 a0 a1 : : : an�1... ... ... ... ...an an�1 an�2 : : : a0

37777775 ; "det A CU@ wr]t|wQ n�m T} QD=t l} B w F |wQ m� n T} QD=t l} A '0 6= x 2 F O}vm ZQi �27"OW=@ Q}PBuwQ=w BA� xI Qo = =yvD w Qo = CU= Q}PBuwQ=w AB � xI O}yO u=Wv "OW=@ F�(BA� xI)�1 = B(AB � xI)�1A� xI %|}=tvy=Q�"det(A) = det(A) \rDNt O=Oa= u=O}t |wQ n� nT} QD=t Qy |=Q@ O}yO u=Wv �28"CU= Q@=Q@ u; |rY= Q]k |q=@ |=yx}=QO xty xm O} Qw;CUO x@ =Q |vQ=kDt O=BT} QD=t u=v}tQDO �29"det A CU@ wr]t " aij = aji�jj u; QO xm A = (aij) O}vm ZQi �30C@=F "O}vmh} QaD x@=Wt Qw] x@ =Q�n w�3 = det26666664 1 �1 0 0x h �1 0x2 hx h 0x3 hx2 hx �1
37777775 O}vmZQi �31"�n = (x+ h)n O}vmx=oQy "a + c = b + d = 1 w a; b; c; d � 0 u; QO xm A = 24a bc d35 O}vm ZQi �32%O}yO u=Wv "p = 24b 1c �135 w A 6= I"p�1Ap = 241 00 a+ d� 135 w CU= Q}PBuwQ=w p �;�



119 |r}tmD p�=Ut%s} Q=O A 6= 240 11 035 Qo = �?�limn!1An = 1b+ c 24b bc c35 T} QD=t O}yO u=Wv �33
A = 26666666641

12 : : : 1n12 13 : : : 1n+ 1... ... : : : ...1n 1n+ 1 : : : 12n� 1
3777777775"OW=@|t K}LY |=yx}=QO |=Q=O u; Twmat w xOw@ Q}PBTwmatxm OW=@ F u=O}t |wQ n� nT} QD=t A = (aij) O}vm ZQi �|Wwm u=v}tQDO� �34"det A CU@ wr]t "xi + yj 6= 0 w xi; yj 2 F xm aij = (xi + yj)�1det A CU@ wr]t "aij = (1� xiyj)�1 u; QO xm A = (aij) O}vm ZQi �35"CU= Q}PBuwQ=w T} QD=t wO xawtHt Q@=Q@ \rDNt |a@ Qt T} QD=t Qy �36adj(A) x=ou; OW=@ GwR n Qo = O}yO u=Wv CU= n x@DQt R= uQ=kDt O=B T} QD=t A O}vm ZQi �37"CU= uQ=kDt adj(A) 'OW=@ OQi n x=oQy w uQ=kDt O=B"CU= Q}PB uwQ=w A+ I x=ov; OW=@ u=wD IwB T} QD=t A Qo = O}vm C@=F �38Q}PB uwQ=w A x=oQy O}yO u=Wv "OvW=@ F u=O}t |wQ n� n |}=yT} QD=t A;B O}vm ZQi �39"Ov=x@=WDt BA w AB x=ov; OW=@CU@ wr]t O} Q}o@ Q_v QO =Q (cicj) T} QD=t OvW=@ |k}kL OOa n 'c1; � � � ; cn O}vm ZQi �40x@U=Ltdet(I + (cicj)):



|r}tmD p�=Ut 120"AC = CA s}W=@ xDW=O Q} R T} QD=t QO O}vm ZQi �41M = 24A BC D35 :"det(M) = det(AD � CB) O}yO u=WvO}yO u=Wv "OvW=@ F u=O}t |wQ n� n x@=Wt T} QD=t wO B w A O}vm ZQi �42"Ov=x@=WDt Bt w At �;�"Ov=x@=WDt Bn wAn 'n |a}@] OOa Qy |=R= x@ �?�O}vm h} QaD "OW=@ R u=O}t |wQ n� nT} QD=t A O}vm ZQi �43eA = 1Xk=0 Akk! "det (eA) = etr(A) O}yO u=Wv%O}vm C@=F �44det (adj (A)) = (det (A))n�1 �;�det (adj (adj (A))) = (det (A))(n�1)2 �?�



121 xOW pL p�=UtxOW pL p�=Utx@U=Lt CU= ?wr]t �1� = det266641 x1 : : : xn�21 x2x3:::xn... ... ... ... ...1 xn : : : xn�2n x1x2:::xn�137775'� = x1:::xn Qo = "s}vm|t ?Q[ xn QO =Q s=n Q]U w """ w x1 QO =Q pw= Q]U "pL%x=ov;�� = det26664x1 x21 : : : xn�11 �... ... ... ... ...xn x2n : : : xn�1n �37775=) � = (�1)n�1det266641 x1 : : : xn�11... ... ... ...1 xn : : : xn�1n 37775 :x@U=Lt CU= ?wr]t �2det0BBB@266641 x1 : : : xn�21 (x2 + x3 + � � �+ xn)n�1... ... ... ... ...1 xn : : : xn�2n (x1 + x2 + � � � + xn�1)n�1377751CCCAQ} R sQi x@ s=n uwDU w[a u}t=k CQwY u}= QO "S = x1 + :::+ xn O}vm ZQi "pL%CU=(S � xk)n�1 = (�xk)n�1 + n�2Xi=0 pi xik?}DQD x@ �pn�2; � � � ;�p0 ?}=Q[ =@ =yuwDU x}k@ R= |]H |@}mQD QN; uwDU x@ u}=Q@=v@%s} Qw;|t CUO x@ x=ov; "s}vm|t xi=[=det266641 x1 : : : xn�21 (�x1)n�1... ... ... ... ...1 xn : : : xn�2n (�xn)n�137775 = (�1)ndet 266641 x1 : : : xn�11... ... ... ...1 xn : : : xn�1n 37775



xOW pL p�=Ut 122'� 2 C Qy |=R= x@ xm |Qw] x@ OW=@ \rDNt u=O}t |wQ n� nT} QD=t l} A O}vm ZQi �3|rY= Q]k |wQ QiY=v x}=QO l} QFm =OL xm CU= |U} QD=t x@=Wt A O}vm C@=F "A 6= �I"OQ=OQO "Ov=t|tv C=@F= |=Q@ |R}J 'n = 1 Cr=L QO "s}vm|t C@=F n |wQ =QkDU= =@ "pL=@ A 'b = c = 0 =} c 6= 0 =} b 6= 0 Qo = "A = 24a bc d35 O}yO Q=Qk 'n = 2 Cr=L%CU= x@=Wt Q} R T} QD=t241 0ab 13524a bc d3524 1 0�ab 135 = 24 0 bc� adb a+ b35 =}241 �ac0 1 3524a bc d35241 ac0 135 = 240 b� adcc a+ d 35x=ov; a 6= d w b = c = 0 Qo =241 10 13524a 00 d35241 �10 1 35 = 24a d� a0 d 35O}vm ZQi "OW=@ xOW pL n0 � n 'n0 |=Q@ xr=Ut w 3 � n O}vm ZQi p=LA = 24A0 �� B35s}v=wD|t Kw[w x@ "CU= \rDNt u=O}t |wQ (n� 1)� (n� 1) |U} QD=t A0 u; QO xmxm CU= OwHwt p <=QkDU= ZQi j@] "A0 6= �0I s}vm ZQip�1A0p = 240 �� �35n�1 CQwY u}= QOB = 24p�1 00 13524A0 �� �3524p 00 135 = 24p�1A0p �� �35



123 xOW pL p�=Utx@ u=wD|t =Q B Qo}O hQ] R= "CU= (0;0; � � � ;0; �; �) u; Q]k w CU= A =@ x@=Wtu; Q]k xm CU= (n � 1) � (n � 1) |U} QD=t C u; QO xm 'O}O 240 �� C35 CQwYQ�1CQ = D s} Q=O 'OW=@ Q=QkQ@ C OQwt QO <=QkDU= ZQi Qo = "CU= (0; � � � ;0; �; �)T} QD=t u}=Q@=v@ "D = 240 �� �35n�1 xmE = 241 00 Q�135B 241 00 Q35 = 241 00 Q�135240 �� c35241 00 Q35 = 240 �� D35n�1 = 2 xm |v=tR =t= "CU= smL u=ty u}= wCU= (0; :::; 0; �) u; Q]k wCU=A x@=WtsQi x@ xOW xDU=wN T} QD=t w OyOv ?=wH <=QkDU= CU= umtt OW=@p�1Ap = 266640 a bc d 0e 0 d37775%=@ CU= x@=WDt A; b 6= 0 Qo = "OvDU}v QiY u=tRty e; c; b; a O=Oa= w d 6= 0 xm CU=266641 0 00 1 01 0 137775266640 a bc d 0e 0 d3777526664 1 0 00 1 0�1 0 137775 = 26664 �b a bc d 0e� b� d a b+ d37775<=QkDU= w Ow@ Oy=wN (0; d � b; d + b) pY=L T} QD=t Q]k '<=QkDU= s=o R= |t}v s=Hv= =@"CU= x@=Wt e 6= 0; c 6= 0; a 6= 0 Cq=L 'OQ}PB|t u=}=B|k}kL Q}O=kt =@ n�n |v=tyT} QD=t I w |k}kL Q}O=kt =@ n�nT} QD=tl} A O}vm ZQi �4't 2 R Qy |=R= x@ O}vm ZQi u}vJsy OW=@f(t) = det(I + tA): "f 0(0) x@U=Lt CU= ?wr]t"bij = �ij+taij s} Q=OB = (bij) x=oQyCQwYu}= QO 'B = I+tA s}vmZQi Qo = "pL



xOW pL p�=Ut 124%s} Q=O CQwY u}= QOdet(B) = f(t) = X2sn sgn()b1(1) : : : bn(n)xm s}vm|t x_Lqtf 0(t) = X2sn sgn() nXi=1 ai(i)(b1(1) � � � b̂i(i) � � � bn(n))!= nXi=1 X2sn sgn() ai(i) (b1(1) � � � b̂i(i) � � � bn(n))=) f 0(0) = nXi=1(sgn(id) aii (1� : : : � 1)| {z }(n�1) ) = nXi=1 aii = tr(A)"OW=@ Q} R |mwr@ CQwY x@ xm OW=@ Q}PBTwmat w 2n � 2n |U} QD=t M O}vm ZQi �5"det M � det H = det A O}yO u=Wv M = 24A BC D35 w M�1 = 24E FG H35CQwY u}= QO OW=@ n� n |v=ty T} QD=t I O}vm ZQi "pLdet M � det H = det24A BC D35det24I F0 H35 = det24A 0C I35 = det Aw i; k = 0; � � � ; n xm A = (aik) O}vm ZQi �6aik = hn�ki (1+ h2i )k: "det A CU@ wr]t%s} Q=O CQwY u}= QO "�i = h�1i + hi O}yO Q=Qk "pLhn�ki (1+ h2i )k = hni (h�1i + hi)k %s} Q=O xH}Dv QOdet A = (h0 � � � hn)ndet 266641 �0 : : : �n�10 �n0... ... ... ... ...1 �n : : : �n�1n �nn37775 :



125 xOW pL p�=Utx}=QO Qy x@ C@=F OOa l} Qo = w CU= QiY OQi x@DQt R= uQ=kDt O=B T} QD=t u=v}tQDO O}vm C@=F �7"Ovm|tv |Q}}eD u=v}tQDO s}vm xi=[= GwR x@DQt =@ uQ=kDt O=B T} QD=t l}QO At = �A |va} CU= uQ=kDt O=B xm OW=@ n� n |U} QD=t A w OQi n O}vm ZQi "pLCQwY u}=det (At) = det (A) = det (�A) = (�1)ndetA = �detA =) det (A) = 0QiY u; u=v}tQDO TB CU= OQi x@DQt R= 26666664 0 1 : : : 1�1... A�1
37777775 T} QD=t 'OW=@ GwR n x=oQyTB "CU=det26666664 0 1 : : : 1�x... A�x

37777775 = x det26666664 0 1 : : : 1�1... A�1
37777775 = x � 0 = 0%s} Q=O p=L

det26666664 1 1 : : : 1�x... A�x
37777775 = det26666664 1 0 : : : 0�x... A�x

37777775+ det26666664 0 1 : : : 1�x... A�x
37777775= det A+ 0 = det A

u}= QO p=L "CU= T} QD=t wO pw= |=yQ]U `tH 26666664 1 1 : : : 1�x... A�x
37777775 pw= Q]U uwJ



xOW pL p�=Ut 126xm OwW|t pY=L xOW xDU=wN T} QD=t "s}vm|t sm =yuwDU x}k@ R= =Q pw= uwDU T} QD=t"CU= det(A) u=ty u; u=v}tQDO"CU=l} u; |rY= Q]k |q=@ QY=va xm OW=@ 2n� 2n uQ=kDt O=B T} QD=t An O}vm ZQi �8"det (An) CU@ wr]ts}vm|t sm 2n =D 3 |=yQ]U R= =Q swO Q]U w xi=[= 2n =D 3 |=yQ]U x@ =Q pw= Q]U "pL"det (A) = det (An�1) s} Q=O"aij = �n+ij � u; QO xm OW=@ (m + 1) � (m + 1) |U} QD=t An = (aij) O}vm ZQi �9"det A = 1 O}yO u=Wv"det (A0) = 1TB "CU= (1; � � � ;1) Q]k =@|FrFt|U} QD=tA0 xm O}vm|t x_Lqt "pL%s} Q=OAn+1 = An Bbij Qo}O |=y=H QO w bii = 1 w i � m� 1 |=Q@ bi;i+1 = 1 xm B = (bij) u; QO xm"OwW|t pY=L smL <=QkDU= =@ p=L "CU= QiYai;i+1 = ci 'i = 1; :::; n� 1 Qy |=Q@ xm OW=@ n� n |U} QD=t A = (aij) O}vm ZQi �10Q@=Q@ I +A+ :::+An�1 T} QD=t u=v}tQDO O}vm C@=F "CU= QiYT} QD=t |=yx}=QO x}k@ w"c = c1:::cn xm CU= (1� c)n�1Fn OQ=Ov=DU= x}=B en; :::; e1 Qo = "det (I �A) = 1� c xm O}O u=wD|t |DL=Q x@ "pLTB "An = c1 � cnI TB "Aei = ei�1 xm CU= |r}O@D A 'OW=@(I +A+ ::+An�1)(I �A) = (I � c)I %xH}DvQO(1� c)det (I +A+ :::+An�1) = (1� c)nu=v}tQDO "OwW|t pY=L ?wr]t xH}Dv 1 � c Q@ |w=UD u}iQ] s}UkD =@ c 6= 1 x=oQyQ=QkQ@ pY=L R}v c = 1 |=Q@ TB OQ=O |oDU@ cn =D """ =D c1 x@ xDUw}B CQwY x@ T} QD=t�"OQm |UQQ@ u=wD|t R}v s}kDUt x@U=Lt =@ w ,qkDUt =Q Cr=L u}=� "CU=



127 xOW pL p�=Ut"cii = xi w i 6= j Qy |=Q@ cij = aibj 'Cn�n = (cij) xm det (c) CU@ wr]t �11s}vm|t C@=F "pLdet (c) = �ni=1(xi � aibi)(1+ nXi=1 aibixi � aibi )smL "CU= u=U; syt u}= |UQQ@ n = 2 |=Q@ "s}yO|t s=Hv= n |wQ <=QkDU= =@ =Q C=@F=%CU= x@=Wt |rm Cr=L QO s}yO|t s=Hv= n = 3 Cr=L QO =Q <=QkDU=
det26664 x1 a1b2 a1b3a2b1 x2 a2b3a3b1 a3b2 x3 37775 =
det26664x1 � a1b1 a1b2 a1b30 x2 a2b30 a3b2 x3 37775+ det26664a1b1 a1b2 a1b3a2b1 x2 a2b3a3b1 a3b2 x3 37775s} Q}o|t QwDm =i =Q a1 'pw= Q]U R= 'swO u=v}tQDO w OwW|t x@U=Lt <=QkDU=ZQi R= pw= u=v}tQDO"s}vm|t x@U=Lt =Q u=v}tQDO w s}vm|t sm s=i Q]U R= =Q pw= Q]U Q@=Q@ ai 'i � 2 |=Q@ wu; QO xm An�n = (aij) O}vm ZQi �12aij = 8><>:(�1)ji�jj i 6= j2 i = j "det A CU@ wr]tu}t=n w """ w |twO x@ =Q Q]U u}twU TBU w s}}=Ri=|t Q]U u}rw= x@ =Q A swO Q]U "pL



xOW pL p�=Ut 128%s} Q=O 'Q]U u}t= n� 1 x@ =Q Q]U
det A = det

266666666666664
2 �1 +1 : : : �1�1 2 �1 : : : �11 �1 2 : : : �1... ... ... ... ...�1 �1 �1 : : : �1�1 �1 �1 : : : 2

377777777777775 = det
266666666666664

1 1 : : : 00 1 : : : 00 0 : : : 0... ... ... ...0 0 : : : 1�1 �1 : : : 2
377777777777775u}t= (n� 1) w """ w |twU R= =Q uwDU u}twO 's}vm|t sm swO uwDU R= =Q pw= uwDU p=L%s} Q=O CQwY u}= QO s}vm|t sm uwDU u}t=n R= =Q uwDU

det A = det266666666664
1 0 0 : : : 0 00 1 0 : : : 0 0... ... 1 ... ... ...0 0 0 : : : 1 00 0 0 : : : 0 n+ 1

377777777775 = n+ 1:
xm |Qw] x@ OW=@ =} wo O=Oa= u=O}t |wQ n � n T} QD=t l} A = (aij) O}vm ZQi �13uwQ=w |=Q=O A =}; "CU= j; i x}ra swUkt u} QDoQR@ gcd(i; j) u; QO xm aij = gcd(i; j)#=QJ "CU=u}vJ =Q C = (cij) w B = (bij) |=yT} QD=t "CU= Q}PBuwQ=w A T} QD=t xr@ "pL%s}vm|t h} QaDbij = 8><>:'(i) i = j0 i 6= j ; cij = 8><>:1 j j i0 j 6 jiu}=Q@=v@ "A = CBCt O=O u=Wv u=wD|t =yx}=QO x@U=Lt =@ "CU= Qr} w= `@=D ' u; QO xmdet (A) = '(1) � '(2) � : : : � '(n)



129 xOW pL p�=Ut=Q CU= � Q@=Q@ u; Q]k Q}e |=[a= w r u; |rY= Q]k |=[a= xm n� n T} QD=t u=v}tQDO �14"O}vm x@U=Lt%OQ=O Q} R CQwY x@ |W}=tv QwmPt T} QD=t "pL
A = 266666666664

r � � : : : �� r � : : : �� � r : : : �... ... ... . . . ...� � � : : : r
377777777775|=yQ]UTBU "s}vm|t sm Qo}O |=yuwDUl}l} R= =Q pw= uwDU 'A u=v}tQDO x@U=Lt |=Q@Q]k |q=@ |=[a= s=tD pY=LT} QD=t QO s}vm |t xi=[= pw= Q]U x@ =Q s=n w """ 'swU 'swOTB Ow@ Oy=wN QiY |rY=det (A) = [r + (n� 1)�](r � �)n�1:Q=Okt n+ 1 |=Q@ A+ �B x=oQy O}vm C@=F OvW=@ n� n T} QD=t wO B w A O}vm ZQi �15"OvDUy u=wD IwB B w A x=ov; 'OW=@ u=wD IwB � R}=tDtxm s}v=O|t "pL(A+ �B)n = An + �C1 + � � � + �n�1Cn�1 + �nBnR}=tDt Q=Okt n+ 1 '�n+1; : : : ; �0 ZQi "OvQ=Ov |oDU@ � x@ Cn�1; : : : ; C1 u; QO xms= (i; j) x}=QO ?}DQD x@ b; cn�1; : : : ; c1; a O}vm ZQi u}vJsy "OvW=@ xr�Ut QO xOW QmP%s} Q=O CQwY u}= QO OvW=@ Bn; Cn�1; : : : ; C1; An |=yT} QD=ta+ �iC1 + � � �+ �n�1i Cn�1 + �ni B = 0; (1 � i � n+ 1)w CU= |rwyHt (n+ 1) |xrO=at (n+ 1) x=oDUO l} u}= O}vm|t x_Lqt xm Qw] u=ty



xOW pL p�=Ut 130%CU= Q} R CQwY x@ u; ?=wH T} QD=t266666641 �1 : : : �n�11 �n11 �2 : : : �n�22 �n2... ... ... ... ...1 �n+1 : : : �n�1n+1 �nn+1
37777775"OvR}=tDt =y�i uwJ "CU= �i>j(�i � �j) T} QD=t u}= u=v}tQDO xm s}@=}|tQO |DL=Q x@TB "OQ=O |y}O@ ?=wH \ki xH}Dv QO "CU= QiY hr=Nt ?}=Q[ T} QD=t u=v}tQDO TB"OvDUy u=wD IwB B w A xm CU=vat u}= x@ u}= w An = Bn = 0 |va} a = b = 0Q=Qk "Ov=C@=F |k}kL O=Oa= d; a0 xm aj = a0 + jd 'j = 0;1; : : : ; n |=Q@ O}vm ZQi �16%O}yOA = 26666664a0 a1 : : : ana1 a0 : : : an�1... ... ... ...an an�1 : : : a0
37777775 "det A CU@ wr]t%s} Q=O QN; uwDU x@ A pw= uwDU uOQm xi=[= =@ "pL

det (A) = (a0 + a0)det266666666664
a0 a1 a2 : : : 1a1 a0 a1 : : : 1a2 a1 a0 : : : 1... ... ... ... ...an an�1 an�2 : : : 1

377777777775R= Q]U u}twO w """ 'u}t=n R= Q]U u}t=(n+ 1) 'Q]U (n+ 1) R= Q]U u}t=n uOQm sm =@



131 xOW pL p�=Ut%s} Q=O jwi Q]U u}twO
det (A) = (a0 + an)det266666666664

a0 a1 a2 : : : 1d �d �d : : : 0d d �d : : : 0... ... ... ... ...d d d : : : 0
377777777775 TB

det (A) = (�1)n(a0 + an)det26666664d �d �d : : : dd d �d : : : d... ... ... ......d d d : : : d
37777775%s} Q=O Qo}O |=yQ]U x@ Q]U QN; uOQm xi=[= =@

det (A) = (�1)n(a0 + an)det 266666666664
2d 0 0 : : : 02d 2d 0 : : : 02d 2d 2d : : : 0... ... ... ... ...d d d : : : d

377777777775= (�1)n(a0 + an)2n�1dn"det A CU@ wr]t "aij = aji�jj u; QO xm A = (aij) O}vm ZQi �17|FrFt q=@ T} QD=t 'O}vm sm s=i Q]U R= =Q s=(i � 1) Q]U Q@=Q@ a '2 � i Qy |=Q@ "pLs}v=O|t xm Qw] u=ty w "1 � i Qy |=Q@ aii = 1� a2 w a11 = 1 xm OW Oy=wN pY=L"CU= (1� a2)n�1 T} QD=t u}= u=v}tQDO



xOW pL p�=Ut 132
"O}vm h} QaD x@=Wt Qw] x@ =Q �n w �3 = det 26666664 1 �1 0 0x h �1 0x2 hx h 0x3 hx2 hx �1

37777775 O}vm ZQi �18"�n = (x+ h)n O}vm C@=F%s} Q=O s}yO|t \U@ QN; uwDU x@ C@Uv =Q �n+1 "pL�n+1 = x�n + h�n = (x+ h)�n"s}UQ|t ?wr]t xH}Dv x@ |DL=Q x@ wxm OW=@ F u=O}t |wQ n � n T} QD=t A = (aij) O}vm ZQi %�|Wwm u=v}tQDO� �19"det A CU@ wr]t "xi + yj 6= 0 w xi; yj 2 F xm aij = (xi + yj)�1%s}yO|t u=Wv <=QkDU= =@ "pLdet A = �i>j(xi � xj)(yi � yj)�i;j(xi + xj)"CU= Q=QkQ@ <=QkDU= smL w det (A) = (x1 + y1)�1 TB "A1�1 s} Q=O n = 1 |=Q@smL R}v n = k + 1 |=Q@ s}yO|t u=Wv OW=@ Q=QkQ@ smL n = K |=Q@ O}vm ZQi p=L|=yuwDU lD lD R= =Q QN; uwDU =OD@= "OQ}o|t CQwY xrLQt wO QO C=@F= "CU= Q=QkQ@%s} Qw;|t CUO x@ s}vm|t sm p@ka0ij = (xi+yj)�1�(xi+yn)�1 = (yn�yj)(xi+yn)�1(xi+yj)�1 8j 6= npt=a QN; uwDU RH x@ uwDU Qy R= w s} Q}o|t QwDm =i =Q (xi + yn)�1 pt=a Q]U Qy R=w bin = 1 xm CU= B = (bij) T} QD=t u=v}tQDO pY=L "s} Q}o|t QwDm =i =Q yn � yj|=yQ]U lD lD R= =Q QN; Q]U 'u=v}tQDO u}= x@U=Lt |=Q@ "j 6= n Qy |=Q@ bij = aijRH x@ uwDU Qy R= w s} Q}o|t QwDm =i =Q xi � � � xn QN; Q]U RH x@ Q]U Qy R= s}vm|t sm |r@kQDu}}=B x@DQt =@ |Wwm u=v}tQDO CQwY u}= QO 's} Q}o|t QwDm =i =Q (xn + yj)�1 QN; uwDU"OwW|t pY=L



133 xOW pL p�=Ut"det (A) CU@ wr]t "aij = (1� xiyj)�1 u; QO xm A = (aij) O}vm ZQi �20%s} Q=O (1� xiyj)�1 = (y�1j � xi)�1y�1j uwJ "pLdet A =  det Bxm B = (bij) w  = (y1 : : : yn)�1 u; QO xmbij = (y�1i � x�1i )�1TB �19 p=wU� CU= |Wwm u=v}tQDO B u=v}tQDOdet B = �1�i>j(yj � yi)(xj � xi)�i;j(1� xiyj)�1adj(A) 'OW=@ GwR n x=oQy O}yO u=Wv "CU= n x@DQt R= uQ=kDtO=B T} QD=t A O}vm ZQi �21"CU= uQ=kDt adj(A) 'OW=@ OQi n x=oQy w uQ=kDtO=B%s} Q=O TB At = �A uwJ "Aij = (�1)i+jdet(Aij) s} Q=O "pLAij = (�1)i+j det (� ~Aij) = (�1)i+j(�1)n�1 det ( ~Aij) = (�1)n�1Aij"OwW|t pY=L xr-=Ut smL |DL=Q x@"CU= Q}PBuwQ=w A+ I x=ov; 'OW=@ u=wD IwB T} QD=t A Qo = O}vm C@=F �22OW=@ OQi k Qo = "Ak = 0 xm OQ=O OwHw |=k u}=Q@=v@ CU= u=wD IwB T} QD=t A uwJ "pL%s} Q=OI = Ak + Ik = (A+ I)(Ak�1 �Ak�2I + :::+ Ik)%s} Q=O 'OW=@ GwR k x=oQy "CU= Q}PB uwQ=w A+ I u}=Q@=v@Ak = 0 =) Ak+1 = 0 =) Ak+1 + Ik+1 = I= (I +A)(Ak �Ak�2I + :::+ Ik)"CU= Q}PB uwQ=w A+ I xH}DvQO



xOW pL p�=Ut 134Q}PB uwQ=w A x=oQy O}yO u=Wv OvW=@ F u=O}t |wQ n � n |=yT} QD=t A;B O}vm ZQi �23"Ov=x@=WDt BA w AB x=ov; OW=@TB "AB = DA u}=Q@=v@ "D = ABA�1 O}yO Q=Qk "pLDA = AB = ABAA�1 = A(BA)A�1x@=WDt BA =@ AB TB CU= AB u=ty DA |iQ] R= "CU= x@=WDt BA =@ DA =Pr w"CU=CU@ wr]t O} Q}o@ Q_v QO =Q (cicj)T} QD=t 'OvW=@ |k}kL OOa n 'cn; :::; c2; c1 O}vm ZQi �24"det (In + (cicj)) x@U=LtuwDU w """ w c2 R= swO Q]U w c1 R= pw= Q]U QO =OD@= Q_v OQwt u=v}tQDO x@U=Lt |=Q@ "pL%s} Q=O =Pr "s} Q}o|t QwDm =i Cn R= s=n
det A = det 266666641+ c21 c1c2 : : : c1cnc2c1 1+ c22 : : : c2cn... ... ... ...cnc1 cnc2 : : : 1+ c2n

37777775
= (c1c2:::cn)2 det 26666666664

1c21 + 1 1 : : : 11 1c22 + 1 : : : 1... ... ... ...1 � : : : 1c2n + 1
37777777775QN; Q]U R= w ?Q[ c21 QO =Q pw= Q]U TBU s}vm|t sm =yQ]U lD lD R= =Q QN; Q]U p=L=Q s=(n� 1) Q]U w """ 's}vm|t sm QN; Q]U R= w ?Q[ c22 QO =Q swO Q]U w s}vm|t sm|FrFt q=@ T} QD=t l} u=v}tQDO pY=L u=v}tQDO "s}vm|t sm QN; Q]U R= w ?Q[ c2n�1 QO



135 xOW pL p�=Ut%s} Q=O `k=w QO "CU=
det (A) = (c1 : : : cn)2 det 26666666664

1c21 0 : : : � 1c2n0 1c22 : : : � 1c2n... ... ... ...0 0 : : : 1c2n + 1
37777777775%s} Q=O Oa@ xrLQt QO

det(A) = (c1c2 : : : cn)2 det 266666666664
1c21 0 : : : � 1c2n0 1c22 : : : � 1c2n... ... ... ...0 0 : : : c21 + c22 + � � �+ c2n�1c2n + 1+ 1c2n

377777777775%xH}Dv QOdet(A) = (c1c2 : : : cn)2[c2 + c22 + � � �+ c2n(c1c2 : : : cn)2 + 1c21c22 : : : c2n ] = 1+c21+� � �+c2n:




