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Q=DioW}Bu=}r=U |] QO "O}WN@ |v=RQ= ut x@ =Q ?=Dm u}= VQ=ov j}iwD xm s} wo|t T=BU =Q nQR@ Ovw=ONw pYiQU j@=]t xm T} QOD `@=vt Ow@tm T=UL= '|[=} Q |U=vWQ=m -xQwO QO |]N Q@H T} QOD"O}OQo ?=Dm u}= h}r-=D -xR}ov= 'OW=@ ?wYt |=yxt=vu}�;u=wva |]N Q@H TQO pYiQU j@=]t w xO=U |v=@ R =@?r=]t 'CU= xOW |aU Q[=L ?=Dm QOxOQw; xr-=Ut pL QO wHWv=O |}=v=wD uOQ@q=@ CyH ẁvDt u} QtD |O=} R O=OaD VN@ Qy u=}=B QO w OOQo"CU= xOWR= Q=YDN= CyH xm u=v}tQDO swO pYi QO w T} QD=t w |]N CqO=at x=oDUO pw= pYi QO|}=vW; CQwY QO "OQ}o|t Q=Qk EL@ OQwt 'CU= xOW |Q=OOwN |aw[wt pY= VwQ x@ u; h} QaD|=y=[i h} QaD swU pYi QO "OQm Q_v hQY u; -xar=]t R= u=wD|t 'jwi EL=@t =@ u=} wHWv=OpYi QO "CU= ?=Dm |=ypYi Qo}O -xar=]t T=U= w x}=B xm OOQo|t u=}@ =[il} Oa@ w x}=B '|Q=OQ@sHvB pYi QO "OwW|t KQ]t =yv; X=wN w |]Nla@=D w |]N |=yp}O@D C}ty=QB EL@ 'sQ=yJT} QD=t l} uOQH hQ=aDt sQi w T} QD=t uOQm |Q]k VwQ x@ xt=O= QO w xS} w Q}O=kt w =yQ=OQ@ =OD@=uwDr}t=y�|r}m QwyWt -x}[k w =}=B |=y=[iQ} R '=y|=xrtH OvJ Q@H sWW pYi QO "OwW|t xDN=OQB|rN=O ?Q[ |=y=[i sDiy pYi QO w |=yDv= QO "OQ}o|t Q=Qk EL@ OQwt p=t}v}t |=xrtH OvJ w"OOQo|t x�=Q= swO xHQO |=ysQi w=ysv=N Q=mQU xS} wx@ Ov=xOwtv |Q=} ?=Dm KqY= w A}=D QO =Q ?v=Hv}= xm |O=Qi= x}rm R= =yDv= QO"sQ=O =Q T=BU w QmWD p=tm Q=OU=B xOH=t w u=}v=@aW =Q}tU89 R}}=BQwB ^a=w QwYvt O}UQ}@mQ}t= |DavY x=oWv=O



?r=]t CUQyi
1 T} QD=t w |]N CqO=at x=oDUO 1pYi1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . T} QD=t 1�118 . . . . . . . . . . . . . . . . . . . . . . |]N CqO=at x=oDUO 2�139 . . . . . . . . . . . . . . . . . . . . . . . . . uoty CqO=at 3�145 . . . . . . . . . . . . . . . . . . . . . . |D=tOkt |=yT} QD=t 4�154 . . . . . . . . . . . . . . . . u; R= |OQ@ Q=m w QmvwQm ?Q[rY=L 5�160 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut67 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut83 u=v}tQDO 2pYi83 . . . . . . . . . . . . . . . . . . . . . . . . . . . . u=v}tQDO 1�2



98 . . . . . . . . . . . . . . . . . . T} QD=t l} Twmat w u=v}tQDO 2�2110 . . . . . . . . . . . . . . . . . . . . . . . . . . . Qt=Qm xOa=k 3�2114 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut121 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut137 |Q=OQ@ |=y=[i 3pYi137 . . . . . . . . . . . . . . . . . . . . . . . . . |Q=OQ@ |=y=[i 1�3149 . . . . . . . . . . . . . . . |]N pqkDU= w xOW O}rwD |=y=[iQ} R 2�3163 . . . . . . . . . . . . . . . . . . . . . . . . =[i l} Oa@ w x}=B 3�3180 . . . . . . . . . . . . . . . . . . . . . . . Q=OQ@ l} C=YDNt 4�3191 . . . . . . . . . . . . . . . T} QD=t l} |vwDU w |Q]U |=y=[i 5�3210 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut219 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut229 |]N |=yp}O@D 4pYi230 . . . . . . . . . . . . . . . . . . . . . . . . . . |]N p}O@D 1�4249 . . . . . . . . . . . . . . . . . |DN} Qm} w |]N |=yp}O@D ?}mQD 2�4262 . . . . . . . . . . . . . . . . . |]N |=yp}O@D |U} QD=t V}=tv 3�4273 . . . . . . . . . . . . . . . . . . . u=owO |=[i w |]N la@=D 4�4283 . . . . . . . . . . . . xawtHt l} R=UIwB w ha=[t u=owO |=[i 5�4294 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut303 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut323 hQ=aDt |=ysQi w xS}w |=yQ=OQ@ 5pYi324 . . . . . . . . . . . . . . . . . . . . . . . xS} w Q}O=kt w =yQ=OQ@ 1�5337 . . . . . . . . . . . . . . . . . . . . . . . T} QD=t uOQm |Q]k 2�5351 . . . . . . . . . . . . . . . . . . T} QD=t l} uOQH hQ=aDt sQi 3�5



366 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut371 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut379 uwDr}t=y�|r}m -x}[k w X=N |=y|=xrtHOvJ 6pYi380 . . . . . . . . . . . . . . . . . . . . . . . =y|=xrtH OvJ Q@H 1�6390 . . . . . . . . . . . . . . . uwDr}t=y�|r}m x}[k w =}=B |=y=[iQ} R 2�6401 . . . . . . . . . . . . . . . . . . . . . . p=t}v|t |=xrtH OvJ 3�6411 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut419 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut439 |rN=O ?Q[ |=y=[i 7pYi439 . . . . . . . . . . . . . . . . . . . . . . . |rN=O ?Q[ |=[i 1�7452 . . . . . . . . . . . . . . . . . . C}tW=�s=Qo |R=U Ot=aDt Ov};Qi 2�7466 . . . . . . . . . . . . . . . . . . . . . . . Ot=aDt uOW |Q]k 3�7476 . . . . . . . . . . . . . . . . . . . . . . . . swO -xHQO |=ysQi 4�7485 . . . . . . . . . . . . . . . . . . . . . u}at C@Ft |=yT} QD=t 5�7494 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |r}tmD p�=Ut496 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xOW pL p�=Ut497 . . . . . . . . . . . . . . . . . . . . . . . . |UQ=i x@ |U}rov= xt=vxS=w501 . . . . . . . . . . . . . . . . . . . . . . . . |U}rov= x@ |UQ=i xt=vxS=w504 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . =tvy=Q CUQyi506 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . `H=Qt



1 pYi
T} QD=t w |]N CqO=at x=oDUO

T} QD=t 1�1|]N Q@H s}y=it w h} Q=aD |t=tD QO ,=@} QkD xm �u=O}t� swyit xm CU= sRq EL@ Qy ẁQW R= p@k"OwW |Qw;O=} OwW|t Qy=_x@ F R= y w x w[a wO Qy x@ xm ?Q[ w `tH pta wO =@ x=Qty F |yD=v xawtHt " 1�1�1 h} QaD"OwW|t xO}t=v u=O}t 'Ovvm|t jOY Q} R \}=QW QO w xO=O C@Uv =Q F R= xy w x+ y |=[a= ?}DQD'�`tH |}=Hx@=H C}Y=N� x+ y = y + x 'x; y 2 F Qy |=Q@ �1'�`tH |Q}PB CmQW C}Y=N� (x+ y) + z = x+ (y + z) 'x; y; z 2 F Qy |=Q@ �21



T} QD=t w |]N CqO=at x=oDUO 1 pYi 2x+ 0 = 0+ x = x 'x 2 F Qy |=Q@ xm |Qw] x@ OQ=O OwHw 0 2 F OQix@ QYLvt w[a �3'�`tH |FvN w[a�w[a� x+�x = 0 xm |Qw]x@ OQ=O OwHw �x 2 F OQix@ QYLvt w[a x 2 F Qy |=Q@ �4'�`tH x@ C@Uv xv} Qk'�?Q[ |}=Hx@=H C}Y=N� xy = yx 'x; y 2 F Qy |=Q@ �5'�?Q[ |Q}PBCmQW C}Y=N� x(yz) = (xy)z 'x; y; z 2 F Qy |=Q@ �6w[a� x 2 F Qy |=Q@ 1x = x xm |Qw] x@ OQ=O OwHw 1 2 F OQix@ QYLvt w QiY=v w[a �7'�?Q[ |FvNxx�1 = 1 xm |Qw] x@ OQ=O OwHw x�1 2 F OQix@ QYLvt w[a 'x 2 F QiY=v w[a Qy |=Q@ �8'�?Q[ Twmat w[a�"�`tH x@ C@Uv ?Q[ |Q}PB`} RwD C}Y=N� x(y+ z) = xy+ xz 'x; y; z 2 F Qy |=Q@ �9"OvwW|t xO}t=v Qr=mU= ,qwtat u=O}t l} |=[a=?Q[ w `tH p=ta= u=ty =@ =} wo O=Oa= w |k}kL O=Oa= '\rDNt O=Oa= |=yxawtHt " 2�1�1 p=Ft"OvW=@|t u=O}t l} |rwtat's} Q}o@ Q_vQO 3 GvU x@ ?Q[ w `tH p=ta= =@ =Q Z3 = f0;1;2g xawtHt Qo = " 3�1�1 p=Ft'OvwW h} QaD Q} R CQwY x@ xawtHt u}= |wQ ?Q[ w `tH p=ta= |DQ=@a x@ =}+ 0 1 20 0 1 21 1 2 02 2 0 1
� 0 1 20 0 0 01 0 1 22 0 2 11 w `tH pta |=Q@ |FvN w[a 0 =Hv}= QO xm CU= QmP x@ sRq "Ow@ Oy=wN u=O}t l} Z3 x=ov;"CU= 2 |@ Q[ Twmat 2 w 1 |atH xv} Qk 2 'xOw@ ?Q[ pta |=Q |FvN w[a"Ovt=v|t |y=vDt u=O}t 'CU= |y=vDt =yu; |=[a= O=OaD xm =Q |}=yu=O}t u}vJ



3 T} QD=t w |]N CqO=at x=oDUO 1 pYi?Q[ w `tH p=ta= =@ Zp = f0;1; : : : ; p�1g x=ov; 'OW=@ pw= OOal} p Qo = " 4�1�1 p=Ft"CU= |y=vDt u=O}t l} p GvU x@|OOa u} QDmJwm n x=oQy 'Ov} wo F u=O}t xYNWt =Q n C@Ft w K}LY OOa " 5�1�1 h} QaD'|DQ=@a x@ =} 'OwW QiY VOwN =@ 1 `tH x@DQt n pY=L xm OW=@1+ 1+ � � � + 1| {z }x@DQt n = 0"Ov} wo QiY xYNWt =@ u=O}t l} =Q F 'OW=@ xDW=Ov OwHw |OOa u}vJ Qo =xYNWt =@ |v=O}t Zp w QiY xYNWt =@ |}=yu=O}t |k}kL O=Oa= w \rDNt O=Oa= " 6�1�1 p=Ft"CU= pu=O}[=} Q |r}m "OvwW|t Qy=_ |k}kL |=}vO p}=Ut ?re= QO =yQr=mU= R= |r}]DUt x}=Q;Q=mx@ O=Oa= R= |r}]DUt x}=Q; xvwo u}= |=Q@ =Q �T} QD=t� xtrm 1858 p=U QO Q=@ u}rw= |=Q@ |U}rov=|Qw;O=} |=Q@ |rw OvQ=O |}=vW; =yT} QD=t |wQ p=ta= w T} QD=t swyit =@ u=oOvv=wN ?re= "OQ@"s} Qw;|t =Hv}= QO xYqN Qw] x@ =Q =}=[k w h} Q=aD R= |[a@?DQt |=yGwR xawtHt R= A `@=D l} R= CU= CQ=@a F u=O}t |wQ Q@ m � n T} QD=t l}Ov=CQ=@a AT} QD=t |=yx}=QO "F u=O}t QO 1 � j � n w 1 � i � m 'K}LY O=Oa= R= (i; j)QO V}=yx}=QOV}=tv =@ =Q T} QD=t u}= xm CU= QDCL=Q Q=}U@ ?re= w A(i; j) = aij |=yQr=mU= R="s}vm h}YwD |vwDU n w |Q]U m |r}]DUt x}=Q; l}x=ov; s}yO u=Wv aij =@ =Q u; s=(i; j) x}=QO w OW=@ F u=O}t |wQ m� n T} QD=t l} A Qo =%OwW|t xO=O V}=tv Q} R CQwY x@ A
A = 266666664a11 a12 ... a1na21 a22 ... a2n... ... . . . ...am1 am2 ... amn

377777775 = [aij ]m�n



T} QD=t w |]N CqO=at x=oDUO 1 pYi 4xO=U Qw] x@ 'OW=@v F u=O}t |wQ O}m -=D Qo = ,qwtat "Ow@Oy=wN s=j uwDU w s=i Q]U x}=QO aij u}=Q@=v@"OwW|t xO}t=v T} QD=t l} A"OwW|t xO}t=v |Q]UT} QD=tl} 1�nT} QD=t Qy w |vwDUT} QD=tl}m�1T} QD=t QyT} QD=t l} A 'OW=@ QiY A |=yx}=QO s=tD x=oQy w `@ Qt T} QD=t l} A 'm = n x=oQy u}vJtyaij = bij w OvW=@ xR=Ov= sy B w A x=oQy Ov} wo |w=Ut =Q B w AT} QD=t wO "OwW|t xO}t=v QiY?Q[ w B w A `tH x=ov; 'OvW=@ F u=O}t |wQ m� n |=yT} QD=t B w A Qo = "j w i Qy |=Q@%OwW|t h} QaD Q} R CQwY x@ A QO c Qr=mU=
A+B = 266666664a11 a12 ... a1na21 a22 ... a2n... ... . . . ...am1 am2 ... amn

377777775+ 266666664 b11 b12 ... b1nb21 b22 ... b2n... ... . . . ...bm1 bm2 . . . bmn
377777775

= 266666664 a11 + b11 a12 + b12 ... a1n + b1na21 + b21 a22 + b22 ... a2n + b2n... ... . . . ...am1 + bm1 am2 + bm2 ... amn + bmn
377777775

cA = c266666664a11 a12 ... a1na21 a22 ... a2n... ... . . . ...am1 am2 ... amn
377777775 = 266666664 ca11 ca12 ... ca1nca21 ca22 ... ca2n... ... . . . ...cam1 cam2 ... camn

377777775OwW|t C@=F |DL=Q x@ "OvwW `tH sy =@ Ovv=wD|t xR=Ov=sy |=yT} QD=t =yvD xm O}W=@ xDW=O xHwD%OvDUy Q} R X=wN |=Q=O Qr=mU= ?Q[ w `tH xm%x=ov; OvW=@ Qr=mU= d w c w m� n |=yT} QD=t C w B 'A Qo = " 7�1�1 x}[k'A+B = B +A �1'A+ (B + C) = (A+B) + C �2



5 T} QD=t w |]N CqO=at x=oDUO 1 pYi'0+ A = A+ 0 = A �3'A+ (�A) = (�A) +A = 0 �4'c(A+B) = cA+ cB �5'(c + d)A = cA+ dA �6"(cd)A = c(dA) �7%x=ov; OW=@ n� n `@ Qt T} QD=t l} A x=oQy"Ovt=v A |rY= Q]k |=yx}=QO =Q ann w """ 'a22 'a11 |=yx}=QO �1A Qo = "OvW=@ QiY u; |rY= Q]k R= GQ=N |=yx}=QO s=tD x=oQy Ov} wo |Q]k T} QD=tl}=Q A �2Q} R CQwY x@ =Q u; ?re= 'OW=@ an w """ 'a2 'a1 |Q]k |=yx}=QO =@ |Q]k T} QD=t l}A = diag(a1; a2; :::; an) "OvyO|t u=Wv R}v|rY= Q]k �|q=@� u}}=B |=yx}=QO s=tD x=oQy Ov} wo �|FrFt u}}=B� |FrFt q=@ T} QD=t l}=Q A �3% CU= Q} R CQwY x@ B |FrFt u}}=B w A |FrFt q=@ T} QD=t l} |rm Cr=L "OvW=@ QiY
A = 26666664a11 a12 ::: a1n0 a22 ::: a2n... ... . . . ...0 ::: 0 ann

37777775 ;
B = 266666664b11 0 ::: 0b21 b22 ::: ...... ... . . . 0bn1 bn2 ::: bnn

377777775 :



T} QD=t w |]N CqO=at x=oDUO 1 pYi 6xO=O u=Wv At =@ xm A xO=yv=QD x=ov; 'OW=@m�nT} QD=tl} A = haiji Qo = " 8�1�1 h} QaD'Qo}O CQ=@a x@ =} 'CU= A s=j Q]U 'u; s= j uwDU xm n�mT} QD=t l} R= CU= CQ=@a OwW|thAtiij = aji:
At = 266642 �11 30 2 37775x=ov; A = 24 2 1 0�1 3 235 Qo = " 9�1�1 p=Ft'xm CU= K[=w Q=}U@hcAit = cAt whA+Bit = At +Bt:

B = 26666664b11b21...bn1
37777775 w |Q]U T} QD=t l} A = ha11 a12 ::: a1ni Qo = " 10�1�1 h} QaD%OwW|t h} QaD Q} R CQwY x@ B w A ?Q[pY=L x=ov; 'OW=@ |vwDU T} QD=t l}

AB = ha11 a12 : : : a1ni26666664b11b21...bn1
37777775 = a11b11+a12b21+� � �+a1nbn1 = nXk=1 a1kbk1;"CU= Qr=mU= l} n � 1 |vwDU T} QD=t l} QO 1 � n |Q]U T} QD=t l} ?Q[pY=L |va}l} C = AB ?Q[pY=L x=ov; OW=@ p� nT} QD=t l} B w m� pT} QD=t Al} Qo = p=L
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37777775 �;�1 =yv; Q]U Qy |=y x}=QO `tH xm |Qw] x@ OvW=@ n� n |=y T} QD=t B w A O}vm ZQi �11"Ow@Oy=wN 1 R}v AB Q]U Qy |=yx}=QO `tH O}yO u=Wv"OW=@%O}yO u=Wv �12"tr(AB) = tr(BA) �;�"AT} QD=t |=yx}=QO C=a@ Qt ẁtHt =@ CU= Q@=Q@ tr(AAt) �?�"Ow@ Oy=wNv Q=QkQ@ AB �BA = I |w=UD B w A T} QD=t I}y |=R=x@ �A�x@ OvQ=O OwHw B w A |=yT} QD=t O}yO u=Wv "OW=@ 2 � 2 T} QD=t l} C O}vm ZQi �13"c11 + c22 = 0 Qo = \ki w Qo = C = AB �BA xm |Qw]|=yx}=QO x}k@ w 1 u; s= j uwDU w s= i Q]U x}=QO xm OW=@ n�nT} QD=tl} Eij O}vm ZQi �14"EpqErs x@U=Lt CU= ?wr]t "OvW=@ QiY u;xm |Qw] x@ OW=@ xDW=O OwHw k C@Ft w K}LY OOa x=oQy Ov} wo u=wDIwB =Q A T} QD=t �15"Ak = 0



17 T} QD=t w |]N CqO=at x=oDUO 1 pYi
"CU= u=wDIwB A = 266666666664

0 1 0 : : : 00 0 1 : : : 0... ... ... . . . ...0 0 0 : : : 10 0 0 _ 0
377777777775T} QD=t O}yO u=Wv �;�

"CU}v u=wDIwB Q}PBTwmat T} QD=t I}y O}yO u=Wv �?�"CU= u=wDIwB OW=@ QiY u; |rY= Q]k |=yx}=QO xm |FrFtq=@ T} QD=t Qy O}yO u=Wv �A�Q}PBTwmat I �A O}yO u=Wv 'Ak = 0 xm |Qw] x@ OW=@ u=wDIwBT} QD=tl} A Qo = �C�"OW=@|t I +A+ :::+Ak�1 u; Twmat w CU=%O}yO u=Wv 'OW=@ n� 1 |vwDU Q=OQ@ l} X w m� nT} QD=t l} Q O}vm ZQi �16XtQtQX � 0:
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T} QD=t w |]N CqO=at x=oDUO 1 pYi 20x@ =Q} R 'OQ=O ?=wH C}=yv}@ 8><>:x1 � 2x2 + 3x3 + x4 = �32x1 � x2 + 3x3 � x4 = 0 x=oDUO " 4�2�1 p=Ftl} x4 = t w x3 = s 'x2 = t+ s+ 2 'x1 = t� s+ 1 Q}O=kt t w s x=wNrO Q=Okt Qy |=R="Ow@ Oy=wN x=oDUO u}= ?=wHxm x=oDUO ?=wH w OvwW|t xO}t=v QDt=Q=B OvOW Qy=_ p@k p=Ft x=oDUO ?=wH QO xm t w s Q}O=kt"OwW|t xO}t=v x=oDUO |twta ?=wH CU= xOW xO=O t w s |=yQDt=Q=B ?UL Q@ |QDt=Q=B CQwY x@"OQm u=}@ |QDt=Q=B CQwY x@ OwHw CQwY QO =Q x=oDUO l} |=y?=wH u=wD|t xQ=wty"O}vm u=}@ |QDt=Q=B CQwY x@ =Q 3x� y + 2z = 6 xrO=at ?=wH " 5�2�1 p=Ft%s} Q=O 's} Qw; CUO@ z w x ?UL Q@ =Q y Qo = "pLy = 3x+ 2z � 6;CQwY x@ xrO=at ?=wH xH}Dv QO 'OvDUy |y=wNrO |=yQr=mU= t w s xm z = s w x = t s}yO|t Q=Qk8>>>>><>>>>>:x = ty = 3t+ 2s� 6z = s "O};|t CUO x@Oy=wN x = 13(y�2z+6)CQwY u}=QO 's}vm pL R}v x?UL Q@ =Q xrO=at s}DUv=wD|t xD@r=%CQwY x@ xrO=at ?=wH Cr=L u}= QO 'z = q w y = p s}yO Q=Qk Qo = w Ow@8>>>>><>>>>>:x = 13(p� 2q + 6)y = pz = q "OvDUy x=wNrO |=yQr=mU= q w p xm O};|t CUO x@



21 T} QD=t w |]N CqO=at x=oDUO 1 pYiu=wD|t |DL=Q x@ OW=@ xDW=O y w x Q}eDt wO =@ xrO=at wO \ki =t CqO=at x=oDUO xm |t=ovyQO \N wO w CU= CU=Q \N l} xrO=at Qy Q=Owtv uwJ xm CQwY u}O@ "OQm |UOvy Q}@aD =Q u;QO xm Ovvm|t `]k x]kv l} QO =Q Qo}Oty \N wO =} wQ u}= R= OvQ=O sy x@ C@Uv Cr=L xU xLiYwO Qy =} OQ=Ov ?=wH ,qY= x=oDUO xm Ov} R=wt sy =@ =} w OQ=O ?=wH l} ,=k}kO x=oDUO CQwY u}=OvW=@ O=} R =t |=yQ}eDt O=OaD xm |}=yCr=L QO =t= "OQ=O ?=wHC}=yv}@ x=oDUO xm OvDUy |m} \N"OQm |UQQ@ =Q =yv; ?=wH O}=@ |Q@H |=yWwQ R= xO=iDU= =@ u}=Q@=v@ OvW=@ xDW=O |UOvy Q}@aD Ovv=wD|tvu}= R= |m} ,=k}kO R}v QDW}@ |=yQ}eDt =@ CqO=at x=oDUO Qy |=y?=wH |=Q@ xm O=O s}y=wN u=Wv ,=Oa@"ODi=|t j=iD= Cr=L xU|=Q=O xm O}OH x=oDUOl} x@ =Q x=oDUO xm CU= u}= |]N CqO=at x=oDUO pL QO |rY= xO}=%s} Qw;|t =Q Q} R h} QaD CUNv =DU=Q u}= QO "s}vm p}O@D CU= |QDxO=U pL =@ ?=wH xawtHt u=ty?=wH xawtHt l} |=Q=O wO Qy x=oQy s}} wo RQ=sy =Q |]N CqO=at x=oDUO wO " 6�2�1 h} QaD"OvW=@l} x@ QHvt x=oDUO |wQ =yv; s=Hv= xm =Q |r=ta=CUNv xmCU= u}vJ OvwQ 'q=@h} QaD x@ xHwD =@|RQ=sy x=oDUO x@ =Q u; x=oDUO |wQ =yv; s=Hv= =@ TBU w s}vm|t XNWt OwW|t RQ=sy x=oDUOl} =@ CUNv "s}UQ@ OW=@ xO=U pL xm |RQ=sy x=oDUO x@ ,=D}=yv xm CU= u}= hOy w s}vm|t p}O@D"s}vm |t QwQt O} Q=O |}=vW; u; =@ p@k R= xm =Q =yx=oDUO pL |=Q@ |iPL VwQ p=Ft'x=oDUO pL |=Q@ " 7�2�1 p=Ft8><>:2x1 � x2 + x3 = 0x1 + 3x2 + 4x3 = 0%s} Q}o|t xH}Dv s}vm xi=[= pw= Q]U x@ =Q swO Q]U Q@=Q@ �2 Qo =�7x2 � 7x3 = 0;'xm s} Q=O s}vm xi=[= swO xrO=at x@ =Q pw= xrO=at Q@=Q@ 3 Qo = w x2 = �x3 pO=at Qw] x@ =}7x1 + 7x3 = 0;



T} QD=t w |]N CqO=at x=oDUO 1 pYi 22'CQwY x@ x=oDUO ?=wH x=ov; x3 = t s}yO Q=Qk Qo = "x1 = �x3 =}8>>>>><>>>>>:x1 = �tx2 = �tx3 = tl} QO =Q xrO=at l@ u}iQ] =OD@= xm s}OQm pta u}vJ Q}eDt hPL |=Q@ =Hv}= QO "O};|t CUO x@hPL =yQ}eDt R= |[a@ =D s}OQm `tH Qo}O CqO=at =@ =Q xrO=at u}= TBU w s}OQm ?Q[ Qr=mU=xO}t=v |D=tOkt p=ta= ,qwtat |r=ta= u}vJ 'OQm p}O@D RQ=sy x=oDUO x@ =Q x=oDUO 'p=ta= u}= "OvwW"OvwW|t"OvwW|t xO}t=v |D=tOkt p=ta= '|]N CqO=at x=oDUO |wQ Q} R p=ta= " 8�2�1 h} QaDxrO=at wO uOQm =Hx@=H �1QiY Q}e Qr=mU= l} QO xrO=at u}iQ] uOwtv ?Q[ �2Qo}O xrO=at x@ xrO=at l} R= |@ Q[t uOwtv xi=[= �3CqO=at x=oDUO '|]NCqO=at x=oDUOl} |wQ|D=tOkt p=ta= R= s=Om Qy s=Hv= " 9�2�1 x}[k"OyO|t xH}Dv |RQ=syxOvv=wN x@ u} QtD u=wva x@ =Q �?� w �;� |=yCtUk C=@F= w s}vm|t C=@F= =Q �A�CtUk\ki %C=@F='O}vm ZQi "s}vm|t Q=Po =wa1x1 + a2x2 + :::+ anxn = b; (1�1)c1x1 + c2x2 + :::+ cnxn = d; (2�1)xrO=at =@ �1�1� xrO=at O}vm ZQi u}vJty "OvW=@ 'xOW xO=O CqO=at x=oDUO QOhrDNt xrO=at wO=@ �1�1� xrO=at |DQ=@a x@ =} 'OwW Zwa �1�1� xrO=at x@ �2�1� xrO=at Q@=Q@ k uOwRi= R= pY=LxrO=at(a1 + kc1)x1 + (a2 + kc2)x2 + :::+ (an + kcn)xn = b+ kd;



23 T} QD=t w |]N CqO=at x=oDUO 1 pYix=ov; 'OvW=@ pw= x=oDUO ?=wH l} sn w """ 's2 's1 Qo = "OwW Zwaa1s1 + a2s2 + :::+ ansn = b; wc1s1 + c2s2 + :::+ cnsn = d;'O};|t CUO@ Q} R x]@=Q pw= xrO=at =@ u; `tH w k QO swO xrO=at u}iQ] uOQm ?Q[ =@(a1 + kc1)s1 + (a2 + kc2)s2 + :::+ (an + kcn)sn = b+ kd; (3�1)?=wH I}y swO x=oDUO u}= Q@ xwqa "OvDUy O}OH x=oDUO ?=wH l} sn w """ 's2 's1 xH}Dv QOxrO=at Q@=Q@ �k uOwRi= =@ pw= x=oDUO 'Ck}kL QO "CU= Q}PBCWoR=@ p@k pL=Qt =Q} R OQ=Ov |=xi=[=swO x=oDUO ?=wH Qy OW xDio xJv; j@] =Pr "OwW|t xH}Dv swO x=oDUO R= �3�1� xrO=at x@ �2�1�"OvDUy pO=at x=oDUO wO xH}Dv QO w CU= pw= x=oDUO ?=wH l} R}v=yQ}eDt ?}=Q[ =yvD CqO=at x=oDUO |wQ |D=tOkt p=ta= R= s=Om Qy s=Hv= s=ovy s} Q=O xHwDx@ u}=Q@=v@ "Ovv=t|t |k=@ Q}}eD uwO@ x=oDUO |=RH= x}k@ w Ovvm|t Q}}eD CU=Q CtU C@=F OOa wl} x=oDUO Qy =@ Q_=vDt w xOW R}yQB Qo}O |=RH= Q=QmD w uDWwv R= ,qwtat |U} wvxO=U w |DL=Q Qw_vtp=ta= s=Hv= |=H x@ w OwW|t xDiQo Q_v QO CU= QwyWt x=oDUO xOwRi= T} QD=t s=v x@ xm T} QD=t"OwW|t s=Hv= T} QD=t u}= |=yQ]U |wQ x@=Wt p=ta= 'CqO=at |wQ%O}vm ZQi " 10�2�1 h} QaD8>>>>>>>>><>>>>>>>>>:
a11x1 + a12x2 + :::+ a1nxn = b1a21x1 + a22x2 + :::+ a2nxn = b2...am1x1 + am2x2 + :::+ amnxn = bmu=Wv [A : B] =@ xm x=oDUO xOwRi= T} QD=t 'OW=@ Q}eDt n w xrO=at m =@ |]N CqO=at x=oDUOl}



T} QD=t w |]N CqO=at x=oDUO 1 pYi 24%OwW|t h} QaD Q} R CQwY x@ OwW|t xO=O
[A : B] = 26666664a11 a12 : : : a1n b1a21 a22 : : : a2n b2... ... . . . ... ...am1 am2 : : : amn bm

37777775 :x@ xm OvwW|t h} QaD =yT} QD=t |=yQ]U |wQ Q} R p=ta= 'CqO=at |=Q@ |D=tOkt p=ta= pO=at"OviwQat |D=tOkt |Q]U p=ta=%R= OvDQ=@a T} QD=t l} |wQ |D=tOkt |Q]U p=ta= " 11�2�1 h} QaDQ]U wO |=H uOQm Zwa �1QiY=v Qr=mU= l} QO Q]U l} uOQm ?Q[ �2Qo}O Q]U x@ Q]U l} R= |@ Q[t uOwtv xi=[= �3"O}@=}@ =Q Q} R CqO=at x=oDUO ?=wH " 12�2�1 p=Ft8>>>>><>>>>>:3x+ 4y + z = 12x+ 3y = 04x+ 3y � z = �2%CU= Q} R CQwY x@ jwi x=oDUO xOwRi= T} QD=t % pL[A : B] = 266643 4 1 12 3 0 04 3 �1 �237775 ;



25 T} QD=t w |]N CqO=at x=oDUO 1 pYixi=[= pw= Q]U x@ =Q swO Q]U xv} Qk 's}vm p}O@D l} x@ =Q pw= Q]U AJ CtU x}=QO u}rw= xmv}= |=Q@%OwW|t xH}Dv Q} R T} QD=t CQwY u}= QO s}}=tv|t266641 1 1 12 3 0 04 3 �1 �237775 :|=Q@ "OwW QiY |Oa@ |=yQ]U pw= |=yx}=QO O}=@ Qo}O CqO=at R= pw= Q}eDt hPL |=Q@ uwvm =QO w s}vm|t xi=[= swU Q]U x@ =Q pw= Q]U Q@=Q@ �4 w swO Q]U x@ =Q pw= Q]U Q@=Q@ �2 Q=m u}=%s} Q=O =Q Q} R T} QD=t xH}Dv266641 1 1 10 1 �2 �20 �1 �5 �637775 ;QO `k=w 1 x}=QO R= xO=iDU= =@ Q=m u}= |=Q@ 's}vm|t hPL swU w pw= CqO=at R= =Q swO Q}eDt p=Lx@ =Q swO Q]U xv} Qk u}=Q@=v@ "s}vm|t QiY =Q l} u}= u}}=B w q=@ |=yx}=QO 'swO uwDU w swO Q]U%OwW|t pY=L Q} R T} QD=t ,=D}=yv "s}vm|t xi=[= swU Q]U x@ =Q swO Q]U w pw= Q]U266641 0 3 30 1 �2 �20 0 �7 �837775 :,=D}=yv "Ow@ QiY swO Q]U pw= x}=QO =Q} R OyO|tv Q}}eD =Q pw= uwDU 'p=ta= u}= s=Hv= s} Q=O xHwDw pw= |=yQ]U swU |=yx}=QO uOQm QiY |DQ=@a x@ =} swO w pw= CqO=at R= swU Q}eDt hPL |=Q@Q]U x@ =Q swU Q]U Q@=Q@ �3 TBU w xOQm ?Q[ �17 QO =Q swU Q]U =OD@= p@k x@=Wt x@=Wt swO%OwW pY=L Q} R T} QD=t =D s}vm|t xi=[= pw= Q]U x@ =Q swU Q]U Q@=Q@ 2 w pw=2666641 0 0 �370 1 0 �270 0 1 +87
377775 ;



T} QD=t w |]N CqO=at x=oDUO 1 pYi 26%O};|t CUO x@ Q} R CQwY x@ xOwRi= T} QD=t u}= =@ Q_=vDt x=oDUO p=L8>>>>><>>>>>:x1 = �37x2 = 27x3 = 87"CUy R}v pw= x=oDUO ?=wH '?=wH u}= 'pw= x=oDUO =@ x=oDUO u}= uOw@ RQ=sy x@ xHwD =@ xmp=ta= w xOw@v |iO=YD Qw] x@ p@k p=Ft QO xOwRi=T} QD=t |wQ xOW s=Hv= p=ta= ?=NDv= O}OQD|@xOW ?=NDv= |Qw] p=ta= Qo}O u=}@ x@ 's}UQ@ XNWt T} QD=t l} x@ xm OvOw@ xOW ?=NDv= |Qw]Ovtxkqa =Q Q_v OQwt T} QD=t =Hv}=QO "OwW pta CqO=at x=oDUO QO =yQ}eDt hPL x@=Wt xm OvOw@"s}vm|t |iQat s}UQ@ u; x@ |D=tOkt |Q]U p=ta= s=Hv= R= TB =D s}DUyjOY Q} R \}=QW QO x=oQy 's}} wo |v=mrB�|Q]U T} QD=t l} =Q A T} QD=t " 13�2�1 h} QaD"Ovm"OvW=@ xDW=O Q=Qk T} QD=t u}}=B QO QiY |=yQ]U s=tD �1"Ov} wo wQW}B 1 u; x@ xm OW=@ 1 AJ CtU R= Q]U Qy QiY Q}e x}=QO u}rw= �2"OW=@ xDW=O Q=Qk u; |q=@ Q]U wQW}B 1 CU=Q CtU QO Q]U Qy wQW}B 1 �3|rw OvW=@ QiY O}=@ OvQ=O Q=Qk wQW}B 1 AJ CtU QO =} Q} R QO xm |}=yx}=QO s=tD 'Ck}kL QO"OvDUy x=wNrO CU=Q CtU w q=@ |=yx}=QOCQwY x@ u; h} QaD xm CU= xDi=} p} wLD |v=mrB�|Q]U T} QD=t 'Q_v OQwt T} QD=t Qo}O sQi"CU= Q} RA x=oQy OwW|t xO}t=v xDi=} p} wLD |v=mrB�|Q]U T} QD=t l} A T} QD=t " 14�2�1 h} QaD"OW=@ OwN uwDU QO QiY Q}e x}=QO =yvD wQW}B 1 u}= Q@ xwqa w xOw@ |v=mrB�|Q]U T} QD=t l}1 |q=@ |=yx}=QO x=oQy CU= xDi=} p} wLD |v=mrB�|Q]U '|v=mrB�|Q]U T} QD=t l} u}=Q@=v@|v=mrB�|Q]UT} QD=tl} u=wD|t|D=tOkt |Q]U pta OvJ s=Hv= =@ wQ u}= R= "OvW=@ QiY R}v wQW}B"OQm p}O@D xDi=} p} wLD |v=mrB�|Q]U T} QD=t l} x@ =Q



27 T} QD=t w |]N CqO=at x=oDUO 1 pYi"OvDUy |v=mrB�|Q]U sQi x@ Q} R |=yT} QD=t " 15�2�1 p=Ft266641 2 3 00 1 �1 50 0 0 137775 ; 266640 1 3 20 0 1 �10 0 0 0 37775 ; 241 4 �10 0 1 35 :"OvDUy xDi=} p} wLD |v=mrB�|Q]U sQi x@ Q} R |=yT} QD=t w266641 0 00 1 00 0 137775 ; 266640 1 0 �10 0 1 30 0 0 0 37775 ; 241 2 00 0 135 :=} |v=mrB�|Q]U T} QD=t l} x@ uO}UQ |=Q@ |D=tOkt |Q]U pL=Qt s=Hv= OvwQ O}=@ p=L�Two |iPL VwQ� u=wva CLD xm =Q |WwQ =Hv}= QO "OOQo XNWt xDi=} p} wLD |v=mrB�|Q]Ux@ T} QD=t l} p}O@D CyH Two |iPL VwQ QO C=}rta s=Hv= OvwQ "s}vm|t u=}@ CU= QwyWt%CU= Q} R KQW x@ |v=mrB�|Q]U T} QD=t"CU= pt=m OvwQ w CU= |v=mrB�|Q]U sQi x@ 'OW=@ QiY T} QD=t Qo = �1s}vm|tXNWtCU= QiY Q}e x}=QO |=Q=O xm =QAJCtU R= uwDU u}rw= 'CQwY u}= Q}e QO �2"s}yO|t p=kDv= pw= Q]U x@ OQ=O Q=Qk u; |wQ QiY Q}e x}=QO u}= xm =Q |Q]U w"OwW O}rwD wQW}B 1 =D s}vm|t ?Q[ u; QiY Q}e x}=QO u}rw= Tma QO =Q Q]U u}= p=L �3x@ p}O@D =Q wQW}B 1 u}= Q} R |=yx}=QO 'Qo}O |=yQ]U x@ Q]U u}= R= |@ Q[t uOQm xi=[= =@ �4"s}vm|t QiY"s}vm|t Q=QmD CU= xOv=t}k=@ |=yQ]U pt=W xm |U} QD=t |wQ =Q |r@k xrLQt Q=yJ �5pt=W\ki xOv=t|k=@ |=yQ]U =} OW=@ xOv=tv |k=@ |Q]U Qo}O xm OwW|thkwDt |v=tR OvwQ u}=QO 'OOQo xDi=} p} wLD |v=mrB�|Q]U T} QD=t l} x@ p}O@D T} QD=t s}y=wN@ xJv=vJ "OvW=@ QiY|q=@ |=yx}=QO =D s}vm|t xi=[= R}v |}q=@ |=yQ]U x@ =Q wQW}B 1 pt=W Q]U R= |@ Q[t �4� xrLQt"OvwW QiY R}v wQW}B 1



T} QD=t w |]N CqO=at x=oDUO 1 pYi 28x@ pw= Q]U |=Q@ OvwQ s=tD= R= TB |va} 'CU= |DWoR=@ OvwQ l} OvwQ u}= xm O}W=@xDW=O xHwD"s}vm|t Q=QmD xOv=t|k=@ |=yQ]U |=Q@ =Q OvwQ u=ty w xDWoR=@ =OD@=Two |iPLVwQ x@ xHwD =@ "OwW |U} wvxt=vQ@ QDw}Bt=m |=Q@ Ov=wD|t |oO=U x@ OvwQ u}= 'u}=Q@=v@%OwW|t xH}Dv Q} R x}[ksQi x@ |D=tOkt�|Q]U p=ta= R= |=xr=@vO s=Hv= =@ u=wD|t =Q T} QD=t Qy " 16�2�1 x}[k"OQm p}O@D xDi=} p} wLD |v=mrB�|Q]U'OwW p}O@D �xDi=} p} wLD� |v=mrB�|Q]U sQi x@ |]N CqO=at x=oDUOl} xOwRi= T} QD=t xm |v=tR"OwW|t xO}t=v �wQW}B Q}eDt� 'CU= wQW}B 1 |w=L xm |vwDU =@ Q_=vDt Q}eDt"O}vm =O}B =Q Q} R T} QD=t xDi=} p} wLD |v=mrB�|Q]U w |v=mrB�|Q]U sQi " 17�2�1 p=Ft
A = 266666640 0 0 2 1 90 �2 �6 2 0 20 2 6 �2 2 00 3 9 2 2 19

37777775 :Q]U QO uwDU u}= QiY Q}e |=yx}=QO R= |m} w CU= swO uwDU 'T} QD=t QiY Q}e uwDU u}rw= "pLVwQ j@=]t =Q pL=Qt x}k@ TBU w s}vm|t =Hx@=H =Q pw= w swO Q]U CUNv u}=Q@=v@ "OQ=O Q=Qk swO"s}vm|t p=@vO Two |iPL
A = 266666640 0 0 2 1 90 �2 �6 2 0 20 2 6 �2 2 00 3 9 2 2 19

37777775



29 T} QD=t w |]N CqO=at x=oDUO 1 pYi's}vm|t =Hx@=H =Q swO w pw= Q]U266666640 �2 �6 2 0 20 0 0 2 1 90 2 6 �2 2 00 3 9 2 2 19
37777775 ;'s}vm|t ?Q[ �12 QO =Q pw= Q]U266666640 1 3 �1 0 �10 0 0 2 1 90 2 6 �2 2 00 3 9 2 2 19
37777775 ;'s}vm|t xi=[= sQ=yJ Q]U x@ =Q pw= Q]U Q@=Q@ �3 w swU Q]U x@ =Q pw= Q]U Q@=Q@ �2266666640 1 3 �1 0 �10 0 0 2 1 90 0 0 0 2 20 0 0 5 2 22
37777775 ;s=Hv= xOv=t|k=@ |=yQ]U |wQ =Q OvwQ u=ty p=L "OUQ|t u=}=B x@ pw= Q]U |wQ C=}rta =Hv}= =DQ=Qk swO Q]U u=ty QO QiY Q}e x}=QO l} xm CU= sQ=yJ uwDU 'QiY Q}e uwDU u}rw= "s}yO|t'OwW|t xH}Dv s}vm|t ?Q[ 12 QO =Q swO Q]U =Pr 'OQ=O2666666640 1 3 �1 0 �10 0 0 1 12 920 0 0 0 2 20 0 0 5 2 22
377777775 :



T} QD=t w |]N CqO=at x=oDUO 1 pYi 30'OwW|t xH}Dv s}vm xi=[= sQ=yJ Q]U x@ =Q swO Q]U Q@=Q@ �5 Qo =2666666640 1 3 �1 0 �10 0 0 1 12 920 0 0 0 2 20 0 0 0 �12 �12
377777775 ;xt=O= xOv=t|k=@ Q]U wO |wQ =Q |iPL OvwQ "OwW|t pt=m R}v swO Q]U |wQ C=}rta ?}DQD u}O@xi=[= sQ=yJ Q]U x@ =Q u; Q@=Q@ 12 TBU w xOQm ?Q[ 12 QO =Q swU Q]U Q=m u}= |=Q@ "s}yO|t'OwW|t pY=L Q} R T} QD=t ,=D}=yv w s}vm|t2666666640 1 3 �1 0 �10 0 0 1 12 920 0 0 0 1 10 0 0 0 0 0
377777775 ;QiY |=yx}=QO |=Q=O \ki sQ=yJ Q]U uwJ "OwW|t pt=m R}v swU Q]U |wQ C=}rta ?}DQD u}O@"OQ=O |v=mrB � |Q]U sQi pY=L T} QD=t w OwW|t hkwDt =Hv}= QO OvwQ u}=Q@=v@ 'CU=|=yx}=QO xm xrLQt u=ty QO 'O};QO xDi=} p} wLD |v=mrB�|Q]U sQi x@ T} QD=t s}DU=wN|t Qo =u; QO "s}OQm|t QiY x@ p}O@D O}=@ R}v =Q u; |q=@ |=yx}=QO 's}OQm QiY x@ p}O@D =Q wQW}B 1 Q} R%Ot;|t CUO x@ Q} R CQwY x@ xDi=} p} wLD |v=mrB�|Q]U T} QD=t CQwY266666640 1 3 0 0 30 0 0 1 0 40 0 0 0 1 10 0 0 0 0 0

37777775 :p} wLD |v=mrB�|Q]U sQi x@ Q_=vDt xOwRi=T} QD=t xmCU= QDy@ |]N CqO=at x=oDUO pL |=Q@"OwW p}O@D xDi=}



31 T} QD=t w |]N CqO=at x=oDUO 1 pYi"O}vm pL =Q Q} R CqO=at x=oDUO " 18�2�1 p=Ft8>>>>>>>>><>>>>>>>>>:
x1 � 3x2 + x3 � x4 = �1�x1 + 3x2 + 3x4 + x5 = 32x1 � 6x2 + 2x3 � 2x4 + x5 = �3�x1 + 3x2 � x3 + x4 = 1"s} Qw;|t QO xDi=} p} wLD |v=mrB�|Q]U sQi x@ =Q u; w xDWwv =Q x=oDUO xOwRi= T} QD=t "pL

[A : B] = 26666664 1 �3 1 �1 0 �1�1 3 0 3 1 32 �6 2 �2 1 �3�1 3 �1 1 0 1
37777775 :OwW xi=[= sQ=yJ Q]U x@ pw= Q]U w swU Q]U x@ pw= Q]U Q@=Q@ �2 w swO Q]U x@ pw= Q]U Qo =%s} Q=O266666641 �3 1 �1 0 �10 0 1 2 1 20 0 0 0 1 �10 0 0 0 0 0

37777775 ;"s}vm|t xi=[= pw= Q]U x@ =Q swO Q]U xv} Qk p=L266666641 �3 0 �3 �1 �30 0 1 2 1 20 0 0 0 1 �10 0 0 0 0 0
37777775 :



T} QD=t w |]N CqO=at x=oDUO 1 pYi 32CUO x@ Q} R T} QD=t s}vm xi=[= pw= Q]U x@ =Q swU Q]U w swO Q]U x@ =Q swU Q]U xv} Qk Qo = ,=D}=yv%O};|t266666641 �3 0 �3 0 �40 0 1 2 0 30 0 0 0 1 �10 0 0 0 0 0
37777775 :"OwW|t pY=L Q} R CQwY x@ Q_=vDt x=oDUO w OwW|t pt=m |iPL C=}rta =Hv}= QO8>>>>><>>>>>:x1 � 3x2 � 3x4 = �4x3 + 2x4 = 3x5 = �1CQwY x@ x=oDUO ?=wH x4 = t w x2 = s s}yO Q=Qk Qo = "OvDUy x4 w x2 wQW}B Q}e |=yQ}eDt xm%O};|t CUO x@ Q} R8>>>>>>>>>>>>><>>>>>>>>>>>>>:

x1 = �4+ 3s+ 3tx2 = sx3 = 3� 2tx4 = tx5 = �1"O}vm EL@ Q} R x=oDUO |=y?=wH OQwt QO " 19�2�1 p=Ft8>>>>><>>>>>:x+ 10z = 53x+ y � 4z = �14x+ y + 6z = 1



33 T} QD=t w |]N CqO=at x=oDUO 1 pYi|v=mrB�|Q]U sQi x@ =Q u; Two |iPL VwQ R= xO=iDU= =@ w xDWwv =Q x=oDUO xOwRi= T} QD=t "pL"s} Qw;|t QO[A : B] = 266641 0 10 53 1 �4 �14 1 6 1 37775 :%s} Q=O OwW xi=[= swU Q]U x@ pw= Q]U Q@=Q@ �4 w swO Q]U x@ pw= Q]U Q@=Q@ �3 Qo =266641 0 10 50 1 �34 �160 1 �34 �1937775 ;'s}vm|t xi=[= swU Q]U x@ =Q swO Q]U xv} Qk ,=D@=yv266641 0 10 50 1 �34 �160 0 0 �3 37775 ;pY=L Q} R CQwY x@ T} QD=t u}= =@ Q_=vDt x=oDUO w OW=@|tv C=}rta xt=O= x@ |R=}v u}= R= TB"OwW|t8>>>>><>>>>>:x+ 10z = 5y � 34z = �160 = �3Q=oR=U x=oDUO |DQ=@a x@ =} OQ=Ov |@=wH I}y x=oDUO u}= xm OyO|t xH}Dv x=oDUO u}= xrO=at u}twU"CU}v"OW=@ Q=oR=U x=oDUO xm O}vm =O}B |Qw] =Q c w b w a Q} R x=oDUO QO " 20�2�1 p=Ft8>>>>><>>>>>:x+ 3y + z = a�x� 2y + z = b3x+ 7y � z = c



T} QD=t w |]N CqO=at x=oDUO 1 pYi 34QO |v=mrB�|Q]U sQi x@ =Q u; |iPL C=}rta s=Hv= =@ w xDWwv =Q x=oDUO xOwRi= T} QD=t "pL"s} Qw;|t[A : B] = 26664 1 3 1 a�1 �2 1 b3 7 �1 c37775 :%s} Q=O 'OwW xi=[= swU Q]U x@ pw= Q]U Q@=Q@ �3 w swO Q]U x@ pw= Q]U Qo =266641 3 1 a0 1 2 b+ a0 �2 �4 c� 3a37775 ;%OwW|t xH}Dv 's}vm|t xi=[= swU Q]U x@ =Q swO Q]U Q@=Q@ 2 w pw= Q]U x@ swO Q]U Q@=Q@ �3 p=L266641 0 �5 �2a� 3b0 1 2 b+ a0 0 0 c� a+ 2b37775 ;%OwW|t pY=L Q} R CQwY x@ Q_=vDt x=oDUO w OW=@|tv C=}rta xt=O= x@ |R=}v u}= R= TB8>>>>><>>>>>:x� 5z = �2a� 3by + 2z = b+ a0 = c� a+ 2bQo = "OQ=O |oDU@ c � a + 2b C@=F x@ x=oDUO ?=wH OwHw OwW|t xH}Dv swU xrO=at R=xm CU= u}= x=oDUO uOw@ Q=oR=U \QW u}=Q@=v@ "OQ=Ov |@=wH I}y x=oDUO x=ov; c� a+ 2b 6= 0|=y?=wH z = t uO=OQ=Qk =@ CQwY u}= QO xm OW=@ c = a� 2b |DQ=@a x@ =} c� a+ 2b = 0%Ov};|t CUO x@ Q} R CQwY x@ x=oDUO8>>>>><>>>>>:x = 5t� (2a+ 3b)y = �2t+ (a+ b)z = t



35 T} QD=t w |]N CqO=at x=oDUO 1 pYi=yT} QD=t xDi=} p} wLD |v=mrB � |Q]U sQi w |D=tOkt |Q]U p=ta= uwt=Q}B =tEL@ QDW}@ =Hv}= =DCqO=at x=oDUO O}O R= =Q} R "s}OQmv |D@LY =yv; |wQ C=}rta w T} QD=t |=yuwDU OQwt QO w Ow@x@ p=L Qy x@ |rw 'OwW C@LY =yv; |wQ p=ta= w T} QD=t |=yQ]U |wQ QDW}@ xm Ow@ |a}@] |]NOvwW|t h} QaD R}v T} QD=t l} xDi=} p} wLD |v=mrB�|vwDU sQi w |D=tOkt�|vwDU p=ta= x@=Wt Qw]xDi=} p} wLD |v=mrB�|vwDU T} QD=t sQi x@ =Q T} QD=t Qy u=wD|t Two |iPL OvwQ x@=Wt |OvwQ =@ w"OQm p}O@D2"1 u} QtD"O}vm OQ =} C=@F= =Q Q} R |=yxQ=Ro �1"OQ=O ?=wH l} pk=OL |]N CqO=at x=oDUO Qy �;�"OQ=O ?=wH l} QFm =OL |]N CqO=at x=oDUO Qy �?�"OQ=O ?=wH l} QFm =OL Q}eDt n w xrO=at n =@ |]N CqO=at x=oDUO Qy �A�x=oDUO x=ov; 'OW=@ xDi=} p} wLD |v=mrB�|Q]U sQi x@ [A : B] xOwRi= T} QD=t Qo = �C�"OW=@ xDW=O ?=wH l} O}=@ AX = BR = I x=ov; OW=@ `@ Qt xDi=} p} wLD |v=mrB�|Q]U T} QD=t l} R Qo = �E�QiY Q]U I}y |=Q=O xm 'OW=@ `@ Qt xDi=} p} wLD |v=mrB�|Q]U T} QD=t l} R Qo = �G�"CU= R = I x=ov; 'OW=@v"O}vm pL Two |iPL VwQ R= xO=iDU= =@ =Q Q} R |]N CqO=at x=oDUO �28>>>>><>>>>>:x1 + 2x2 � x3 = �12x1 + 2x2 + x3 = 13x1 + 5x2 � 2x3 = �1 �;�



T} QD=t w |]N CqO=at x=oDUO 1 pYi 368>>>>>>>>><>>>>>>>>>:
x1 + 2x2 + 2x4 = 63x1 + 5x2 � x3 + 6x4 = 172x1 + 4x2 + x3 + 2x4 = 122x1 � 7x3 + 11x4 = 7 �?�

8>>>>>>>>><>>>>>>>>>:
x1 � x2 � 2x3 + 4x4 = �72x1 � x2 + 6x3 + 6x4 = �2�2x1 + x2 � 4x3 � 3x4 = 03x1 � 2x2 + 4x3 + 10x4 = �5 �A�

8>>>>><>>>>>:2x1 � 2x2 � x3 + 6x4 � 2x5 = 1x1 � x2 + x3 + 2x4 � x5 = 24x1 � 4x2 + 5x3 + 7x4 � x5 = 6 �C�8>>>>>>>>><>>>>>>>>>:
3x1 � x2 + 2x3 � 4x4 + x5 = 2x1 � x2 + 2x3 + 3x4 + x5 = �12x1 � 3x2 + 6x3 + 4x4 + 4x5 = �57x1 � 2x2 + 4x3 + 8x4 + x5 = 6 �E�

8>>>>>>>>><>>>>>>>>>:
2x1 + 3x3 � 4x5 = 53x1 � 4x2 + 8x3 + 3x4 = 8x1 � x2 + 2x3 + x4 � x5 = 2�2x1 + 5x2 � 9x3 � 3x4 � 5x5 = �8 �G�



37 T} QD=t w |]N CqO=at x=oDUO 1 pYi"O}vm EL@ Q} R x=oDUO ?=wH OQwt QO a Q=Okt x@ xHwD =@ �38>>>>><>>>>>:x+ 2y � 3z = 43x� y + 5z = 24x+ y + (a2 � 14)z = a+ 2p}O@D xDi=} p} wLD |v=mrB�|Q]U T} QD=t x@ |QUm x}=QO uOt; OwHw x@ uwO@ =Q Q} R T} QD=t �4"O}vm266642 1 30 �2 73 4 537775"O}vm XNWt =Q Q} R T} QD=t xDi=} p} wLD |v=mrB�|Q]U sQi umtt Cq=L s=tD �526664a b cd e fg h i37775"O}vm =O}B =Q x=oDUO ?=wH w OvW=@ Q=oR=U Q} R |=yx=oDUO xm O}@=}@ |Qw] =Q k Q=Okt �68>>>>><>>>>>:2x1 + (4� k)x2 + 7 = 0(2� k)x1 + 2x2 + 3 = 02x1 + 5x2 + 6� k = 0 �?� 8>>>>><>>>>>:3x1 + 2x2 + 4x3 = 3x1 + x2 + x3 = k5x1 + 4x2 + 6x3 = 15 �;�8>>>>><>>>>>:2x1 � 3x2 + 6x3 � 5x4 = 3x2 � 4x3 + x4 = 14x1 � 5x2 + 8x3 � 9x4 = k �AQ=oR=U AX = Y CqO=at x=oDUO Y = hy1 y2 y3 y4it R= |Q=Okt xJ |=R= x@ �7



T} QD=t w |]N CqO=at x=oDUO 1 pYi 38%CU=A = 26666664 3 �6 2 �1�2 4 1 30 0 1 11 �2 1 0
37777775xm |Qw] x@ OvW=@ xDi=} p} wLD |v=mrB � |Q]U sQi x@ 2� 3 |=yT} QD=t R0 w R O}vm ZQi �8R = R0 O}yO u=Wv 'OvW=@ u=Um} |=y?=wH |=Q=O R0X = 0 w RX = 0 |=yx=oDUO"CU=%OW=@ Q} R CQwY x@ A xDi=} p} wLD |v=mrB�|Q]U sQi O}vm ZQi �9266641 0 2 0 �20 1 �5 0 �30 0 0 1 6 37775"O}vm =O}B =Q AT} QD=t 'OvW=@ Q} R KQW x@ A sQ=yJ w swO 'pw= |=yuwDU Qo =A1 = 26664 1�13 37775 ; A2 = 26664 0�11 37775 ; A4 = 26664 1�20 37775 %O}vm ZQi �10A = 266645 0 01 5 00 1 537775"OW=@ AX = cX xm |Qw] x@ OQ=O OwHw c Qr=mU= 'Xn�1 |=yT} QD=t xJ |=R= x@=Q xDi=} p} wLD |v=mrB � |vwDU |=yT} QD=t w |D=tOkt |vwDU p=ta= '=yQ]U x@=Wt Qw] x@ �11"OQm p}O@D xDi=} p} wLD |v=mrB � |vwDU sQi x@ u=wD|t =QT} QD=t Qy O}yO u=Wv w xOQm h} QaD



39 T} QD=t w |]N CqO=at x=oDUO 1 pYiuoty CqO=at 3�1?=wH OwHw x@ QHvt xm |]}=QW |UQQ@ w uoty |]N CqO=at x=oDUO |iQat x@ VN@ u}=QO"s} R=OQB|t 'OwW|t =yx=oDUO u}= |=Q@ |y}O@ Q}e"OvW=@ QiY xrO=atCU=QCtU |=yC@=F s=tD x=oQy 'Ov} wo uoty =Q |]N CqO=at x=oDUOl}%CQwY x@ x=oDUO |DQ=@a x@ =}8>>>>>>>>><>>>>>>>>>:
a11x1 + a12x2 + :::+ a1nxn = 0a21x1 + a22x2 + :::+ a2nxn = 0...am1x1 + am2x2 + :::+ amnxn = 0?=wH l} xW}ty x1 = x2 = ::: = xn = 0 xm =Hv; R= "OW=@ AX = 0 |U} QD=t sQi x@ =}x=oDUO |y}O@ ?=wH '?=wH u}= "CU= Q=oR=U xQ=wty x=oDUO u}= wQ u}= R= Ow@ Oy=wN uoty x=oDUO|y}O@ Q}e ?=wH =Q =yv; OW=@ xDW=O QiY RH x@ |Qo}O |=y?=wH x=oDUO u}= Qo = "OwW|t xO}t=v"Ovt=v"CU= |y}O@ Q}e ?=wH |=Q=O Q} R uoty x=oDUO O}yO u=Wv " 1�3�1 p=Ft8>>>>><>>>>>:x1 � x2 + 2x3 + x4 = 02x1 + 2x2 � x4 = 03x1 + x2 + 2x3 + x4 = 0"s} Qw;|t QO xDi=} p} wLD |v=mrB�|Q]U sQi x@ w xDWwv =Q x=oDUO xOwRi= T} QD=t "pL[A : B] = 266641 �1 2 1 02 2 0 �1 03 1 2 1 037775 �! 266641 �1 2 1 00 4 �4 �3 00 4 �4 �2 037775



T} QD=t w |]N CqO=at x=oDUO 1 pYi 40
�! 266641 0 1 0 00 1 �1 0 00 0 0 1 037775s}yO|t Q=Qk w xDiQo Q_v QO QDt=Q=B u=wva x@ =Q x3 u}=Q@=v@ "OvDUy x4 w x2 'x1 wQW}B |=yQ}eDt%Ow@ Oy=wN Q} R CQwY x@ |twta ?=wH xH}Dv QO x3 = t8>>>>>>>>><>>>>>>>>>:

x1 = �tx2 = tx3 = tx4 = 0"O};|t CUO x@ x=oDUO |=Q@ |y}O@ Q}e ?=wH l} t QiY hr=Nt Q=Okt Qy |=R= x@ p=Ll} x=oDUO |=y?=wH QO xm O}OQo XNWt =Hv; R= p@k p=Ft QO |y}O@ Q}e ?=wH l} OwHw"O}OQo Qy=_CW=O OwHw x=oDUO QO wQW}B Q}e Q}eDtl} xmv}= p}rO x@ QDt=Q=B u}= "OW Qy=_ t QDt=Q=BCqO=at O=OaD |va} 's}DW=O xrO=at xU w Q}eDt Q=yJ xm Ow@ u}= p}rO x@ wQW}B Q}e Q}eDt u}= OwHw"O=O s}taD R}v |rm Cr=L x@ u=wD|t =Q ?r]t u}= "Ow@ =yQ}eDt O=OaD R= QDtmCqO=at O=OaD R= V}@ =yQ}eDt O=OaD uoty |]N CqO=at x=oDUO l} QO Qo = " 2�3�1 x}[k"OQ=O ?=wH C}=yv}@ Ck}kL QO w CU= |y}O@ Q}e ?=wH |=Q=O x=oDUO u; 'OW=@|v=mrB�|Q]U sQi R w m < n xm OW=@ Q}eDt n w xrO=at m |=Q=O x=oDUO O}vm ZQi "u=yQ@'OW=@ wQW}B |=yQ}eDt O=OaD r O}vm ZQi u}vJty "OW=@ x=oDUO u}= xOwRi= T} QD=t xDi=} p} wLD"r < n xH}Dv QO w CU= r � m u}=Q@=v@ OW=@ Ov=wD|tv QDoQR@ x=oDUO CqO=at O=OaD R= r uwJu}=Q@=v@ "OW Oy=wN Qy=_ =y?=wH QO QDt=Q=B n� r xH}Dv QO w s} Q=O wQW}B Q}e Q}eDt n� r u}=Q@=v@� "CW=O Oy=wN ?=wH C}=yv}@ x=oDUOc w b w a u; QO xm ax2 + bxy ++cy2 + dx+ ey + f = 0 xrO=at Q=Owtv " 3�3�1 p=Ft



41 T} QD=t w |]N CqO=at x=oDUO 1 pYixLiY QO x]kv GvB Qy |=Q@ O}yO u=Wv "OwW|t xO}t=v |]wQNt `]kt l} 'OvDU}v QiY |oty"OQPo|t \=kv u}= R= xm OQ=O OwHw |]wQNt `]kt l} OvW=@v \N l} |wQ xm(pi; qi) x]kv R= jwi Q=Owtv "OvW=@ 1 � i � 5 |=Q@ (pi; qi) \=kv u}= C=YDNt O}vm ZQi "pL%x=oQy OQPo|tap2i + bpiqi + cq2i + dpi + eqi + f = 0w CW=O s}y=wN f w e 'd 'c 'b 'a Q}eDt VW w xrO=at GvB pt=W uoty x=oDUO l} xH}Dv QO'OvDU}v QiY |oty c w b 'a |iQ] R= "CU= |y}O@ Q}e ?=wH |=Q=O x=oDUO u}= p@k x}[k x@ =v@dx+ ey+ f = 0 \N |wQ x]kv GvB Qy x=ov; 'OW=@ a = b = c = 0 Qo = CQwY u}= Q}e QO =Q} R=Q C=@F= u}= w CU= QiY hr=Nt c w b 'a R= |m} pk=OL TB "CU= ZQi hqN xm OvQ}o|t Q=Qk"Ovm|t pt=mw OvW=@ AX = 0 uoty |]N CqO=at x=oDUO |=y?=wH X2 w X1 Qo = " 4�3�1 x}[k"Ow@ Oy=wN x=oDUO u}= ?=wH l} R}v cX1 +X2 x=ov; ' c 2 F%s}v=O|t "u=yQ@A(cX1 +X2) = cAX1 +AX2 = 0+ 0 = 0:� "Ow@ Oy=wN uoty x=oDUO u}= ?=wH l} R}v cX1 +X2 xH}Dv QO"OQ=O ?=wHC}=yv}@ =} OQ=O |y}O@ ?=wH\ki =} uoty |]N CqO=at x=oDUO Qy " 5�3�1 xH}Dvx=oDUO =Q AX = 0 uoty x=oDUO x=ov; 'OW=@ |]N CqO=at x=oDUO l} AX = B Qo =OW=@ AX = B |]N CqO=at x=oDUO ?=wH l} X1 x=oQy "Ovt=v AX = B =@ Q_=vDt uoty%x=ov; 'OW=@ AX = 0 Q_=vDt uoty x=oDUO ?=wH l} X0 wA(X1 +X0) = AX1 +AX0 = B + 0 = B:"s}vm|t u=}@ Q} R x}[k CQwY x@ =Q u; xm CU= CUQO R}v ?r]t u}= Tma



T} QD=t w |]N CqO=at x=oDUO 1 pYi 42x=ov; 'OW=@ AX = B |]N CqO=at x=oDUOX=N ?=wHl}X1 O}vm ZQi " 6�3�1 x}[kx=oDUO ?=wH l} X0 xm CU= X2 = X0 +X1 sQi x@ AX = B x=oDUO R= X2 ?=wH Qy"OW=@|t Q_=vDt uoty"AX2 = B xH}Dv QO 'OW=@ AX = B x=oDUO x=wNrO ?=wH l} X2 O}vm ZQi "u=yQ@% x=ov; "X0 = X2 �X1 s}yO|tQ=QkAX0 = A(X2 �X1) = AX2 �AX1 = B �B = 0:xH}Dv 'X0 = X2 �X1 xmv}= R= Qo}O hQ] R= "CU= Q_=vDt uoty x=oDUO ?=wH l} X0 |va}%OwW|tX2 = X0 +X1 :�?=wH l} ,=k}kO =} 'OQ=Ov ?=wH ,qY= =} 'AX = B |]N CqO=at x=oDUO " 7�3�1 xH}Dv"OQ=O ?=wH C}=yv}@ =} 'OQ=O|=y?=wH p@k x}[k x@ =v@ x=ov; 'OW=@X1 ?=wHl} |=Q=O AX = B x=oDUO O}vm ZQi "u=yQ@x=oDUO Qo = "CU= Q_=vDt uoty x=oDUO ?=wHX0 w OvDUyX0+X1 CQwY x@ x=oDUO u}= Qo}OOvQ@=Q@ X1 =@ uoty=v x=oDUO Qo}O |=y?=wH s=tD x=ov; OW=@ xDW=O |y}O@ ?=wH \ki Q_=vDt uotyxDW=O |y}O@ Q}e ?=wH l} uoty x=oDUO Qo = w CW=O Oy=wN X1 ?=wH l} ,=k}kO x=oDUO u}= wC}=yv}@ |=Q=O R}v AX = B x=oDUO xH}Dv QO w CU= ?=wH C}=yv}@ |=Q=O p@k xH}Dv x@ =v@ 'OW=@� "Ow@ Oy=wN ?=wH?=wH Q}eDt n 'xrO=at n =@ |]N CqO=at x=oDUO l} xmv}= |=Q@ =Q |i=m w sRq \QW Q} R x}[k"Ovm|t u=}@ 'OW=@ xDW=O%OvrO=at Q} R |=yxQ=Ro x=ov; OW=@ n� nT} QD=t l} A Qo = " 8�3�1 x}[k"CU= Q}PBTwmat A �1"CU= Q=oR=U Bn�1 T} QD=t Qy |=R= x@ AX = B x=oDUO �2
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B CQwY x@ B w A QmvwQm ?Q[rY=L
A
B = 26666664a11B a12B ::: a1nBa21B a22B ::: a2nB... ... . . . ...am1B am2B ::: amnB

37777775mp�nqT} QD=tl}A
B xH}Dv QO wCU= p�qT} QD=tl} 'T} QD=t u}= |=ylwr@ R= s=Om Qy"CU='OvW=@ Q} R CQwY x@ |}=yT} QD=t B w A O}vm ZQi " 2�5�1 p=FtA = 241 23 435 ; B = 24�1 42 �335 : %xH}Dv QO
A
B = 24 B 2B3B 4B35 = 26666664 �1 4 �2 82 �3 4 �6�3 12 �4 166 �9 8 �12

37777775 ;



55 T} QD=t w |]N CqO=at x=oDUO 1 pYiwB 
A = 24�A 2A2A �3A35 = 26666664 �1 �2 4 8�3 �4 12 162 4 �3 �66 8 �9 �12
37777775 :swO |=yuwDU TBU w swU w swO |=yQ]U Qo = |rw A
B 6= B 
A xm O}W=@ xDW=O xHwD|rm Cr=L QO "O};|t CUO x@ A 
 B T} QD=t s}vm Zwa sy =@ =Q B 
 A T} QD=t swU w|}=H@=H =@ w OvDUy A
B |=yx}=QO R= |W}=Q; O}OHD B 
 A |=yx}=QO xm O=O u=Wv u=wD|t R}vu}= u=wD|t |awv x@ =Pr "O};|t CUOx@ A
 B T} QD=t B 
 A |=yuwDU w =yQ]U R= |[a@%s} Q=O T} QD=t wO ?Q[rY=L xO=yv=QD |=Q@ ,qFt "CUv=O |}=H@=H C}Y=N |=Q=O =Q ?Q[rY=L(A
B)t = At 
Bt"OwW|tv Zwa uDiQo xO=yv=QD R= TB ?Q[rY=L ?}DQD wC=Q@=Nt w |OOa R}r=v; 'Q=t; QO u; |=yOQ@ Q=m R= |[a@ seQ|ra QmvwQm ?Q[rY=L u}= p=L Qy x@|]N CqO=at pL QO QmvwQm ?Q[rY=L R= |OQ@ Q=m xt=O= QO "CU}v xHwD OQwt O=} R C=}[=} Q QO"s} Qw;|t =Q h} QaD l} CUNv =t= "s}yO|t Q=Qk EL@ OQwt =Q =yT} QD=t pt=Wmn =@ V (X) |vwDUT} QD=t x=ov; OW=@m�nT} QD=tl}X = [xij ] Qo = " 3�5�1 h} QaD'CQwY x@ Q]UV (X) = hx11 x12 : : : x1m x21 : : : x2m : : : xnmit"O};|t CUO x@ xr=@vO l} CQwY x@ X |=yQ]U |=yx}=QO uDWwv R= xm OwW|t h} QaDQ_v QO Ovm|t p}O@D |vwDU Q=OQ@ l} x@ =Q T} QD=t Qy xm CW=ov l} u=wva x@ u=wD|t =Q V (:)"CiQo'|U} QD=t xrO=atAX = C (5�1)



T} QD=t w |]N CqO=at x=oDUO 1 pYi 56CU= n�m T} QD=t l} X Q}eDt w n�m T} QD=t l} C 'n� n T} QD=t l} A u; QO xmx@ xrO=at u}= OQi x@ QYLvt ?=wH |oO=U x@ OW=@ OQivt=v T} QD=t l} A Qo = "O} Q}o@ Q_v QO =QCqO=at x=oDUO CQwY x@ =Q xrO=at u}= s}v=wD@ Qo = |rw "O};|t CUO x@ X = A�1C CQwYQ=}U@ u; |=y?=wH uwt=Q}B EL@ s}vm p}O@D CiQo Q=Qk EL@ OQwt pw= pYi QO xm |rwtat |]N'CQwY x@ �5�1� xrO=at x=ov; OW=@ n = m = 2 Qo = p=Ft |=Q@ "Ow@ Oy=wN CL=Q24a1 a2a3 a43524x1 x2x3 x435 = 24c1 c2c3 c435 (6�1)"CU= RQ=sy Q} R |]N CqO=at x=oDUO =@ O=O u=Wv u=wD|t |oO=U x@ xm CU=26666664a1 0 a2 00 a1 0 a2a3 0 a4 00 a3 0 a4
3777777526666664x1x2x3x4

37777775 = 26666664c1c2c3c4
37777775 (7�1)

CQwY x@ u=wD|t =Q �7�1� xrO=at u}=Q@=v@ "CU= A
 I2 u=ty �7�1� xrO=at QO 4� 4 T} QD=t(A
 I2)V (X) = V (C)CQwY x@ u=wD|t =Q �5�1� xrO=at R}v |rm Cr=L QO xm OQm C@=F u=wD|t |oO=U x@ "CWwv(A
 Im)V (X) = V (C) (8�1)u=wD|t w OwW|t p}O@D �8�1� |]N CqO=at x=oDUO CQwY x@ �5�1� xrO=at?}DQD u}= x@ "CWwvxrO=at xm OwW|t xO}O |oO=U x@ u}vJty "Owtv pL =Q u;XB = C; 'CQwY x@ u=wD|t =Q(In 
Bt)V (X) = V (C);



57 T} QD=t w |]N CqO=at x=oDUO 1 pYi|U} QD=t xrO=at OwW|t xH}Dv u; R= xO=iDU= =@ u}=Q@=v@ "CWwvAX +XB = C (9�1)|]N CqO=at x=oDUO =@(A
 Im + In 
Bt)V (X) = V (C) (10�1)|=y?=wH OQwt QO �10�1� xrO=at R= xO=iDU= =@ u=wD|t =Pr "CU= RQ=sy 'CU= xrO=atmn |=Q=O xmCU= OQi x@ QYLvt ?=wH |=Q=O �9�1� |U} QD=t xrO=at p=Ft u=wva x@ "Owtv EL@ �9�1� xrO=atT} QD=t x=o QyM = A
 Im + In 
Btx@ V (X) = M�1V (C) xrO=at R= X |=yx}=QO Cr=L u}= QO xm "OW=@ OQivt=v T} QD=t l}"Ov};|t CUO5"1 u} QtDx@ =} "OQ=O `tH x@ C@Uv |Q}PB`} RwD w |Q}PBCmQW C}Y=N QmvwQm ?Q[rY=L O}yO u=Wv �1'|DQ=@aA
 (B + C) = A
B +A
 CA
 (B 
 C) = (A
B)
 C"OvW=@ q � s w n� r 'p� q 'm� n |}=yT} QD=t ?}DQD x@ D w C 'B 'A O}vm ZQi �2%O}vm C@=F(A
B)(C 
D) = AC 
BD's}vm|t h} QaD Q} R CQwY x@ =Q A QmvwQm u=wD 'OW=@ m� nT} QD=t l} A Qo = �3A[2] = A
A;A[3] = A
A
A; :::%x=ov; 'OW=@ n� r T} QD=t l} C Qo = O}yO u=Wv(AC)[2] = A[2]C [2]



T} QD=t w |]N CqO=at x=oDUO 1 pYi 58OOa l} k x=o Qy O}yO s}taD (AC)[k] = A[k]C [k] '|rm Cr=L x@ =Q C}Y=N u}= TBU"OW=@ C@Ft w K}LYQo = O}yO u=Wv �4M = A
 Im + In 
Bt %x=ov;M2 = A2 
 Im + 2A
Bt + In 
 (Bt)%O}yO u=Wv OvW=@ n�m |}=yT} QD=t B w A O}vm ZQi �5V (At) = PV (A); V (B) = QV (Bt)T} QD=t |=yQ]U |}=H@=HR= w OvW=@ |t mn �mn C@=F |=yT} QD=t Q w P u; QO xm'O}vm C@=F TBU "Ov=xOW pY=L Imn |v=tyB 
A = P (A
B)Q xrO=at �6A2X + 2AXB +XB2 = Cn �m w n �m 'm �m 'n � n |}=yT} QD=t ?}DQD x@ X w C 'B 'A u; QO xm =Q'CQwY x@ u=wD|t =Q xrO=at u}= O}yO u=Wv "O} Q}o@ Q_v QO OvDUyM2V (X) = V (C)"CU= M = A
 Im + In 
Bt u; QO xm 'CWwv%x=oQy O}vm pL =Q AX = C |U} QD=t xrO=at �7C = I2 w A = 241 20 335 �;�



59 T} QD=t w |]N CqO=at x=oDUO 1 pYiC = I2 w A = 242 11 435 �?�C = 241 1 00 �1 135 w A = 24 1 2�1 035 �A�C = 241 0 00 1 135 w A = 242 11 435 �C�%x=oQy O}vm pL =Q AX +XB = C |U} QD=t xrO=at �8C = I2 w B = 242 11 435 w A = 241 20 335 �;�C = 241 0 00 1 035 w B = 266641 0 10 1 11 1 037775 w A = 241 20 335 �?�



|r}tmD p�=Ut 60|r}tmD p�=Ut"A2 = B x=oQy s}} wo B T} QD=t swO xW} Q =Q \rDNt O=Oa= u=O}t |wQ A 'n�nT} QD=t �1"OW=@ xDW=Ov swO xW} Q xm O}vR@ p=Ft |U} QD=tr |=Q=O pY=L T} QD=t 'A T} QD=t |wQ |D=tOkt |Q]U C=}rta s=Hv= R= Oa@ O}vm ZQi �2%xm |Qw] x@ OvQ=O OwHw R w L Q}PBuwQ=w |=yT} QD=t O}yO u=Wv "CU= QiY=v Q]ULAR = 26664 Ir 00 0 37775Qy |=Q@ xm OW=@ C}Y=N u}= =@ n� nT} QD=t M w OW=@ |D@=F |a}@] OOa m O}vm ZQi �3"M = I O}vm C@=F "AM = A 'A pFt m� nT} QD=t|Q]U p=ta= R= |y=vDt xr=@vO =@ u=wD|t =Q T} QD=t l} Q]U QO Z} waD pta O}vm C@=F �4"OQw; CUOx@ Qo}O ẁv wO |D=tOkt%s}vm|t h} QaD "OvW=@ x@DQt sy |a@ Qt T} QD=t wO B w A O}vm ZQi �5[A;B] = AB �BA %O}yO u=Wv"[A;B] = [B;A] �;�%|@ wm =S O=LD= �?�[A; [B;C]] + [B; [C;A]] + [C; [A;B]] = 0Qo = |va} CU= Q=QkQ@ sy u; Tma =}; " tr(A) = 0O}vm C@=F A = [X;Y ] ZQi =@ �A�"A = [X;Y ] xm |tUk x@ OvQ=O OwHw Y wX uwJ |}=yT} QD=t ,=twRr =}; tr(A) = 0



61 |r}tmD p�=Utxm O}@=}@ =Q B2�3 w A3�2 |=yT} QD=t x}rm �6AB = 26664 1 3 �33 2 0�3 0 2 37775 :%O}yO u=Wv CQwY u}= QO OvW=@ Q}PBuwQ=w A+B w B w A Qo = �7"CU= Q}PBuwQ=w A�1 +B�1 �;�A(A+B)�1B = B(A+B)�1A �?�xm |tUk x@ OvW=@ n� n |=yT} QD=t B w A O}vm ZQi �8AB = �A�B"AB = BA O}yO u=Wv CQwY u}= QOIwB R}v A+B O}vm C@=F "AB = BA w OvDUy u=wD IwB |=yT} QD=t B w A O}vm ZQi �9"CU= u=wDxm |Qw] x@ OvW=@ |k}kL O=Oa= u=O}t |wQ 2� 4 w 4� 2 |=yT} QD=t B w A O}vm ZQi �10AB = 26666664 1 0 �1 00 1 0 �1�1 0 1 00 �1 0 1
37777775"BA x@U=Lt CU@ wr]t CQwY u}= QOT} QD=t l} w uQ=kDt T} QD=t l} `tH CQwY x@ u=wD|t =Q |a@ Qt T} QD=t Qy O}yO u=Wv �11#CU=Dm} V}=tv u}= =}; "CWwv uQ=kDtO=BO}yO u=Wv #Ow@ Oy=wN uQ=kDt R}v AB =}; OvW=@ �uQ=kDtO=B =}� uQ=kDt wO Qy B w A x=oQy �12"CU= uQ=kDtO=B AB �BA w uQ=kDt AB +BA



|r}tmD p�=Ut 62#Ow@ Oy=wN uQ=kDtO=B AB =}; OW=@ uQ=kDtO=B |Qo}O w uQ=kDt B w A |=yT} QD=t R= |m} Qo = �13"CU= uQ=kDt AB �BA w uQ=kDtO=B AB +BA O}yO u=WvCU@ wr]t "A2 = I w OW=@ c Q@=Q@ A 'n�nT} QD=t uwDU Qy |=yx}=QO ẁtHt O}vm ZQi �14"c Q=Okt x@U=Lt%s}W=@ xDW=O QiY QF= =@ B T} QD=t Qy |=Q@ xm OW=@ n� r T} QD=t A O}vm ZQi �15tr(BA) = 0; "A = �I '� l} |=R= x@ O}yO u=Wvu; |=yQ]U R= l} Qy ẁtHt xm OW=@ n� n |k}kL |=yT} QD=t s=tD pt=W S O}vm ZQi �16"OwW 1 Q@=Q@"CU= xDU@ =yT} QD=t ?Q[ x@ C@Uv S O}vm C@=F �;�#OQ=O |v=ty w[a S =}; �?�#OvQ}PBTwmat S QY=va xty =}; �A�A+B w B w A xm |Qw] x@ OvW=@ F u=O}t |wQ n� n |=yT} QD=t B w A O}vm ZQi �17%O} Q}o@ xH}Dv w AB = �BA O}vm C@=F "OvDUy u=wDOwNtr(AB) = 0:"AB = �A�B xm |Qw] x@ OvW=@ F u=O}t |wQ n� nT} QD=t wO B w A O}vm ZQi �18"AB = BA O}vm C@=F%O}vm C@=F "OW=@ F u=O}t |wQ n� nT} QD=t A O}vm ZQi �19tr(AAt) = 0 , A = 0:I w F u=O}t |wQ n� nT} QD=t A u; QO xm OW=@ |Q}PBuwQ=w T} QD=t I +A O}vm ZQi �20"OwW|t =H@=H I �A =@ (I +A)�1 O}yO u=Wv "CU= |v=ty T} QD=t



63 |r}tmD p�=Ut|vwDU Q=OQ@ Qy |=Q@ O}vm C@=F "OW=@ |k}kL |=yx}=QO =@ n� nT} QD=t l} A O}vm ZQi �21|=yx}=QO =@ AT} QD=t OQwt QOCk}kL u}= =}; "AtAx = 0 Qo = =yvD w Qo = Ax = 0 'x uwJ#CU= Q=QkQ@ sy \rDNtw Q]U Qy |=yx}=QO ẁtHt xm OvW=@ |ivt=v |=yx}=QO =@ n�nT} QD=t wO B w A O}vm ZQi �22"CU= 1 R}v AB T} QD=t uwDU Qy w Q]U Qy |=yx}=QO `tH O}vmC@=F "OW=@ 1 Q@=Q@ uwDU QyO}vm ZQi u}vJty "OW=@ R xkrL |wQ n� n |U} QD=t A w OW=@ xkrL l} R O}vm ZQi �23|QiY=v T} QD=t x=ov; OW=@v u=wD IwB A T} QD=t Qo = O}yO u=Wv "OW=@ u=wD IwB A�A2xm |tUk x@ OQ=O OwHw B pFtB2 = B:"tr(A) = 0 xm |tUk x@ OvW=@ |k}kL O=Oa= u=O}t |wQ 2 � 2 T} QD=t A O}vm ZQi �24%O}yO u=Wv u}= R= xO=iDU= =@ w A2 = �I O}vm C@=FC(AB �BA)2 = (AB �BA)2C"Ov=|k}kL O=Oa= u=O}t |wQ 2� 2 |=yT} QD=t B w C u; QO xm|U} QD=t I}y swO u=wD Q@=Q@ xm OQ=O OwHw |=n� n |k}kL T} QD=t n Qy |=Q@ O}yO u=Wv �25x=wNrO u=O}t l} |=Q@ #CU= CUQO sy \rDNt |=yT} QD=t |=Q@ xr-=Ut u}= =}; "CU}v#Qw]J"CU= u=wD IwB A x=ov; tr(A) = tr(A2) = 0 xm OW=@ 2� 2 |U} QD=t A Qo = �26"BAAt = 0 s}W=@ xDW=O w OvW=@ F u=O}t |wQ n � n T} QD=t wO B w A O}vm ZQi �27xm OW=@ |y=wNrO |a}@] OOa k w OW=@ uQ=kDt A Qo = O} Q}o@ xH}Dv "BA = 0 O}vm C@=F"BA = 0 x=ov; BAk = 0xm |Qw] x@ OvW=@ \rDNt O=Oa= u=O}t |wQ n� nT} QD=t wO B w A O}vm ZQi �28A2B +BA2 = 2ABA;



|r}tmD p�=Ut 64'm |a}@] OOa Qy |=Q@ O}vm C@=Ftr(AB �BA)m = 0:xm |Qw] x@ OW=@ |k}kL O=Oa= u=O}t |wQ n� n |U} QD=t A 6= 0 O}vm ZQi �29aikajk = akk; (1 � i; j; k � n):"CU= QiY hr=Nt AT} QD=t |rY= Q]k |wQ QY=va ẁtHt O}vm C@=F=@ A T} QD=t O}vm ZQi u}vJty "OW=@ F u=O}t |wQ n � n T} QD=t A O}vm ZQi �30"AAt = AtA O}vm C@=F "OwW|t =H@=H AAt �AtAxm |Qw] x@ OvW=@ R u=O}t |wQ n� n |=yT} QD=t C w B 'A O}vm ZQi �31AAt +BBt + CCt = 0"O}vm XNWt =Q C w B 'A |=yT} QD=t%s}vm|t h} QaD "OW=@ n� n |a@ Qt T} QD=t A O}vm ZQi �32eA = 1Xk=0 Akk! :O}vm C@=F w CU=Qoty Q}N= |QU O}yO u=WveP�1AP = P�1eAP:"CU= pw= |OOa p xm OW=@ Zp u=O}t |wQ Q}PBTwmat 2� 2 |a@ QtT} QD=t A O}vm ZQi �33x=ov; 'q = (p2 � 1)(p2 � p) Qo = O}yO u=WvAq+2 = A2:� R}=tDt Q=Okt n + 1 |=R= x@ A + �B w OvW=@ n � n T} QD=t wO B w A O}vm ZQi �34"OvW=@ u=wD IwB O}=@ R}v B w A O}yO u=Wv "CU= u=wD IwB T} QD=t



65 |r}tmD p�=Ut|y=vDt O=OaD =@ xm O}yO u=Wv "OW=@ F u=O}t |wQ m � n T} QD=t l} A O}vm ZQi �35p} wLD sy xm O}UQ R T} QD=t l} x@ A R= u=wD|t |D=tOkt |vwDU w |D=tOkt |Q]U ptaw i 6= j x=oQy Rij = 0 |va} "OW=@ |v=mrB |vwDU xOW p} wLD sy w |v=mrB |Q]U xOWP xm R = PAQ O}yO u=Wv "r < i Qy |=Q@ Rii = 0 w 1 � i � r |=R= x@ Rij = 0"OvDUy Q}PBTwmat n� n w m�m |=yT} QD=t Q wu}vJty "2 � n xm |Qw] x@ OW=@ |k}kL u=O}t |wQ n� nT} QD=t A O}vm ZQi �;� �36|=yx}=QO O=OaD O}yO u=Wv "CU=C@Ft |=yx}=QO =@ Q}PBTwmat w uQ=kDt A O}vm ZQi"CU= n2 � 2n |w=Ut QDtm A�1 T} QD=t QiY#CU= OwHwt Q} R n� nT} QD=t Twmat QO QiY x}=QO O=OaD xJ �?�
A =

266666666666664
1 1 1 1 : : : 11 2 2 2 : : : 21 2 1 1 : : : 1... ... ... 2 : : : 2... ... ... ... ... ...1 2 1 2 : : :

377777777777775|=yx=oDUO |=y?=wH w OvW=@ 2�3|v=mrB |Q]U xOW p} wLDT} QD=t wOR0 wR O}vmZQi �37"R = R0 O}vm C@=F "OvW=@ u=Um} R0X = 0 w RX = 0%O}vm ZQi �38A = 26666664 3 �6 2 �1�2 4 1 30 0 1 11 �2 1 0
37777775#OQ=O ?=wH AX = Y x=oDUO Y = (y1; y2; y3; y4)t s=Om |=R= x@u=Wv "m 6= n xm |Qw] x@ OW=@ |k}kL O=Oa= u=O}t |wQ m� nT} QD=t A O}vm ZQi �39"CU}v Q}PBuwQ=w AtA =} AAt T} QD=t wO R= |m} pk=OL O}yO



|r}tmD p�=Ut 66xm |Qw] x@ CU= OwHwt 0 6= B 'n� n T} QD=t A 'n� n T} QD=t Qy |=Q@ O}yO u=Wv �40"CU= u=wDOwN ABO}vm ZQi u}vJty "OW=@ \rDNt |=yx}=QO =@ 2� 2 |U} QD=t A = 24a bc d35 O}vm ZQi �41ẁv u}= R= T} QD=t xU ,=k}kO O}vm C@=F "a+ b+ c+ d = 0 w OW=@ |Q]U xOW p} wLD A"OQ=O OwHw|v=mrB |Q]U xOW p} wLD [A1jB1] O}vm ZQi "O} Q}o@ Q_v QO =Q AX = B x=oDUO �42|Q]U [A1jB1] Qo = =yvD w Qo = CU= Q=oR=U=v AX = B O}vm C@=F "OW=@ xOwRi= T} QD=t"OW=@ xDW=O h0 0 : : : 1i CQwY x@w BA = B s}W=@ xDW=O w OvW=@ F u=O}t |wQ n � n |=yT} QD=t B w A O}vm ZQi �43w B2 = B 'A2 = A O}yO u=Wv "AB = A(A�B)2 = 0Q]U l} A Qo = O}yO u=Wv "OvW=@ F u=O}t |wQ n� n T} QD=t wO B w A O}vm ZQi �44"OQ=O QiY Q]U R}v AB x=ov; OW=@ xDW=O QiYA O}vm C@=F "A2 + 2A� 2I = 0 w OW=@ F u=O}t |wQ n� n |U} QD=t A O}vm ZQi �45"O} Qw; CUOx@ =Q u; uwQ=w w CU= Q}PBTwmat"A2+B2 = 0 xm OvW=@|k}kL O=Oa= u=O}t |wQ uQ=kDt n�nT} QD=t wOB wA O}vmZQi �46"A = B = 0 O}yO u=Wv



67 xOW pL p�=UtxOW pL p�=Utu}= QO "AB = �A � B xm |tUk x@ OvW=@ n � n |}=yT} QD=t B w A O}vm ZQi �1"AB = BA O}yO u=Wv CQwY"AB+A+B+I�I = 0CQwYu}= QO "AB+A+B = 0s} Q=OZQi x@ xHwD =@ "pLTB(A+ I)(B + I) = I ) (A+ I) = (B + I)�1 ) (B + I)(A+ I) = I) BA+A+B + I = I ) BA = �A�B) BA = ABIwB R}v A+B O}vm C@=F "AB = BA w OvDUy u=wD IwB |=yT} QD=t B w A O}vm ZQi �2"CU= u=wDx=oQy "Bj = 0 w Ai = 0 xm OvW=@ |D@Ft K}LY O=Oa= u} QDmJwm j w i O}vm ZQi "pL%s} Q=O CQwY u}= QO k = i+ j � 1(A+B)k = Ak +�k1�Ak�1B + � � �+Bk"CU= u=wD IwB A+B TB OvwW|t QiY jwi CqtHlDlD xm s}vm|t x_Lqt |DL=Q x@xm |Qw] x@ OvW=@ |k}kL O=Oa= u=O}t |wQ 2� 4 w 4� 2 |=yT} QD=t B w A O}vm ZQi �3AB = 26666664 1 0 �1 00 1 0 �1�1 0 1 00 �1 0 1
37777775"BA x@U=Lt CU@ wr]t CQwY u}= QO%s} Q=O "pLA = 26664(A1)2�2������(A2)2�237775 ; B = h(B1)2�2 ��� (B2)2�2i :



xOW pL p�=Ut 68%xH}Dv QOAB = 24A1B1 A1B2A2B1 A2B235= 26666664 241 00 135 24�1 00 �13524�1 00 �135 241 00 135
37777775= 24 I �I�I I 35

) 8>>>>>>>>><>>>>>>>>>:
A1B1 = I ) A1 = B�11A1B2 = �IA2B1 = �IA2B2 = I ) toA2 = B�12) BA = B1A1 +B2A2 = I + I = 242 00 235CU@ wr]t "A2 = I w OW=@ c Q@=Q@ A 'n�nT} QD=t uwDU Qy |=yx}=QO ẁtHt O}vm ZQi �4"c Q=Okt x@U=Lt%s} Q=O TB A2 = I uwJ "pLnXk=1 aikakj = �ij ) 1 = nXi=1 �ij= nXi=1 nXk=1 aikakj= nXk=1 nXi=1 aik! akj



69 xOW pL p�=Ut= c nXk=1 akj = c2) c = �1:"tr(BA) = 0 s}W=@ xDW=O QiY QF= =@BT} QD=t Qy|=Q@ xm OW=@n�nT} QD=tA O}vmZQi �5"A = �I '� l} |=R= x@ O}yO u=Wv|U} QD=t Bij O}vm ZQi u}vJty "OW=@ n� n |U} QD=t A = (aij) O}vm ZQi "pL"OvW=@|t QiY =yx}=QO x}k@ w i 6= j u; QO xm CU= 1 u; s=(i; j) xir-wt xm OW=@ n� n"CU= QiY QF= =@ |U} QD=t BijA u}=Q@=v@ "CU= QiY QF= =@ |U} QD=t Bij =Pr i 6= j uwJ%s}v=O|t |iQ] R=BijA = 26664 0aj1 aj2 aj3 : : : ajn0 37775 s=i Q]U"i 6= j u; QO xm aji = 0 xH}Dv QO tr(BijA) = 0 |iQ] R= "tr(BijA) = aji =Pr w%CU= |Q]k |U} QD=t A |va}A = 26666664a11 0a22 . . .0 ann
37777775 :%s}vm|t h} QaD Q} R CQwY x@ =Q cij T} QD=t w i 6= j O}vm ZQi uwvm =cij = 26666664 0 01 �10 0

37777775  s=j uwDU�s=i Q]U s=i uwDU�s=j Q]U=t= "tr(cijA) = 0 x=ov; tr(cij) = 0 Kw[w x@tr(cijA) = aii � ajj



xOW pL p�=Ut 70"A = �I u}=Q@=v@ "aii = ajj TBu; |=yQ]U R= l} Qy ẁtHt xm OW=@ n� n |k}kL |=yT} QD=t s=tD pt=W S O}vm ZQi �6"OwW l} Q@=Q@"CU= xDU@ =yT} QD=t ?Q[ x@ C@Uv S O}vm C@=F �;�#OQ=O |v=ty w[a S =}; �?�#OvQ}PBTwmat S QY=va xty =}; �A�"pLTB "OvW=@ S |=[a= B = (bij) w A = (aij) O}vm ZQi �;�nXj=1 aij = 1; nXj=1 bij = 1 i = 1;2; : : : ; nTB "c = (cij) w C = AB O}vm ZQi p=Lcij = nXk=1 aikbkj 1 � i; j � n%s}vm|t x@U=Lt 1 � i � n |=R= x@ =QPnj=1 cij p=LnXj=1 cij = nXj=1 nXk=1 aikbkj = nXk=10@ nXj=1 bkj1A aik= nXk=1aik = 1:?Q[ x@ C@Uv S =Pr CU= l} Q@=Q@ AB T} QD=t Q]U Qy |=yx}=QO ẁtHt TB"CU= xDU@ =yT} QD=tS w CU= S w[a TB CU= l} V}=yQ]U R= l} Qy ẁtHt |v=ty T} QD=t uwJ �?�"CU= |v=ty |=Q=Ow l} Q@=Q@ |oty pw= uwDU |=yx}=QO xm O} Q}o@ Q_v QO |=xvwo x@ =Q A T} QD=t "Q}N �A�"OQ=O QiY uwDU uwJ CU}v Q}PBuwQ=w A "CU= QiY =yx}=QO x}k@



71 xOW pL p�=UtA+B w B w A xm |Qw] x@ OvW=@ F u=O}t |wQ n� n |=yT} QD=t B w A O}vm ZQi �7"tr(AB) = 0 O} Q}o@ xH}Dv w AB = �BA O}vm C@=F "OvDUy u=wDOwNu}=Q@=v@ "(A+B)2 = A+B w B2 = B 'A2 = A ZQi x@ xHwD =@ "pLA+B = (A+B)2 = (A+B)(A+B) = A2 +AB +BA+B2= A+AB +BA+B = A+B +AB +BA) AB +BA = 0) AB = �BA:TB "tr(AB) = tr(BA) s}v=O|t |iQ] R= "tr(AB) = �tr(BA) xH}Dv QO"tr(AB) = 0"AB = �A�B xm |Qw] x@ OvW=@ F u=O}t |wQ n� nT} QD=t wO B w A O}vm ZQi �8"AB = BA O}vm C@=F%s} Q=O "pLAB +A+B = 0) AB +A+B + I � I = 0) (A+ I)(B + I) = I) (B + I)�1 = A+ I) (B + I)(A+ I) = I) BA+A+B + I = I) BA = �A�B) AB = BA:%O}vm C@=F "OW=@ R u=O}t |wQ n� nT} QD=t l} A O}vm ZQi �9tr(AAt) = 0, A = 0:O}vm ZQi p=L "tr(AAt) = 0 u}=Q@=v@ "AtA = 0 s} Q=O A = 0 x=oQy "pL'1 � i; j � n Qy |=Q@ u}=Q@=v@ "At = (bij) w A = (aij) 'tr(AAt) = 0bij = aji:



xOW pL p�=Ut 72xm s}v=O|t "AAt = (cij) O}yO Q=Qk uwvm =cij = nXk=1 aikbkj:%s} Q=O TB "Pnk=1 cii = 0 u}=Q@=v@ tr(AAt) = 0 uwJ0 = nXi=1 cii = nXi=1 nXk=1 aikbki:u}=Q@=v@ aik = 0 'k w i Qy |=Q@ TBPni=1Pnk=1(aik)2 = 0 u}=Q@=v@ 'aki = bki uwJ"A = 0I w F u=O}t |wQ n� nT} QD=t A u; QO xm OW=@ |Q}PBuwQ=w T} QD=t I +A O}vm ZQi �10"OwW|t =H@=H I �A =@ (I +A)�1 O}yO u=Wv "CU= |v=ty T} QD=tu}=Q@=v@ "(I +A)�1(I +A) = I TB OQ=O uwQ=w I +AT} QD=t uwJ "pLI = (I +A)�1(I +A) = (I +A)�1 + (I +A)�1A) (I �A)�1A = I � (I +A)�1 (11�1)%s} Q=O u}vJtyI = (I +A)(I +A)�1 = (I +A)�1 +A(I +A)�1: %xH}Dv QOA(I +A)�1 = I � (I �A)�1 (12�1)%s} Q=O �5�1� w �4�1� \@=wQ x@ xHwD =@A(I +A)�1 = (I +A)�1A: %s} Q=O uwvm =(I �A)(I +A)�1 = (I +A)�1 �A(I +A)�1= (I +A)�1 � (I +A)�1A= (I +A)�1(I �A):



73 xOW pL p�=Ut"BAAt = 0 s}W=@ xDW=O w OvW=@ F u=O}t |wQ n � n T} QD=t wO B w A O}vm ZQi �11xm OW=@ |y=wNrO |a}@] OOa k w OW=@ uQ=kDt A Qo = O} Q}o@ xH}Dv "BA = 0 O}vm C@=F"BA = 0 x=ov; BAk = 0QO "s}vm|t ?Q[ Bt QO CU=Q R= =Q x]@=Q u}iQ] p=L "BAAt = 0 ZQi j@] "pL%xH}DvBAAtBt = 0) BA(BA)t = 0) tr(BA(BA)t) = 0;"BA = 0 '9 xr-=Ut Q@ =v@ w|=n u}vJ O}vm xHwD� k � 2n xm OW=@ |a}@] |OOa n O}vm ZQi swO CtUk C=@F= |=Q@Am QO CU=Q R= =Q BAk = 0 x]@=Q u}iQ] w m = 2n � k s}yO|t Q=Qk "�CU= OwHwt%s} Q=O "s}vm|t ?Q[0 = BAkAm = BAm+k = BA2n :x=ov; 'n = 1 Qo = "BA = 0 x=ov; 'BA2n Qo = s}yO|t u=Wv n |wQ <=QkDU= =@ uwvm ="BA = 0 p@k CtUk Q@ =v@ w BAAt = 0 TB A = At uwJ w BA2 = 0x=ov; 'BA2n�1 = 0 Qo = |va} OW=@ Q=QkQ@ n � 1 |=Q@ smL w n > 1 O}vm ZQi p=L"BA2n = 0 s}vm|t ZQi TB "s}vm|t |UQQ@ n |=Q@ =Q smL "BA = 0%s} Q=O CU=Q R= Bt QO x]@=Q u}iQ] ?Q[ =@0 = BA2nBt = BA2n�1A2n�1Bt (13�1)TB CU= uQ=kDt A uwJ w (At)r = (Ar)t '|a}@] r Qy |=Q@ xm OwW|t |UQQ@ |DL=Q x@%s}vm|t x_Lqt xH}Dv QO w At = AA2n�1 = (At)2n�1 = �A2n�1�t :%s} Q=O �6�1� x]@=Q x@ xHwD =@ p=L0 = BA2n�1A2n�1Bt = BA2n�1(BA2n�1)t



xOW pL p�=Ut 74Q@=v@ TB "BA2n�1 = 0 '9 xr-=Ut Q@=v@ w tr�BA2n�1(BA2n�1)t� = 0 xH}Dv QO"BA = 0 <=QkDU= ZQixm |Qw] x@ OvW=@ \rDNt O=Oa= u=O}t |wQ n� nT} QD=t wO B w A O}vm ZQi �12A2B +BA2 = 2ABA:"tr(AB �BA)m = 0 'm |a}@] OOa Qy |=Q@ O}vm C@=F%s} Q=O A2B +BA2 = 2ABA x]@=Q x@ xHwD =@ "pLA2B �ABA = ABA�BA2 ) A(AB �BA) = (AB �BA)A;u}=Q@=v@ "OwW|t =H@=H AB�BA u=wD Qy =@ ATB "OwW|t =H@=H AB�BA =@ A =Pr%s}vm|t x_Lqt OW=@ x=wNrO |a}@] OOa m Qo =(AB �BA)m = (AB �BA)(AB �BA)m�1AB(AB �BA)m�1 �BA(AB �BA)m�1= AB(AB �BA)m�1 �B(AB �BA)m�1A:TB "C = B(AB �BA)m�1 O}yO Q=Qk p=L(AB �BA)m = AC �CA: xm s}vm|t x_Lqttr(AB �BA)m = tr(AC)� tr(CA) = 0:Qy |=R= x@ xm |Qw] x@ OW=@ |k}kL u=O}t |wQ n � n |U} QD=t A 6= 0 O}vm ZQi �13A T} QD=t |rY= Q]k |wQ QY=va ẁtHt O}vm C@=F "aikajk = akk '1 � i; j; k � n"CU= QiY hr=Nt%s} Q=O "pLakkakk = akk ) akk = 1 =} akk = 0;



75 xOW pL p�=Ut%s} Q=O =Pr "akk = 0 'k Qy |=Q@ s}vm ZQi8>>>>>>>>>>>>><>>>>>>>>>>>>>:
0 = a11 + a22 + � � �+ ann = a11a11 + a12a12 + � � �+ annann) a11 = a12 = � � � = a1n = 0... ...0 = a11 + a22 + � � �+ ann = an1an1 + a12a12 + � � � + annann) an1 = an2 = � � � = ann = 0"CU= Zk=vD QO A 6= 0 =@ u}= w CU= QiY hr=Nt A T} QD=t |=yx} Q=O xty TB=@ A T} QD=t O}vm ZQi u}vJty "OW=@ F u=O}t |wQ n � n T} QD=t A O}vm ZQi �14"AAt = AtA O}vm C@=F "OwW|t =H@=H AAt �AtA"tr(CCt) = 0 s}yO|t u=Wv "C = AAt �AtA O}vm ZQi "pLtr(CCt) = tr((AAt �AtA)(AAt �AtA)t)= tr((AAt �AtA)(AAt �AtA))= tr((AAt �AtA)AAt � (AAt �AtA)AtA);%s} Q=O OwW|t =H@=H AAt �AtA =@ A uwJ w(AAt �AtA)AAt = A(AAt �AtA)At: u}=Q@=v@tr(CCt) = tr(A(AAt �AtA)At � (AAt �AtA)AtA):xm s}vm|t x_Lqt CQwY u}= QO "B = (AAt �AtA)At s}yO|t Q=Qktr(CCt) = tr(BA�AB) = tr(AB)� tr(BA) = 0:"AtA = AAt u}=Q@=v@ C = 0 TB 'tr(CCt) = 0 uwJ 9 xr-=Ut Q@ =v@



xOW pL p�=Ut 76xm |Qw] x@ OvW=@ R u=O}t |wQ n� n |}=yT} QD=t C w B 'A O}vm ZQi �15"O}vm XNWt =Q C w B 'A |=yT} QD=t "AAt +BBt + CCt = 0"AAt = (dij) w At = (a0ij) "C = (cij) w B = (bij) 'A = (aij) O}vm ZQi "pL%xH}Dv QO "dij =Pnk=1 aika0kj w a0ij = aij u}=Q@=v@tr(AAt) = nXi=1 dii = nXi=1 nXk=1aika0ki = nXi=1 nXk=1a2ik%OwW|t C@=F ?}DQD u}ty x@tr(BBt) = nXi=1 nXk=1 b2ik; tr(CCt) = nXi=1 nXk=1 c2ikTB tr(AAt +BBt + CCt) = 0 ZQi x@ =v@ |iQ] R=0 = tr(AAt) + tr(BBt) + tr(CCt)= nXi=1 nXk=1(a2ik + b2ik + c2ik)"A = B = C = 0 u}=Q@=v@ "1 � i; k � n Qy |=Q@ aik = bik = cik = 0 TBu}vJty "n � 2 xm |Qw] x@ OW=@ |k}kL u=O}t |wQ n� nT} QD=t A O}vm ZQi �;� �16|=yx}=QO O=OaD O}yO u=Wv "CU=C@Ft |=yx}=QO =@ Q}PBTwmat w uQ=kDt A O}vm ZQi"CU= n2 � 2n |w=Ut QDtm A�1 T} QD=t QiY#CU= OwHwt Q} R n� nT} QD=t Twmat QO QiY x}=QO O=OaD xJ �?�
A =

266666666666664
1 1 1 1 : : : 11 2 2 2 : : : 21 2 1 1 : : : 11 2 1 2 : : : 2... ... ... ... ... ...1 2 1 2 : : : : : :

377777777777775 : "pL



77 xOW pL p�=Uts} Q=O k 6= m |=Q@ "s}yO|t u=Wv bij w aij =@ ?}DQD x@ =Q A�1 w A QY=va �;�fbim : i = 1;2; : : : ; ng R= |m} pk=OL 'Ov=C@Ft aij uwJ "Pni=0 akibim = 0"s} Q=O A�1 uwDU Qy QO QiYQ}e x}=QO 2 pk=OLTB "CU= |ivt |m} pk=OL wC@FtQot OvQiY =ybij s=tD �?�b11 = 2; bnn = (�1)n; bi(i+1) = b(i+1)i = (�1)i i = 1;2; : : : ; n�1:
|=yx=oDUO |=y?=wH w OvW=@ 2�3|v=mrB�|Q]U xOW p} wLDT} QD=t wOR0 wR O}vmZQi �17"R = R0 O}vm C@=F "OvW=@ u=Um} R0X = 0 w RX = 0%CU= Q} R |=ysQi R= |m} x@ |rm Cr=L QO |v=mrB�|Q]U 2� 3 T} QD=t "pLR1 = 241 0 a0 1 b35 ; R2 = 240 1 a0 0 035 ; R3 = 240 1 00 0 135 ;R4 = 241 a b0 0 035 ; R5 = 240 0 10 0 035 ; R6 = 241 a 00 0 135 :uwJ p=L " R = R1 ,qFt OW=@ jwi |=yT} QD=t R= |m} |w=Ut R s}vm ZQi p=L"OQ=Ov =Q 6 =D 2 |=yCr=L R= l} I}y R0 s}vm|t C@=F R0X = 0 w RX = 0

R0 = 240 1 c0 0 035) R0X = 240 1 c0 0 03526664x1x2x337775 = 0) x2 + cx3 = 0) x2 = �cx3;



xOW pL p�=Ut 78|iQ] R= "CU= (x1;�cx3; x3) sQi x@ ?=wH TBX = 0) 241 0 a0 1 b3526664x1x2x337775 = 0) 8><>:x1 + ax3 = 0x2 + bx3 = 0) 8><>:x1 = �ax3x2 = �bx3w CU=Zk=vD u}= w OvDU}v u=Um} =y?=wH TB "CU= x3(�a;�b; 1) sQi x@ ?=wH TB"s}UQ|t Zk=vD x@ x@=Wt Qw] x@ R}v =yCr=L x}k@ QOO}vm ZQi �18A = 26666664 3 �6 2 �1�2 4 1 30 0 1 11 �2 1 0
37777775 :"OQ=O ?=wH AX = Y x=oDUO Y = (y1:y2; y3; y4)t s=Om |=R= x@%s} Q=O xOwRi= T} QD=t |wQ |D=tOkt |Q]U p=ta= s=Hv= =@ "pL26666666641 �2 0 �1 �27y2 + 17y10 0 1 1 37y2 + 17y10 0 0 0 y3 � y2 � 23y10 0 0 0 �59y1 � y23 + y4

3777777775) 8><>:2y1 + 3y2 � 3y3 = 05y1 + 3y2 � 9y4 = 0AX = Y x=oDUO 'y1; y2 2 F xm Y = (y1:y2; 23y1+y2; 59y1+ y23 )t |=R= x@ u}=Q@=v@"OQ=O ?=wHu=Wv "m 6= n xm |Qw] x@ OW=@ |k}kL O=Oa= u=O}t |wQ m� n T} QD=t A O}vm ZQi �19"CU}v Q}PBuwQ=w AtA =} AAt T} QD=t wO R= |m} pk=OL O}yO%s} Q}o|t Q_v QO Cr=L wO "pL



79 xOW pL p�=Utu}=Q@=v@ "OQ=O |y}O@ Q}e ?=wH AX = 0 '7"4"1 x}[k j@] 'm < n Qo = %1 Cr=L9X1 6= 0 : AX1 = 0) AtAX1 = 0) (AtA)X1 = 0:"CU}v Q}PBuwQ=w AtA =Pr "OQ=O |y}O@ Q}e ?=wH (AtA)X = 0 x=oDUO TB|y}O@ Q}e?=wHAtX = 0 wCU= n�mT} QD=tAtCr=L u}= QO n < m Qo = %2 Cr=LTB "OQ=O9X1 6= 0 : AtX1 = 0) A(AtX1) = (AAt)X1 = 0;"CU}v Q}PBTwmat AAt TB "OQ=O |y}O@ Q}e ?=wH (AAt)X = 0 x=oDUO TBxm |Qw] x@ OQ=O OwHw B 6= 0 'n � n T} QD=t A 'n � n T} QD=t Qy |=Q@ O}yO u=Wv �20"CU= u=wDOwN AB?=wH |=Q=O AX = 0 TB OW=@v Q}PBTwmat A Qo = "s} Q}o|t Q_v QO Cr=L wO "pLx}k@ w X1 u; pw= uwDU xm OW=@ |U} QD=t B T} QD=t "CU= X1 6= 0 Ovv=t |y}O@ Q}e"OW=@ QiY u; |=yuwDU0 6= B = hX1 ��� 0 : : : ��� 0i) AB = hAX1 ��� 0 ��� : : : ��� 0i = 0;"CU= u=wDOwN AB TB"CU= u=wDOwN TB AB = I 'B = A�1 6= 0 O}yO Q=Qk OW=@ Q}PBTwmat A Qo =O}vm ZQi u}vJty "OW=@ \rDNt |=yx}=QO =@ 2� 2 |U} QD=t A = 24a bc d35 O}vm ZQi �21u}= R= T} QD=t xU ,=k}kO xm O}vm C@=F "a+ b+ c+ d = 0 w OW=@ |Q]U xOW p} wLD A"OQ=O OwHw ẁv%ODi=|t j=iD= Q} R |=yCr=LTBCU=|v=mrB�|Q]U xOW p} wLDA = 24a bc d35 uwJ "pL%1 Cr=La = 1) c = 0) 1+ b+ d = 0) b+ d = �1:



xOW pL p�=Ut 80pw@k p@=k Q}e xm b = �2 s} Q=O d = 1 xm |DQwY QO w b = �1 s} Q=O d = 0 x=oQy"A1 = 241 �10 0 35 =Pr CU=%2 Cr=La = 0) 8><>:b = 1b = 0 ) 8><>:c = 1) d = �1 pw@k p@=kc = 0) d = 0 pw@k p@=kQ}e"A3 = 240 00 035 w A2 = 240 01 �135TBw BA = B s}W=@ xDW=O w OvW=@ F u=O}t |wQ n � n |=yT} QD=t B w A O}vm ZQi �22w B2 = B 'A2 = A O}yO u=Wv "AB = A(A�B)2 = 0: %s} Q=O "pLAB = A) ABA = A2 ) A(BA) = A2) AB = A2 ) A = A2;"B2 = B xm O=O u=Wv u=wD|t x@=Wt Qw] x@ BA = B xmv}= x@ xHwD =@ ,=OOHt"(A�B)2 = 0 s}yO|t u=Wv p=L(A�B)2 = (A�B)(A�B) = A2 �AB �BA+B2 = 0:l} AT} QD=t Qo = O}yO u=Wv "OvW=@ F u=O}t |wQ n� nT} QD=t wO B w A O}vm ZQi �23"OQ=O QiY Q]U R}v AB x=ov; OW=@ xDW=O QiY Q]U|va} "OW=@ QiY A T} QD=t s=r Q]U w B = (bij) 'A = (aij) s}vm ZQi "pLar1 = ar2 = � � � = arn = 0:
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