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Preface

In the fall of 2006 I read a couple of articles on transformation-based cloaking in
Science and heard a talk by Prof. Graeme Milton on cloaking due to anomalous res-
onances. I was intrigued by these new ideas; were they applicable to shocks, vibra-
tions, seismic waves? An opportunity to learn more came early in 2007, when Prof.
Milton offered a course called “Waves in Composites and Metamaterials.” I soon re-
alized that the contents of the course were worth preserving and disseminating to a
broader audience. I started to work out the details of each lecture and posting them
on my web-page at the University of Utah. The next three months were a juggling act
between my research on computational plasticity and trying to understand metama-
terial concepts. Later that year, I converted my notes into Wiki form and gave them
a more permanent home at Wikiversity." This book has grown out of those lecture
notes.

The book has been written with beginning graduate students and advanced under-
graduates in mind. The book will also be of use to engineers and researchers who
wish to understand recent developments in the dynamics of composites. A back-
ground of elementary calculus and differential equations, linear algebra, complex
analysis, and vector and tensor analysis is assumed. The reader unfamiliar with these
topics can find excellent sources on the web that are sufficient to understand most
of the book. The notation in the book has been kept as independent of coordinate
system as possible. Components of vectors and tensors are introduced only when
necessary and the Einstein summation convention is used extensively.

Special emphasis is placed on elastic media and acoustics, in part because of my
background in solid mechanics but also because there is a large gap between the
literature on the dynamics of elastic/acoustic composites and that on electromagnetic
composite media. Previous knowledge of elasticity and electrodynamics will help in
the navigation of this book, but is not essential. It is crucial that the reader develop a
familiarity with electrodynamics during the reading of this book; many developments
in the fields of phononic crystals and acoustic metamaterials have been based on
previous developments in electromagnetic materials.

I have adopted a “direct,” deductive, approach in this book in the sense that results
do not appear magically. This, of course, has required that an amount of detail be
included in the text. I suggest that the student work through some of the detail to
gain an understanding but spend more time analyzing the results and developing
concepts. The problems at the end of each chapter are designed to consolidate the

*The web page is http://en.wikiversity.org/wiki/Waves_in_composites_and_metamaterials.
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understanding of techniques used in the book. Beyond general ideas, the book does
not discuss the design of metamaterials and artificial crystals; that task is left to the
readers of this book.

The style and content of this book have been influenced by several people, partic-
ularly Prof. Graeme Milton, Prof. William Pariseau, Prof. Robert Smith, and Prof.
Rebecca Brannon of the University of Utah, and Prof. Andrew Norris of Rutgers Uni-
versity. Special thanks are due to my wife Champa who suffered through a year of
lost weekends and evenings while this book was being written. I would like to thank
Dr. Emilio Calius for writing part of the introduction, Dr. Eric Wester for showing
me his approach to impedance tube calculations, Dr. Bryan Smith for helping with
cloaking simulations, and our librarian Alison Speakman for giving me quick access
to the older literature on the dynamics of composites. Thanks also to my editor, Dr.
John Navas, who persisted and made this book possible.

All errors in this book are, of course, mine and I will be grateful if readers inform
me of any errors that they find.

Biswajit Banerjee
Auckland, New Zealand



Introduction

Traditionally, the answer to a given problem is obtained by copying suitable
equations, submodels, and boundary conditions with their appropriate solution
techniques from available sources. This is called “matching” and may result in
a good first-step learning experience; however, it should be augmented later on
by more independent work ...

C. KLEINSTREUER, Two-phase flow: Theory and applications, 2003.

Let us consider the propagation of light through glass, clear water, or any other
reasonably transparent media; the propagation of sound through plasterboard walls
or steel bulkheads; the propagation of vibration through aluminum airframes; or the
propagation of radio waves through the earth’s atmosphere. What all of these situa-
tions have in common is that they involve the interaction of waves with a medium,
be it solid, fluid, or gas. If the structure of the medium is just right, these interactions
can have interesting effects. The colors in a peacock’s feathers are caused by light
interacting with a periodic solid material; a rainbow is produced by the interaction
of light with spherical water droplets; a mirage is caused by the interaction of light
with our layered atmosphere. If we have special instruments we can observe simi-
lar effects for sound and elastic vibrations. But to what extent can we control these
phenomena?

That light can be bent must have been known since soon after humans started
fishing, and even the controlled bending of light through lenses has been known
for a long time. Translucent crystals of various kinds have been found among both
Neanderthal and Cro-Magnon remains that are tens of thousands of years old. The
oldest polished lens artifacts seem to be plano-convex (flat on one side and convex on
the other) rock crystal lenses that may have been used as magnifying glasses, or as
burning-glasses to start fires by concentrating sunlight. The earliest written records
of lenses date to Ancient Greece, with Aristophanes’ play The Clouds (424 BC)
mentioning a burning-glass (a biconvex lens used to focus the sun’s rays to produce
fire). The oldest lens artifact is the Nimrud lens, which is over three thousand years
old, dating back to ancient Assyria. Clearly, attempts to control the propagation of
waves has a long history.

Ordinary matter is fundamentally discrete. All naturally occurring media known
to man are composed of discrete molecules, which in turn are made up of atoms. An
atom consists of electrons, positively charged protons, and neutrons and, even fur-
ther down in the length scale, quarks. A central assumption in classical mechanics
and electrodynamics is that the discrete nature of matter can be overlooked, pro-
vided the length scales of interest are large compared to the length scales of discrete
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molecular structure. Thus, matter at sufficiently large length scales can be treated as
a continuum in which all physical quantities of interest, including density, stiffness,
magnetic permeability, and electric permittivity are continuously differentiable.

Wave propagation in periodic structures such as natural crystals and in layered
media has been studied since the pioneering work of Kelvin, Rayleigh, and Maxwell
in the late 1800s. But, since the geometries of these structures could be varied only
slightly, there was limited control over the effects that could be achieved. In 1987, the
work of Yablonovitch and John triggered an interest in the creation of artificial crys-
tals that could be designed to exhibit particular wave phenomena. However, most of
these artificial photonic or phononic crystals were designed to operate at wavelengths
of the order of the lattice parameter until the development of metamaterials.

Metamaterials

The name metamaterials emerged in the late 1990s and was first used officially by
the Defense Advanced Research Projects Agency (DARPA) Symposium on Meta-
Materials in 1999. It was coined by the pioneers in the field by using the prefix meta,
which can be translated from the Greek as beyond, to imply beyond conventional
materials. Metamaterials are a new class of complex composite materials that have
created considerable excitement because they can be engineered to exhibit any de-
sired electromagnetic, acoustic, or mechanical effective properties up to and includ-
ing such exotic behaviors as negative refraction, negative bulk modulus, or negative
mass under certain excitations. The physics of metamaterials and their interaction
with waves of all kinds can be extremely counter-intuitive, causing strong criticism
and debate as well as an explosion of research.

Metamaterials have a long prehistory, dating back at least as far as the Lycurgus
cup from the 4th century AD that uses metallic nanoparticle colloids embedded in
glass to dramatically change its color as a function of the illumination angle. But sci-
entific research in this area only started in the late 19th century, as Floquet, Rayleigh,
Bose, and others investigated waves in periodic systems of various kinds. Although
materials that exhibited reversed physical characteristics were first described theo-
retically by Veselago in 1967, it was not until the late 1990s that practical designs of
such materials were discovered.

In our view metamaterials involve inclusions and inter-inclusion distances that are
much smaller than a wavelength. As long as this condition is met, the dimensions
of the metamaterials’ internal structure are independent of the wavelength they in-
teract with, and determined mainly by practical considerations. Consequently such
media can be described by homogenization and effective media concepts. They typ-
ically involve coupling of the waves with resonances of some kind. On the other
hand, the phononic and photonic crystals (also called band-gap materials) involve
length scales that are on the order of half a wavelength or more and are described
by Bragg reflection and other periodic media concepts. The key dimensions of a
band gap material are directly linked to the wavelengths that it will strongly inter-
act with. However, there is often no clear distinction between metamaterials and
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photonic/phononic crystals and the same structure may behave as one or the other,
depending on the wavelength and frequency of the incident waves.

Modern developments

Metamaterials have a prehistory dating back many centuries; but modern develop-
ment really started in the mid-1990s when it was realized that split-ring resonators
and thin wire structures provided the means of constructing electromagnetic metama-
terials with a negative refractive index, which was first demonstrated experimentally
by Smith et al. at the University of California in 2000 (Smith et al., 2000). Research
in this area, although active, remained something of a niche until Pendry’s seminal
paper (Pendry, 2000), published that same year, in which he described how metama-
terials could enable the perfect lens, one whose imaging resolution is not limited by
diffraction, which would have profound consequences for microscopy, spectroscopy,
and micro-fabrication. Also in 2000, a group of researchers in Hong Kong reported
the first elastic metamaterial and its ability to greatly affect acoustic transmission in
a narrow frequency band (Liu et al., 2000). The composite material was later shown
to exhibit negative density at those frequencies (Liu et al., 2005).

By 2006 both Leonhardt (Leonhardt, 2006b) and Pendry (Pendry et al., 2006)
had developed theories of electromagnetic cloaking using metamaterials, and later
that year Schurig and Smith, now at Duke University, experimentally demonstrated
cloaking of a small region at one microwave frequency (Schurig et al., 2006a). The-
oretical concepts for acoustic cloaking were first published in 2007 (Cummer and
Schurig, 2007, Chen and Chan, 2007a), but experimental results were not available
until 2010, elastic structures being more complex as they can support shear as well
as longitudinal wave modes. Cloaks to protect marine structures from waves (Farhat
et al., 2008) and buildings from earthquakes (Brun et al., 2009) have also been pro-
posed recently. Progress in cloaking is continuing, with the first optical frequency
metamaterial being produced in 2008 and the first cloak that operates over a range of
frequencies in the microwave spectrum being demonstrated in 2010. There are still
major challenges, such as the issue of losses, which is driving interest in supercon-
ducting metamaterials (Kurter et al., 2010) and how to achieve the desired effects
over an usefully wide range of frequencies.

Recent developments and future directions

Although cloaking and super lensing continue to be major foci of metamaterials re-
search, the field has begun to broaden significantly over the past couple of years. A
team at Caltech is designing metamaterial coatings to improve the effectiveness of
solar cells; several groups are looking at applications involving THz focusing and
imaging, others at wireless communications in the 100 Mhz to 10 GHz range, some
at controlling heat transmission through phonons; yet others are using metamaterials
to simulate black holes and other aspects of the structure of the universe by exploit-
ing the analogy between metamaterials’ ability to distort electromagnetic space and
gravity’s distortions of spacetime. A team at Nanjing’s Southeast University reported
the first microwave black hole in 2009 (Cheng et al., 2009, Cheng et al., 2010).
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Research worldwide has focused mainly on electromagnetic metamaterials be-
cause there are many kinds of modern devices that require interactions with elec-
tromagnetic waves. Applications range from health care to communications, from
power generation and conversion to semiconductor manufacturing, from stealth ap-
plications for the military to security. Electromagnetic metamaterial antennas that
offer improved performance in smaller sizes appeared in 2009 and many other com-
mercial applications will undoubtedly follow.

But there is a gap in published research on elastic and acoustic metamaterials when
compared with that on electrodynamic metamaterials. Though deep sub-wavelength
acoustic imaging has been demonstrated (Zhu et al., 2010), there is a paucity of
experimental realizations of elastic metamaterial designs and applications. For in-
stance, there is a need in the construction industry for new approaches to sound
insulation and for earthquake protection, vibration cloaking of sensitive components
(perhaps for protecting electrodynamic metamaterial components), and mechanical
sensors and actuators by controlling the vibrations of beams and plates. As our un-
derstanding of the capabilities of metamaterials improves, we can expect the oppor-
tunities for exciting new research and applications to multiply.

The book

This book deals mainly with theoretical aspects of metamaterials, periodic compos-
ites, and layered composites. The first chapter introduces the reader to elasticity,
acoustics, and electrodynamics in media. Concepts such as an anisotropic, tenso-
rial mass density, frequency-dependent material properties, and dissipation and con-
straints imposed by causality are introduced from the beginning. The second chapter
deals with plane wave solutions to the wave equations that describe elastic, acoustic,
and electromagnetic waves. Reflection and refraction at plane interfaces are explored
for various situations and transmission through slabs is discussed. The third chapter
deals with the plane wave expansion of sources and with scattering from curved in-
terfaces, specifically spheres and cylinders. Multiple scattering is also explained in
brief.

Electrodynamic metamaterials are covered in the fourth chapter. Particular em-
phasis is placed on homogenization of metamaterials as proposed by Pendry and
co-workers and an effort is made to give some physical insight into metamaterials
using the Drude model. Perfect lensing and negative refractions are also discussed.

The fifth chapter is on elastodynamic and acoustic metamaterials. Simple spring-
mass models are used to motivate the possibility of negative and anisotropic mass
density. The Milton-Willis theory of frequency-dependent mass is explained and a
gyrocontinuum model with a frequency-dependent moment of inertia is discussed.
Helmbholtz resonator models are used to show that effective dynamic elastic moduli
can be negative. The Willis equations, which appear to be a general descriptor of
composites with microstructure, are discussed in detail and a spring-mass model
that exhibits Willis behavior is examined. The last section of the chapter deals with
extremal materials such as negative Poisson’s ratio and pentamode materials.

Chapter 6 deals with transformation-based cloaking. The invariance of the con-
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ductivity equations and of Maxwell’s equation under coordinate transformations is
derived. Examples of transformations are discussed and aspects of acoustic cloak-
ing are introduced. We then show that the equations of elastodynamics transform
into the Willis equations under coordinate transformations. The special behavior of
pentamode materials and their application to acoustic cloaking is also examined.

The next chapter deals with periodic composites. The Bloch-Floquet theorem is
introduced and applied to the problems of finding the effective behavior of compos-
ites in the quasistatic limit. The quasistatic equations are found to be identical to
the equations of elastostatics and electrostatics, but with complex parameters. The
Hashin effective medium solution is used to show how results from elastostatics
can be extended to dynamic problems using analytic continuation. Finally, Brillouin
zones and band gaps in periodic structures are discussed in the context of lattice
models of elastic structures.

The final chapter involves layered media. Wave propagation in smoothly varying
layered media and approximate solutions to problems involving such media are ex-
amined. The propagator matrix is introduced and used to show that a periodic layered
medium can exhibit anisotropic density. Quasistatic homogenization of laminates is
explored and hierarchical laminates are shown to possess remarkable properties.

Many of the ideas in this book are yet to be realized experimentally and we hope
that the readers of this book will explore some of these ideas and bring them to
technological maturity.






1

Elastodynamics, Acoustics, and
Electrodynamics

We, however, working as we do to advance a single department of science, can
devote but little of our time to the simultaneous study of other branches. As soon
as we enter upon any investigation, all our powers have to be concentrated on a
field of narrowed limit.

HERMANN VON HELMHOLTZ, On the aim and progress of physical science,
1869.

Vibrations, sound, and light involve the propagation of waves. In the case of vibra-
tions, these waves carry information about small changes in the shape of an elastic
body. Vibrations are elastic waves. Our sense of touch can be used to track these elas-
tic changes in shape as a function of time. Sound is the propagation of small changes
in pressure through a fluid and our ears may be used to track these waves. Light is the
propagation of small disturbances in electric and magnetic fields and we can use our
eyes to track these changes. But for certain frequencies our senses are no longer ad-
equate and specialized instruments are needed to sense vibrations, sound, and light.

Vibrations and seismic waves are special types of elastic waves. These waves are
governed by the equations of elastodynamics. Acoustics deals with various types of
sound waves. As you can guess, elastodynamics and acoustics are closely related.
Light is a special type of electromagnetic wave and its propagation is described by
Maxwell’s equations of electrodynamics. Electromagnetic waves are quite different
from elastic and acoustic waves in that they can travel through vacuum. But, remark-
ably, all three types of waves can be described by a similar set of equations and hence
these disparate phenomena can be studied simultaneously.

The governing equations of linear elastodynamics, acoustics, and electrodynamics
are the starting point of our study of waves in heterogeneous media and composites.*
We will explore these governing equations and look at ways in which these equations

*Detailed derivations of the equations of linear elasticity can be found in Atkin and Fox (1980) and
Slaughter (2002). Expositions on elastodynamics can be found in Achenbach (1973) and Harris (2001).
An accessible introduction to the applications of elastodynamics in the study of vibrations can be found
in Volterra and Zachmanoglou (1965). For seismic waves and problems related to seismology a good
starting point is Aki and Richards (1980). Excellent introductions to acoustics can be found in Reynolds
(1981) and Skudrzyk (1971), and numerous solved problems are given in Morse and Ingard (1986). The
governing equations of electrodynamics are discussed in detail in Feynman et al. (1964) and Jackson
(1999).
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can be simplified. We will start with direct notation and then explore specialized
coordinate systems. Fourier transforms will be used to convert the time-dependent
equations into frequency-dependent form. We will discuss dissipation and the con-
straints placed by causality on the solutions of the governing equations. We will
also identify the similarities between the equations of elastodynamics, acoustics, and
electrodynamics. These similarities will allow us to use some of the same techniques
to solve problems in these seemingly disparate fields.

1.1 A note about notation

The notation used in this book is based on Ogden (1997). Scalar quantities are de-
noted by italic letters (a) and Greek letters (¢). Vector quantities are represented with
bold font lower-case letters (v) and in some cases as upper-case bold letters (E).
Second-order tensor quantities are written with bold italic (E) or with bold Greek
(6). Third-order tensors are written with calligraphic fonts (§) and fourth-order ten-
sors are written in bold sans-serif fonts (C).

The scalar product of two vectors is indicated by u - v, the vector product by u x v,
and the tensor product by u ® v. The tensor product is a second-order tensor. The
action of a second-order tensor on a vector is represented by S - v. The definition of
the tensor product is

(u@v)-w=(v-wu.

The transpose of a second-order tensor is denoted by S7 and is defined via the rela-
tion
v-(§T-u)=u-(S-v).

The trace of a second-order tensor is an invariant and can be defined with respect to
an orthonormal basis (e, e;,e3) as

trS=S;=e;- (S~el~)

where summation over repeated indices is implied. The determinant of a second-
order tensor is likewise an invariant and can be expressed as

det(S) = €jjk Si1 sz Si3
where ;. is the permutation tensor which is defined as

1 for even permutations, i.e., 123, 231, 312
eijt =4 —1 for odd permutations, i.e., 132, 321, 213
0 otherwise.

The inner product of two second-order tensors is a second-order tensor given by
ST, in index notation S;; 7. If detS # O then there exists a unique tensor called the
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inverse of § and denoted by S~ such that
s8t=5'85=1

where 1 is the identity tensor that takes a second-order tensor to itself. The contrac-
tion of two indices between two tensors is represented as S : T and C : S, in index
notation, S;;7;; and C;jx/Sk¢ . The magnitude of a vector is ||v|| = /v-v and the

magnitude of a second-order tensor is ||S|| = v/ S : §. We use the notations v - § and
ST .v interchangeably. For higher-order tensors, the quantity v- C-u is equivalent in
index notation to C;jxv;uy.

The notation used for differential operators is similar to that used in vector calcu-
lus. However, the definitions are slightly different. The gradient of a tensor field of
any order is defined by its action on a vector a as

VS(9]-a= SoS(xtaa) = (a-V)S().

a=0

The divergence of a vector field is defined as V- v = tr(Vv) and the divergence of a
second-order tensor field is defined as

[V-S(x)]-a=V-[S(x)-a] .
The curl of a vector field is defined by
[Vxv(x)]-a=V-[v(x) xa] .
The Laplacian of a scalar field is denoted by V2 and is defined as
V9=V (V9)=(V-V)o.
The Laplacian of a vector field is defined as
Viv=V. (V) = (V.V)v.

We use the symbols a := b and b =: a to indicate that the quantity a is being defined
to be equal to b.

1.2 Elastodynamics

Consider the body Q¢ with boundary I'g shown in Figure 1.1. Points in the body can
be located using the position vector x. Let Q be a subpart of the body with boundary
I'. Let the unit vector n be the outward normal to the surface I'. The region Q can
be in the interior of the body or share a part of the surface of the body. Let there be
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Subpart of the body

FIGURE 1.1
Illustration of the concept of stress in part of a body. The stress is defined via the surface
traction t on an internal surface I" with outward unit normal n.

a force t(x,n) per unit area on the surface I'. The balance of forces requires that t is
the force exerted on I' by the material outside I" or by surface tractions on I'y. From
the balance of forces on a small tetrahedron,” we can show that t(x,n) is linear in n
as the size of the tetrahedron tends to zero while keeping t finite. Therefore,

t=c’-n=n-o (1.1)

where 6(x) is a second-order tensor called the Cauchy stress tensor. The vector t is
also called the traction vector. Since the tetrahedron cannot rotate at infinite velocity
as its size goes to zero,¥ we can show that the stress tensor is symmetric, i.e.,

c=o0". (1.2)

For dynamic problems the Cauchy stress is also a function of time, ¢. In that case the
equation of motion of the body is given by the conservation of linear momentum and
can be written as

AL (1.3)

V'G+p(xvt) b(X,l):p(X,t)g; Y

where p is the mass density, V - 6 is the internal force per unit volume, b is the
body force per unit volume, u(x,#) is the displacement field in the body, and dv/dt

See Slaughter (2002, p. 175) for a detailed explanation.
“This is a way of conceptualizing the principle of conservation of angular momentum.
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is the spatial acceleration. It is implicit in the above equation that mass is conserved
because the equation for the conservation of mass has been used to simplify the
expression for the rate of change of linear momentum on the right-hand side.

Let us assume that the stress depends only on the strain (and not on strain gradients
or strain rates), where the strain tensor is defined as®

e=1[Vu+(Vu)] . (1.4)

We need a constitutive relation between the stress and the strain to complete the
system of equations of elastodynamics. Assume that 6 depends linearly on € so that
we can use the principle of superposition to get the constitutive relation’

o(x,t) = /Qdy [/Z Ke(x,y,t —1'): €(x,t') dt’ (1.5)

where K¢ is a fourth-order kernel function called the stiffness tensor. This assumption
ignores preexisting internal stresses such as those found in pre-stressed concrete. The
kernel function may be singular, a delta function for example, and in such situations
the integrals are interpreted in the sense of measure theory. If the material can be
approximated as being local in space, i.e., the stresses at a point are determined
solely by the strains at that point, then

o(x,1) = / T Ke(x,t — 1) e(x,1') dr’ (1.6)

Causality implies that stresses at time ¢ can only depend on strains from previous
times, i.e., if > ¢'. Therefore

Ke(x,1)=0 if 1t=t-¢<0.

In addition, if we assume that the material is local in time (i.e., the stresses at a
particular point in time do not depend on strains at earlier times), then

o(x,1) =Ke(x,1) : &(x,1) =: C(x,1) : €(x,1) . (1.7)

In that case, the governing equation (1.3) becomes

o*u

V. [C(x,t) : Vu] +p(x,7) b(x,t) = p(x,t) 57

(1.8)

$Note that the gradient of the displacement field is used to define the strain because rigid body motions
should not affect 6 and a rigid body rotation gives zero strains (for small displacements).
IThe principle of linear superposition implies that the constitutive relation should have the form

G(x,t):/gdy [/;Kg(x,y,tft’) ce(x,t')dr|.

We have extended the limit to 4o in order to make it easier to Fourier transform the equation. Causality
requires that K¢ = 0 if ' > 7. Hence the extension of the limit is valid.
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For an isotropic material, the stiffness tensor has the form
C(x,t) =Ax,1)1®1+ 2u(x,1)l

where A is the Lamé elastic modulus, u is the shear modulus, 1 is the second-order
identity tensor, and | is the symmetric part of the fourth-order identity tensor. If the
material is also homogeneous, then equation (1.8) can be expressed as

82
(k—&-,u)V(V-u)+,uV~(VuT)+pb:p?;l. (1.9)

Using the identity
Vx(Vxu)=V(V-u)-V-(Vul)

we can write (1.9) in the form

2
(l+2y)V(V-u)—pVx(V><u)+pb:p887121. (1.10)
Let us define N
2,
& N P P o) (1.11)
p p
Then equation (1.10) can be written as
2y(V 2V % (V n
¢ ( 'll)—CS X( Xu)—&—bzﬁ (1.12)

Note that the volumetric strain in given by the divergence of u and the infinitesimal
rotation vector (which is the axial vector of the skew-symmetric part of the displace-
ment gradient tensor Vu) is given by the curl of u, i.e.,

e=tr(¢§)=V-u; 6::%V><u. (1.13)

1.2.1 Elastodynamic potentials

It is common to invoke Lamé’s theorem and express the above equation in terms of
a scalar potential ¢ and a vector potential Y for u such that!

u=Vo+Vxy; V.-y=0. (1.14)
Then e = V2 and @ = — 1V - (V) and we can show that

20 @ Fy ¥
izg-‘rc[z, V2¢; %:E“FC?V'(V\V)T (1.15)

where the Helmholtz potential representation of the body force is b = V& +V x W,
The first of equations (1.15) is called the equation for the “P-wave” while the second
is the equation for the “S-wave.” The quantities ¢, and c, are the wave speeds of the
P-wave and the S-wave, respectively.

IISee Aki and Richards (1980) for more details.
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1.2.2 Cartesian coordinates

So far we have represented the equations of elastodynamics in a form that is inde-
pendent of the coordinate system. It is often convenient to express these equations in
terms of components with respect to a particular coordinate system. In a rectangular
Cartesian coordinate system a vector can be expressed as v = v;e; where v; are the
components of the vector in terms of the basis vector set {e;}. Summation over re-
peated indices is implied. A second-order tensor such as the stress can be expressed
as § = S;je; ® e; where S;; are the components of the tensor. Then the traction-stress
relation can be written as

tie; = (G;{mek ®en) - (nje;).

From the definition of the dyadic product, (a®b)-c = (b-c)a, we have (e, Qe
e; = §,,jex where §,,; is the Kronecker delta which has the value 1 when m = j and
0 otherwise. Therefore,

T T T
tie; = ankmSmjek = ankjek = anijei =n;oje < ;=nj0j.

Note that the dummy index k can be replaced has been replaced with i in the above
equation.

We can proceed in a similar manner with the conservation of linear momentum,
equation (1.3). The divergence of a second-order tensor is defined as

_ 95y

V.
§ ax,»

ej = Sl'jj Ej .

With this definition, equation (1.3) can be expressed as
ov; ]

Sijit+pbj=p aftj =pvj-

The gradient of a vector is defined as

avi
Vv=_—¢eRe;=v;;eRe;.

an

This definition can be use to obtain the component form of the strain-displacement
relation which is

1
&j = 5 (uij+uji) -
The stress-strain relation for an elastic material in terms of components can be ex-

pressed in components as
Gij = Cijke €

where the symmetries of the stiffness tensor are

Cijke = Cjire = Cijox = Craij -
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Therefore the governing equation for an inhomogeneous but local elastic body can
be written in the form

[Cijreexe],+p bj=piij .
If we recognize that we can express the gradient and divergence terms in the momen-
tum balance for an isotropic and homogeneous elastic solid as

Vu= Uj.j 5 V(Vu) = uj’j,-e,- 5 Vzu =V. (Vu)T = Ui jj €e;
we can write the balance of linear momentum (1.9) in component form as
(A+p)uj ji +pu; jj + pb; = pii; .

For the component form of equation (1.10), we use the definition of the curl of a
vector

Vxv= €mng Vnm €4 — V x (V X V) = €pqi€mng Vn,mp €i

where e;j; is the permutation tensor which equals 1 for even permutations of ijk
(123, 231, 312), has a value of —1 for odd permutations (132, 321, 213), and equals
zero otherwise. Then equation (1.10) can be expressed as

(7\,+ 2y)uj,j[ — €pgi€mng U Un,mp + pb, = pii; .

The component forms of the wave equations for the elastodynamic potentials ¢ and
W can be found in a similar manner. These are

P 2 . \Pi 2
0= E"‘Cp Giis Vi= F+Cs Vijj -

1.2.3 Curvilinear coordinates

Though rectangular Cartesian coordinates are the easiest to work with, it is often
convenient to express the equations of elastodynamics in general curvilinear coordi-
nates. In that case, if an invertible mapping exists between the Cartesian components
({xi}) and the curvilinear coordinates {;}, then the natural basis vectors g; and the
metric tensor components g;; are given by
ox; . . . o
_ 9, . _ . _§i. —
8= 58t 8 =88 88 =05:s"=¢g"g"
A vector v can be expressed in terms of components with respect to the natural
basis as v = vkg; = vigk. A second-order tensor § may be expressed in the form
S=Sigwg = Sfj gi®g =S/ g ®g; =S5 g ®g. Using these definitions we
can show that the relation between the Cauchy stress and the traction vector can be
expressed as** ‘ _
t'=0"nPg;, .

**The most appropriate representation of the stress tensor depends on the operational use to which it is to
be put. The traction vector is often thought of as a 1-form in which case the right form of the stress tensor
will be one with mixed components. See Marsden and Hughes (1993) for further details.



Elastodynamics, Acoustics, and Electrodynamics 9

The divergence of a second-order tensor in curvilinear coordinates is given by

BS’ o aS' .
aS;; P as.’ i i .
= [891’5 - rii Sej— Fij Sié] glk g = [aelk - ka S/ +Fig S/] glk 8

where the Christoffel symbols of the second kind are given by

g_zﬁ Igmi agmj_agij
Y2 [00/ 00" 00"

Therefore, for small deformations, equation (1.3) can be expressed in curvilinear
coordinates as

aSY J— o
ae +Fl/ S/j +Flg Sz/+pb pu
The gradient and the divergence of a vector are expressed in curvilinear coordinates
as
ov v;
Vv = {aek+rlkv] giog = {ae; le} g g
o' ; av; 19
V-v:.—i—l“’-vez{’.—l"[»v} Ve — — (W
g 500 Livt| 8= 75 ve)

where g := det([g;;]). These can be used, in conjunction with the definition of the
divergence of a second-order tensor, to find an expression for the Laplacian of a
vector, V2u := V- (Vu”) and the form of equation (1.9) in curvilinear coordinates.
However, that form is rarely used because of its complexity.

It is of value to express the first of equations (1.15) in curvilinear coordinates.
The Laplacian (also called the Laplace-Beltrami operator) of a scalar field (¢) in
curvilinear coordinates is given by

1
V2 Ji :
= g {f aeJ]
Therefore the wave equation for the P-wave in terms of the scalar potential ¢ can be

written as
j= 24 { 4 } (1.16)
q) f aej N *

\f 00’
1.2.4 Anisotropic and frequency-dependent mass density

In Chapter 5 we will see that the macroscopic dynamic mass density of a composite
containing masses and springs can be both anisotropic and frequency dependent. If
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the mass density is anisotropic we can represent it as a second-order tensor (p) and
equation (1.3) can then be expressed in the form

0*u
V~6—|—p(x)-b(x):p(x)~ﬁ. (1.17)

Additionally, if the mass density is a function of the frequency, we can express equa-
tion (1.17) as

V. 6—|—/ (x,t —t")-b(x) dt’ _/ p(x : ﬂz Y (1.18)

Causality requires that the dynamic mass density p at time ¢ should not depend on
the dynamic mass density at times ¢’ > ¢. Hence, p =0if t =1 —¢' < 0. It is easier
to explore the above equations in the frequency domain and we shall see why in the
next section.

1.2.5 Elastodynamics at a fixed frequency

In the study of waves in composites it is often convenient to examine the behavior of
elastic materials and fixed frequencies. This is because we can think of the solutions
at fixed frequencies as the individual Fourier components of the time-dependent solu-
tion. After the relevant Fourier components have been computed, an inverse Fourier
transform can be performed to obtain the solution in the time domain. This is allowed
because of the linearity of the problem and the applicability of the principle of linear
superposition.
Let us define the Fourier transform of a function f(z) as

Flw) = FLf1)] = / Flt) €@ dr |

—oo

Then the Fourier transform of a convolution of two functions f(¢) and g(¢) is given

by
Flf*gl= / {/ fle—1") gt d /] e dr .

Making the substitution T =t — ¢’ leads to

Flreg= [ U fx } o(c+) 4o
[/ f(z) "“dch/ gt ’“”dt]:[/_o:of(t)eimdfc} g(w) .

Equation (1.6) expressed in rectangular Cartesian components is

G,-j(x,t):/ Kijio(x,t —t")ege(x,1') dt’ .



Elastodynamics, Acoustics, and Electrodynamics 11

Since the right-hand side is a sum of integrals we can transform each component and
sum the results to get the Fourier transformed equation which is

G1x0) = | [ Kipa7) €7 8x.0) = Cx.0) Blx.0).

In direct tensor notation,

16(x,0) = C(x.0) :E(x,0) | (1.19)

where .
C(x,w):/ Ke(x,7) €T dt and t:=1 1. (1.20)

Note the similarity between this equation and equation (1.7). Causality implies that
stresses at time 7 cannot depend on strains developed at times ' > 7. Hence Kg(x,T) =
0if t =t —1t < 0. Now consider a complex frequency ® = ®, + i ®; where ®, is the
real part and o is the imaginary part of the frequency. Then

Clx,0) = / Ke(x,T) 69T g — / Ke(x,7) [cos (®0,7) + isin(®,7)] % drt

Nonzero values of the integral are obtained only when Tt > 0. When ®; < 0 the prod-
uct —®;T > 0 and the integral diverges. This implies that the integral converges only
if ; = Im(®) > 0, i.e., C(x,®) is analytic only in the upper-half of the complex ®
plane. "

Let us now consider the momentum balance equation (1.18) for a material with
anisotropic and frequency-dependent mass density in the absence of a body force.
In terms of components with respect to a Cartesian basis the balance of momentum

reads
azuk

® /! !/
Gji’j:/, pik(X,l—l) 37 dr .

Fourier transformation of both sides of the above equation leads to

* ior g < / az“k 1| ior
Gji e dt = pi(x,t —1") 57 dr'| e ®dr .

As we have seen previously, we can use a change of variable, T =7 —¢/, to get

oo

“ 1 oo i 82 Y]
Lwclji,.jelwtdt _ |:/w pik(X,’C) elmd’c] |: 8 a:zk oot dt’] .

T The analytic nature of C arises from the observation that exp(iwt) is an analytic function of ®. Since a
sum of analytic functions is analytic and a convergent integral of analytic functions is also analytic, the
function C(x,®) is an analytic function of ® in the upper half of the ®-plane, Im(®) > 0.
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We can use integration by parts to find the Fourier transform of the derivative on the
right-hand side, i.e.,

> 07wy ot 3,0 g ooy
5 edr = —
—o Of ot

auk ot
ot

“ * auk s
—/ l(\)y elwt dt/

. !
— iouy '™

oo oo L
_/ (DZMk & qr

If Im(®) > O the boundary terms vanish and we have

/ cjijedt = — {/ Pir (%, 7) e’md’c} [/ @ uy e’mtldt'} )

Therefore the Fourier transformed form of equation (1.18) is

V.6(x,0) = —0” p(x,0) - U(x,0) . (1.21)

Substituting equation (1.19) into equation (1.21) we get
V- (C:&)+a’*p-u=0. (1.22)
Also, taking the Fourier transform of equation (1.4), we have
€=1[Vu+(Vu)'] . (1.23)

Since G and € are symmetric, we must have Cjjiy = Cjire = Cijg. Because of this
symmetry, we can replace € by V4 in equation (1.22) to get

V. (C:Vu)+o’p-u=0.

Dropping the hats, we have the wave equation for elastodynamics for fixed frequency

V- (C:Vu)+o’p-u=0. (1.24)

The above equation is the fixed frequency form of equation (1.8) in the absence of
body force and for the situation where the mass density is anisotropic and frequency
dependent. For an isotropic material

C:Vu=yu[Vu+ (Vu)]+Atr(Vu) 1 (1.25)

where u is the shear modulus and A is the Lamé modulus. For a homogeneous and
isotropic medium we can split the elastodynamic wave equation into equations for
the p-wave and the s-wave components. In that case, the wave equations at fixed
frequency in the absence of body forces take the form

2, O r, @
V+—50=0; V- (V¥)' +—Zy=0. (1.26)
p N

The quantities ¢, and ¢ are phase velocities and must be real for waves to propagate
through the elastic medium.
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1.2.6 Antiplane shear strain

Let us now consider the case of antiplane shear strain which is a special state of
deformation where the components of the displacement (u) with respect to an or-
thonormal basis {ej, ey, e3} are given by

ulzul(XQ,)Q), M2:0, u3:0‘

This is an out-of-plane mode of deformation. Let us also assume that C is isotropic
and that g and A are independent of xj, i.e., u = u(xz,x3) and A = A(xz,x3). Since
tr(Vu) = V-u = u;; = 0 equation (1.25) can be written as

0 puyp puy 3
[C:Vu]l-j :y(ui7j+uj7i)<:>[C:Vu]: Hui 2 0 0
purz 00

Therefore,

(mur2) o+ (Hur3),

& [V-(C:Vu)] = "0 ’

[V-(C:Vu)]; = [u (uij+uji)]
0

Plugging into the wave equation (1.24) we get
(mur2) ,+ (Hu3); + 0 p1yup =0.

Let us define the two-dimensional gradient operator (V) such that the gradient of a
scalar (0) and the divergence of a vector (v) are given by

Vq):q),oceoc; V'V:Vq’(x; (X,B:2’3.

Then we can write the wave equation for antiplane shear as

V- (uVu)+o*pu;=0. (1.27)

Shear waves that satisfy the above equation are also called SH-waves (shear hor-
izontal waves), particularly in seismology. Later we shall see that this equation is
analogous to those for plane acoustic wave propagation and transverse electromag-
netic wave propagation.

1.2.7 Elastodynamic power and dissipation

The rate of work done on an elastic body by external surface tractions and body

forces is
P:/t-udA—i—/b-ﬁdV
r Q
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where t is the surface traction, b is the body force, and u is the displacement. If n is
the unit outward normal to the surface I', we can use the definition of Cauchy stress
to get

P:/(n~c)~1'1dA+/b~1'1dV.
r Q

In the absence of jump discontinuities in the body, the divergence theorem** and the
symmetry of the Cauchy stress gives us

P= / (i1-6)+b-a] dV = /[V-(c-ﬁ)+b-ﬁ} av.
Q
Expanding the divergence term leads to
P:/ (V-6)-a+0:Va+b-a] dV
Q

We can express equation (1.3) for the balance of linear momentum in the form
o Pu
V.6+b=p where p::[mp(x,t 1) Wdl

Therefore,

P:/ [p-i+0:Vi] dV. (1.28)
Q

Then the average work done over a time period, 7', is given by

L rz .
chde:/g ?LT/2(p-u+6.Vu) dt

It is convenient to use the notation v = u and to take advantage of the symmetry of
the Cauchy stress to express the power in terms of the velocity and strain rate as

av. (1.29)

P:/ [p-v+6:£ dV where €:=1[Va+(Va)']. (1.30)
Q
Recall that the stress is related to the strain by

o(x,1) = L T K(x 1) e(x ) di’ .

#The divergence theorem for a tensor field can be symbolically written as
/ V.Tdv= / T@ndA
Q r

where n is the unit normal to the surface I'. For a vector field v and a second-order tensor field S, we have

/V-vdV:/v-ndA and /V-SdV:/ST-ndA.
Q T Q T



Elastodynamics, Acoustics, and Electrodynamics 15

If we consider time harmonic displacements and strains of the form
u(x,t) =Re[ti(x)e ]  and = Re[€(x) e ]

we have . '
v =Re[—iote ] ; &=Re[—ioge ]

and
7i(0t] .

6 =Re[C:€e ™]; p=Re[-w’p-ue
Let us break up the above quantities into their real and imaginary parts, i.e.,

~

U=1,+iu;; €E=¢ +i€; p=p,+ip;, and C=C, +iC;.

Then we have

o~

v = o[u;cos(wr) — 4, sin(r)] ; &= 0[€; cos(wt)—&,sin(wr)]
=(C,:& —C;:€)cos(wt)+(C, : € +C, : € )sin(wr)
p =0 [(p; Wi — P, u,)cos(wr) — (P, Ui+ p;-u,)sin(ar)] .
Plugging these into equation (1.30) gives us
P:/ {u) [Eicos(ntfgrsinwt] :
Q

[(—Ci:€&+C,:€)coswr+(C,:&+C;:&)sinor| +

®° [U; cos o — U, sin ] -

[(p;-u; —p,-u,)cosr — (P, - U;+ P, °,) sinax] | dV.

Therefore, using (1.29), the average work done in a cycle of oscillation will be

W, © e Pd
=/ |= 1
cyele /Q 21 /4;/(»

_/ —(&:C;:& +¢&:C;: Sr)+03 (W;-p; -0+, -p;-4,) ] dV.

dav

This quadratic form will be non-negative for all choices of U and € if and only if
€:(—C;)):&€>0and u-p;-u > 0 for all real ® >0, i.e, —C; and p, are positive
definite. Note that the quadratic forms do not contain the real parts of C and p. Since
the work done in a cycle should be zero in the absence of dissipation, this implies
that the imaginary parts of the elastic stiffness tensor and the density are connected
to energy dissipation.
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1.3 Acoustics

The equations of acoustics describe the propagation of sound waves in a medium.
These equations consist of simplified forms of the conservation of mass and the
Navier-Stokes equations for the conservation of linear momentum in fluids. In this
section we consider only the linear equations (also called the “small signal” equa-
tions) for acoustic waves.

The equations of elastodynamics implicitly assume that mass is conserved within
the body Q and there is no mass flow in and out of the body. Such a description of the
dynamics of a continuum is called Lagrangian. However, a Lagrangian description
usually proves inconvenient for acoustics and a spatial or Eulerian description is
preferred. In the Eulerian description of a continuum, mass is allowed to flow in and
out of a region which is assumed fixed in time.

The equation for the conservation of mass in a fluid volume (without any mass
sources or sinks) is given by
ai)—&-V-(pv):O (1.31)
ot
where p(x,t) is the mass density of the fluid and v(x,¢) is the fluid velocity.

In linear acoustic theory we assume that the amplitudes of disturbances in the fluid
are small. This assumption allows us to express the field variables as the sum of a
time-averaged mean spatial field ({-)) and a small fluctuating field (%) that varies in
space and time. Therefore,

and

Hp) _ . 0P _ . 9W) _

a o

Plugging these expressions into the mass balance equation (1.31) and neglecting
terms higher than first in the fluctuations gives

P (o) BV (¥) + (0)V-+ W (p) 5] (v) + V{p) =0,

If, in addition, the medium is homogeneous, i.e., V{p) = 0 then we have

ap - - ~

5, HPY+PIV - {v) +(p)V ¥+ Vp - (v) =0.

If the disturbances are such that the medium can be assumed to be at rest, i.e., (v) =0
the mass balance equation reduces to
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The conservation of mass in an acoustic fluid is usually expressed in terms of the
pressure. To get that relation we need an equation of state for the pressure. In lin-
ear acoustics it is usually assumed that acoustic waves compress the medium in an
adiabatic and reversible manner. The equation of state of such a medium is defined
as the relation between the pressure and the density, p = f(p) and can have several
forms. In linear acoustics these relations are assumed to be given by

dp

dp _ 5 J/p for gases
K/p for liquids

where c is the speed of sound in the medium, 7y is the adiabatic index for ideal gases,
and x is the bulk modulus of the liquid. These assumptions lead, after dropping the
tildes and defining pg := (p), to the commonly used expression for the balance of
mass in an acoustic medium

p

5, TP GV-v=0 (1.32)

where p is the pressure and ¢y is the speed of sound in the medium.

We can derive the above equation in an alternative manner from the constitutive
relations of linear elastodynamics given in equation (1.7). For an isotropic material
the stress is given by

6=C:Vu=yu[Vu+(Vu)'|+(AV-u)1.

If the material is an inviscid fluid, the shear modulus is zero (u = 0) and the Lamé
constant equals the bulk modulus (k) since A = ¥ —2/3 u = K. Therefore, for fluids,

6=C:Vu=(xV-u)1=-p1.

is the pressure in the fluid. For small disturbances we can assume that ¥ does not
change with time, i.e., K =Ky = poc%. Then we can take the time derivative of the
pressure equation (1.33) to get

The quantity

dp dp
—+KV-v=0 & —
o TXo o
If we also assume that the bulk modulus is a function of time, then we can use the

principle of linear superposition to write equation (1.33) as

+p0C%V-V=O.

p(x,t) = — /: K(x,t —1") V-u(x,t') dt’ . (1.34)

Causality implies that the pressure at time ¢ depends only on velocities from previous
times and hence x(x,t) = 0 if T =7 —# < 0. We can write the above in terms of
velocity as

ap(x,t)
ot

= —/w K(x,t —1t") V-v(x,t') dt’ . (1.35)
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The local equations for the conservation of linear momentum in a fluid can be
deduced from equation (1.3) where the acceleration on the right-hand side now takes
the form of a total derivative, i.e.,

D D
Di‘z,‘ ovo_ al+v.(VV)T_ (1.36)

V-o+p() b =pX) 5 o=

The stress tensor 6 can be split into volumetric and deviatoric parts
o=-pl+s; p:=-}u(o)

and we can write equation (1.36) as

—Vp+V.-s+p(x) b(x) =p(x) ((—;‘; +v(x)- (VV)T) .

The constitutive behavior of the fluid is assumed to be Newtonian, i.e., the deviatoric
stress depends on the symmetric part of the velocity gradient which is defined as

g:=1(VWw+W). (1.37)
Then, assuming that the fluid is local in space, we have
s(x,1) = / Ke(x,t —1') : £(x,1') di’ . (1.38)
If the fluid is also local in time and isotropic, we have
s(x,t) =A(x) (V-v) T+pu(x) (Vv+VvT) .
where p is the shear viscosity and p, = A+ 2/3u is the bulk viscosity. If we repeat

the process used to arrive at equation (1.10), the balance of momentum for a homo-
geneous medium becomes

~Vp+A+2u)V(V-v) —uV x (Vxv)+pb(x)=p ((—;‘; +v- (VV)T) . (1.39)

The flow is assumed to be irrotational and the body force is neglected in linear acous-
tics, i.e., V x v =0 and b(x) = 0. Therefore the momentum equation reduces to

—Vp+(A+2u)V(V-v)=p (88:7 +v- (VV)T> . (1.40)

If we also assume that there are no viscous forces in the medium, i.e., the bulk and
shear viscosities are zero, we get

~Vp=p @‘; +v«(Vv)T>. (1.41)
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If we introduce the assumption of small disturbances that we had used in the deriva-
tion of the mass balance equation and neglect products of fluctuation terms, we can

write
ov

V() + 7= (o) S +((p) +B](¥) V(w)]
+(p) [(v) (V9T + ¥ (V(v)T].
If the medium is homogeneous in the sense that the time-averaged variables (p) and
(p) have zero spatial gradients, i.e., V(p) =0; V(p) =0, the momentum balance
equation takes the form

~Vi=(p) %‘: +[(P) +B][(v) - (V)] + (p) [(v) - (V)T +¥-(V(v))T].

An acoustic medium is assumed to be at rest, i.e., the mean velocity ((v)) is zero.
With this assumption, after dropping the tildes and using pg := {p), we get the mo-
mentum equation for linear acoustics

v

Po aZ+Vp=0. (1.42)

Equations (1.32) and (1.42) are frequently combined into the forms

o*v

— —c3 V- (Vv)=0; az—p—zvz =0 (1.43)
52 €0 =0; g Vp=0. .

or?

1.3.1 Acoustic potential

Recall that we had assumed that the flow is irrotational. For irrotational motions the
velocity v can be derived from a scalar potential v = —V¢ since V x v = 0. Plugging
the expression for v into equation (1.42) gives

V(Po%?)ZVP = p:pog—?—i—constant.

If we replace p in equation (1.32) with the above expression and v with the gradient
of ¢, we get

1 920
24 —
Vi = 2o (1.44)

This is the acoustic wave equation expressed in terms of a scalar potential.

1.3.2 Cartesian and curvilinear coordinates

In terms of components with respect to a rectangular Cartesian basis, the equations
of linear acoustics are
dv; dp

p:_KT&; By +POCoaTCi:O; Poaft-i-afxi—o
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The acoustic wave equations in terms of the velocity and the pressure are

a%, 5 0%V, ’p 5, p
ar2 Oaxlax, a2 0x;0x;
The acoustic wave equation in terms of the scalar potential ¢ is
’¢ 1%

Dv. 22 "
ox;0x; 5 ot

In curvilinear spatial coordinates, the governing equations of linear acoustics have
the form

K d ,; 8p poc0 8 ; 0 N Op
[ 1 ; l — 0 ; e ; l £ r__ O .
The acoustic wave equation for pressure is
*p Co i
W — 7@ {f 891] =0. (1.45)

Similarly the acoustic potential equatlon in curvilinear coordinates is
1 ji 90 1 9%
fae’ ves aef T2t

1.3.3 Anisotropic and frequency-dependent mass density

In Section 8.5.1 we will show that periodic and stratified structure can have an
anisotropic dynamic density. Assuming that such a situation is possible, we can
rewrite equation (1.42) in the form

ov

where p, is now a second-order anisotropic mass density tensor. Also, from equation
(1.32) we have
op

5 +xV.v=0.
Combining the two equations gives us a single equation for p which is
azp -1
W—KV~(pO Vp)=0. (1.46)

This is equation (1.43), for a medium with anisotropic density.
If we also allow the mass density to be frequency dependent we can write

/jopo(x,t )g,dt—i—Vp 0. (1.47)

This is a significant departure from classical linear acoustics. As we have seen before,
causality implies that the pressure at time ¢ depends only on velocities from previous
times and hence py(x,T) =0ift=7r—¢ <O0.
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1.3.4 Acoustics at a fixed frequency

In section 1.2.5 we saw how Fourier transformation of the equations of elastodynam-
ics could be used to find equations that are valid for a given frequency ®. We can use
the same process on equations (1.35) and (1.47) to get the acoustics equations at a
fixed frequency. Fourier transforming these two equations leads to

Ay

—inp=-KV-v=ioKkV-u s Vau=-— (1.48)

| PN
=2 Po Vp (1.49)

<)

—Vp=—iop,-V=—0’p, U &

where we have used v(x,#) = u and

oo

p(x, ) :/ p(x,1) & dr K(x, 0) :/ K(x,7) £ 4t

Gi(x,0) = / u(x, ) €@ dt'; Py(x,0) = / p(x,T) € dt; T=1—1'
Taking the divergence of equation (1.49) gives
1 ] o
V-V (po ~Vp) .

Replacing the divergence of u with the right side of equation (1.48), we get the
acoustic wave equation for fixed frequency,

V.(ﬁgl.Vﬁ)+°§ﬁ0. (1.50)

If the mass density is isotropic, i.e., Py = Po 1, then the acoustic wave equation at

fixed frequency is
1 o’
V . = VA + —p= O .
For a homogeneous medium we can write the above equation as

Vp+k:p=0 (1.51)

where k> = @/ c(z) and c% = k/p. Here ¢y is the phase velocity of the wave and must
be real for a wave to propagate. This will be the case when x and p are real and both
positive or both negative as represented in Figure 1.2.

Proceeding in a similar manner, the acoustic equations in terms of a scalar poten-
tial (¢) can be expressed as

V=-V§ and p=—iwpof.

The acoustic wave equation becomes the Helmholtz equation
2

v2¢+w—$:0 or |V2o+k$=0 (1.52)
2 . .
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FIGURE 1.2

Acoustic transparency and opacity of a material as a function of p and x.

1.3.5 Acoustic equation and antiplane shear

Let us now consider the case of two-dimensional acoustic wave propagation in an
isotropic medium. We can express the acoustic equation for that situation in terms of
components with respect to a rectangular Cartesian basis (e, e;,e3) as (after drop-
ping the hats for convenience)

o (19 o’
ax,' Po 8x,- K
In the two-dimensional case p, pg and x depend only on x> and x3 and the acoustic
wave equation can be written as

0 19 0 19 o
8x2 Po 8x2 a)C3 Po aX3 K
That means that the three-dimensional gradient operator V can be replaced with the
two-dimensional gradient operator V, and we get

v ! Vp |+ o’ 0 b v (1.53)
. —_ —_ = o u= . .

Po d x P o? po b
This equation is similar to the elastodynamic wave equation for antiplane shear with

the substitutions
1 1
S UL, ——= U, —— P
4 1 0 By p

Therefore, the solutions of the two problems will lead to similar conclusions if we
make the appropriate interpretations of the quantities involved.
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1.3.6 Acoustic power and dissipation

The time-averaged intensity of an acoustic wave is given by

1 fT/2
1) = - [ POV (1.54)

where T is the period of the acoustic wave for a single frequency or a suitably long
period for random fluctuations that have reached a steady state. The acoustic intensity
level in a particular direction is calculated with respect to a reference intensity (ly)
and is defined as

L;:=10log,y(1/Iy) dB .

Acoustic power over a surface area I" with outward unit normal n is then given by

P:/Fl(x)m dA = 1/T//szz/rdA [p(x,1)v(x,1)]-n .

T/)-1

For a simply connected region Q of which I" is the boundary, the divergence theorem
yields

/2
Pt [t [0V o vis)

p=fav
Q

Now consider harmonically varying pressure p(¢) and particle velocity v(z) given by

or
/)2

1
—/ dt(Vp-v+pV.-v) (1.55)
T/-1)2

p(t) =Re(pe ™) and v(r) =Re(vVe ) (1.56)

where the dependence on x is implicit. If p = p, +ip; and V = V, + iV;, we may write
these as

p(t) = prcos(or) + p;sin(er) and  v(r) =V,cos(wt)+V;sin(wr) .
Recall from (1.35) and (1.47) that, for isotropic media,
d i i d
o _ _/ K(t—{)V-v(f')d' and Vp— _/ ot —)Var',
ot oo oo or
Substitution of the expressions for p and v into the above equations gives
_iwpe o — — / K(t—1) V- o df

~ ] . * ~ —] 4
Vpe ™ =i [ p(t—1t)ve ' d .
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Using the replacement T = 7 —¢’ in the equations above, we get

—iope " = — [/ K(T) e"md‘c} V.Ve ' = _KXV.ve '@

—oo

Vpe @ =in {/ p(1) e""“dr} Ve ' — jppve ¥

or
KV.Vv=iop and Vp=iwpv. (1.57)
Therefore,
~ O] PPN . (o) PN
(V-v), = m(PrKi_piKr) ; (Vov)i= ﬁiz_'_ﬁ%(PrKr—i-PiKi)
and

(Vﬁ)r = *m(b\raﬁLb\ivr) 5 (Vﬁ)i = m(b\rvr *b\ﬁi) .
Also, from (1.56) we have

Vp=Re(Vpe ) = (Vp),cos(or) + (Vp);sin(wr) and
V.v=Re(V-Ve ') = (V-¥),cos(wt) + (V-V);sin(or) .

Therefore, from (1.55), the average acoustic power density in a cycle of oscillation
will be
T/
=— Vp- V.v)ds
den m 77[/00( p-v+pV-v)

O K o o
=3 lM(ﬁ;’z +77) = PiVr -V, +Vi- V)
This quadratic form will be non-negative for all choices of p and V if and only if
¥; = Im(X) > 0 and p; = Im(p) < O for all real ® > 0. Note that the quadratic form
does not contain the real part of p. Since the work done in a cycle should be zero in
the absence of dissipation, this implies that the imaginary parts of the bulk modulus
and the density are connected to energy dissipation.

1.4 Electrodynamics

Electrodynamics describes the forces between moving electrical and magnetic fields.
The equations that are used to relate these fields are called Maxwell’s equations. The
equations of Maxwell were derived from earlier discoveries in electromagnetism by
Coulomb, Ampere, and Faraday. These laws were initially developed for isolated
charges and currents in vacuum and later extended to macroscopic media. In this
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section we will start of with a discussion of the laws of electrostatics in vacuum
and extend them to macroscopic media. That will be followed by a discussion of
Faraday’s law of induction and an extension of Ampere’s law to the dynamics case
to arrive at Maxwell’s equations. Our approach is based on Jackson (1999) and a
detailed exposition of the subject can be found in that text.

1.4.1 Governing equations

Coulomb’s law of electrostatics is an equation for the force between point charges at
rest. If g, and g, are two charges located at the points x and y, the force between the
two charges is given by
Xy
fy=kqrqgy ———
x—yl

where k is a constant. The electric field is defined at the force per unit charge. There-
fore the electric field at a point x due to a charge g, at point y can be expressed
as
E(x) =k gy — .
[x—yll

In the SI system, ¢, has units of coulombs, E has units of volts/m, and k = 1/(4ne)
where g is the permittivity of free space and has a value 8.854 x 10~'2 farads/m.

Electric fields due to a number of charges in free space can be linearly superposed.
If the point charges can be located in a region Q and if a charge density p can be
assigned to each point in the region, the electric field at point x due to the charges
inside Q is given by

1 X-y _
B = g JoP ) ey =y ¥~ 4m°—o/ o (lx Y“)d

Since the curl of a gradient is zero, the above relation leads directly to
VXE=0. (1.58)

Coulomb’s law is more conveniently expressed in terms of an integral over the sur-
face of the region Q. The resulting relation is called Gauss’s law and can be written

as
1
/ E«ndA:—/p(x)dV
Q & Ja

Application of the divergence theorem leads to the differential form of Gauss’s law

V.E=—. (1.59)
€0

Another set of relations in electromagnetism are obtained from magnetostatics.
Isolated electric charges can be observed in nature. However, the equivalent situation
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of isolated magnetic charges has never been observed. An important assumption in
electromagnetism is that there are no magnetic monopoles in nature. In magnetism,
the quantity that is analogous to the electrical charge is the magnetic dipole. The ori-
entation of the magnetic dipole is given by the direction of the magnetic flux density
(B), also called the magnetic induction.

Let us now consider the magnetic flux density produced by a current. A current is
a motion of charges and is described by a current density (J). Consider an element
of length d1 carrying a current J. The Biot-Savart law relates the elemental magnetic
flux density (dB) produced at a point x due to the current in the element located at
point y and can be expressed as

dlx (x—y)

dB=kJ :
=yl

where k is a constant. In ST units k = ug/(41) where yy is the magnetic permeability
of free space and has units of henry/m (H/m). Linear superposition also applies for
many magnetic phenomena. If we assume that the magnetic induction produced by
elementary current elements can be superposed, the total magnetic induction pro-
duced at a point x by a current density J located in a region Q is given by

_ Mo X—y
B0 = 42 0% oy =~ I = ( y”>

Since the divergence of a curl is zero we have
V.B=0. (1.60)

The above states that there are no free magnetic monopoles. If we take the curl of B

instead, we have
v / J(y) dy
o\ lx=yll) 7

A small amount of algebraic manipulation leads to

. MO Vy'](Y) ]
VxB_HOJ+4nVUQ<”xy”> d _

In magnetostatics V -J = 0 and we get the differential form of Ampere’s law

vxB="vx
4m

VxB=uJ. (1.61)

The first relations between dynamic electric and magnetic fields were discovered by
Faraday who found that a changing magnetic flux induces an electric field in a circuit.
Let us consider a loop C in a magnetic induction field B. Let the loop bound an open
surface dQ with unit outward normal n. If E is the electric field at the element dl
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of the loop, the relation between the electromotive force around the loop and the
magnetic induction is given by Faraday’s law:

D
fE-dl:—k[/ B-ndA}
C Dt | Jao

where £ is a constant which has the value 1 in SI units. If the fields E and B are defined
in the same reference frame, Stokes’ theorem can be used to get the differential form
of Faraday’s law

VXE+%:O. (1.62)

Note that equation (1.62) extends the expression in equation (1.58) beyond electro-
statics to include the case of time-dependent magnetic induction fields.

For the macroscopic media that are the subject of this book, the application of
an electric field E causes the bound charges to realign themselves in response to
the field and cause an electric polarization (P) which can be thought of as a charge
dipole moment per unit volume. The effective charge density in a medium is reduced
due to this polarization and the macroscopic form of equation (1.59) becomes

1

V.E= —
€0

(p—V-P).

If we define the electrical displacement as D := €y E+ P, Gauss’s law takes the form
V.-D=p. (1.63)

For linear media* the electric polarization is linear in E, i.e.,

P(x,t):/gdy [/_:eg % (v, 1 — 1) E(x,f) dt’}

where Y is a second-order tensor called the electrical susceptibility. Therefore, we
have the following relationship between D and E (where we have added the assump-
tion that the material is local in space)*

D(x,t) = / go {1+ xp(x,t—1")}-E(x,1") di’ = / g(x,t —1')-E(x,t') dt’ .
(1.64)
The quantity € is called the electrical permittivity of the medium and the ratio €/¢€
is called the dielectric constant. For a medium that does not have a time-dependent
response

*Linearity applies as long as the fields do not become too large. This can be an issue for some metamate-
rials where large fields are predicted close to resonance.

*Note that the assumption that the material is local in space is reasonable for poor conductors but may fail
for good conductors or small-scale structures due to Debye screening.
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And for an isotropic medium the constitutive relation between D and Eis D =€ E.

A similar set of constitutive relations can be obtained for the magnetic induction
field in macroscopic media by considering an average magnetic moment density M
(also called the magnetization vector) which contributes an effective current density
Ju = V x M to equation (1.61). We can then write

VXB:pO (]+VXM) .
If we define the magnetic field as H := ,ual B —M, we get
VxH=]. (1.65)

For linear magnetic materials the relationship between H and B can be deduced in
a manner similar to that for electric fields and electric displacements. Thus we can
write

H(x,1) = / o {1 —xp(x,t 1)} - B(x,t) dt' = / ul(x,t—1')-B(x,t') dt’
(1.66)
where y is the magnetic permeability of the medium. For time-independent media
the above relation becomes

Ho)=p ' (0-B(x) — B(x)=p(x)-H(x).

A relation between the electric and the magnetic field can be obtained with the help
of the generalized Ohm’s law which predicts the current density generated by an
electric field,

J(x) = 6(x)-E(x)

where G is the second-tensor electrical conductivity tensor.

We had assumed that V -J = 0 while determining the differential form of Ampere’s
law given in equation (1.61). However, if there is a flux of charge in and out of the
domain €, we have to consider the contribution of that charge flux to the current in
the domain. The equation for the conservation of charge is

ap _
5 TVI=0. (1.67)

The above equation can be derived in a manner analogous to that used for the con-
servation of mass in acoustics and the conservation of linear momentum in elastody-
namics. Maxwell derived a relation between the magnetic field H, the current J and
the electrical displacement D from equation (1.63) and the conservation of charge.
Substitution of equation (1.63) into (1.67) gives

d oD
g(V-D)ﬁ—V-]:O = V. (”a;) =0.
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The above equation is analogous to V - J = 0 but with an addition component to the
current density from the bound charges. Adding the extra term to the current density

in equation (1.65) leads to
oD
VxH:]JrE. (1.68)
We now have the time-dependent Maxwell’s equations in media in the absence of any
internal sources of magnetic induction in the region Q. These equations are (1.62),

(1.68), (1.60), (1.63) and can be written as

oB aD
VxE=—50i VxH=54]; (1.69)
V.B=0; V.D=p,

where E(x,?) is electric field, B(x,?) is the magnetic induction, H(x,#) is the mag-
netic field intensity, D(x,7) is the electric displacement field due to the movement
of bound charges, J(x,t) is the free current density, and ps(x,?) is the free charge
density. The primary variables in the above equations are E and B. The quantities H
and D are obtained through the constitutive relations

H=p,'' B-M=p'B

(1.70)
D=¢g)-E+P=¢-E

where p,(x,?) is the magnetic permeability tensor of free space, u is the magnetic
permeability of the medium, €y(x,) is the permittivity tensor of free space, € is the
permittivity of the medium, M(x,¢) is the magnetization vector, and P(x,?) is the
polarization vector. The magnetization vector M measures the net magnetic dipole
moment per unit volume. This dipole is associated with electron or nuclear spins.
The polarization vector P measures the net electric dipole moment per unit volume
and is caused by the close proximity of two charges of opposite sign. A point electric
dipole is obtained when the distance between two charges tends to zero.

1.4.2 Electrodynamic potentials

Let us now examine some vector potentials that are useful in solving problems in
electromagnetism. Since V - B = 0, there exists a vector potential A such that B =
V x A. Hence,

H=p' (VxA). (1.71)

Plugging B = V x A into Faraday’s equation (1.62) gives

V x <E+8A)—O.
ot

Therefore, there exists a scalar potential ¢ such that

J0A oA
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Let us assume that the material is isotropic. Then, for all rotations R -R=R-R”T =1
we have
R e R=¢ and R -uy-R=upu

and we can write € = € 1 and g = u 1. If the medium is also homogeneous, plugging
equations (1.71) and (1.72) into the two remaining Maxwell’s equations leads to

d 2 p ’°A 2 20
g(V~A)+V q)ffg, ?—V A+V{V~A+£,uat} =ujJ.
At this stage there is some flexibility in the choice of A and ¢ because the magnetic
induction is not changed if we substitute A with A — Vy where  is a scalar field.
To keep the electric field consistent with this definition of A we have to adjust ¢
to ¢ + dy/ot. This flexibility in the allowable scalar and vector potentials allows us
to choose our potentials such that they satisfy the Lorenz condition (Lorenz, 1867)
which is equivalent to requiring that the charge be conserved, i.e.,

99
ot

Then, in the absence of free charges and currents in an isotropic homogeneous
medium, both potentials satisfy the wave equation, i.e.,

V- Ateu==0. (1.73)

92 9’A
V- 8;18(2])70; V%%yW:o. (1.74)

Even after these restrictions the potentials are not uniquely defined and one is free to
make the gauge transformations

2
¢’=¢+3f A'=A-Vf where V>f— e,u%{—o

to obtain new potentials ¢’, A’. The preceding potentials are well known. However,
one can go one step further and define superpotentials (see, for example, Bowman
et al. (1969)). The most widely used superpotentials are the electric and magnetic
Hertz vector potentials I1, and IT,, (also known as polarization potentials). In terms
of these potentials, the fields E and H can be expressed as

E:VxVxHE—,quaH—m

3 (1.75)
H=VxVxII,+eVx

Comparing equations (1.75) with (1.72) and (1.71) one sees that the superpotentials
lead to symmetric representations of E and H unlike when standard vector and scalar
potentials are used.
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Of course, the superpotentials Il, and IT,, are not uniquely defined and one is free
to make gauge transformations

IT, =11, + Vg.(x,?)
I, =11, + Vgu(x,1)

where g.(x,?) and g,,(x,t) are arbitrary scalar potential functions. Plugging these
definitions into the Maxwell equations leads to

2
V><V><1'Ie+£,uane:Vf
or? 176
I (1.76)
VX VIl teu 3" = Vf

where f is an arbitrary scalar potential which is a function of position and time.
The Lorenz condition is satisfied if f = V -II,. The potentials A and ¢ can also be
expressed in terms of I, and IT,, as

oIl
0=-V-II; A:Sya—te+,uV><Hm.

1.4.3 Cartesian and curvilinear coordinates

Recall that the curl of a vector expressed in components with respect to a Cartesian
basis is given by
Ny
J
Vxv= Cijk g e = €kij Vji €

]
where €ijk = €kij = €jki = —€kji = —€jik = —Cijkj = l(i #*j# k) is the permutation
symbol. Maxwell’s equations (1.69) for media can be expressed as

0By, ] oDy,
eij Bji= =7 enjHji= =50+ (1.77)
Bii=0; D;i;i=p.
Similarly, the constitutive relations (1.70) are
H;, = ['u_l]ij Bj ;o D= €ij Ej . (178)

The expression for the curl of the curl of a vector in Cartesian coordinates is
VxVxv= Cmpq€qijVijip €m -

Therefore Maxwell’s equations (1.75) in terms of the Hertz superpotentials are

82 e [ p—
€ ro__ . Lm ro_
erpgeqijll; i, +€u R frs o erpgeqiiTl i, + g,uiatz =fr.
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To express Maxwell’s equations in terms of spatial curvilinear coordinates we start
with the definition of the curl of a vector (v),

(Vxv)-a=V-(vxa)
where a is an arbltrary constant vector. Let us express the vectors v and a in the form
=v;g' and a = a;g'. Then
vxa=va;(g xg’) .
We can show that

o y
xg/ = —e" g, where g =detg;; ande’* =e¢;; .

NG

Therefore, we get the expression for the vector product of two vectors in curvilinear
coordinates,

| 1 ..
b:=vxa= 76"” via; ngbkgk <~ bkz ﬁek” vidj .

Ve

Now, the divergence of the vector (v x a) can be expressed in curvilinear coordinates
as

d 1 0 i,
Vowxa)=Vob= 2 (1hg) = L 2 (Mig,)
( ) \f aek \/g \/g aek =
Hence we have, using the definition of the curl of a vector,
i gy,
Vxv)-a=([Vxv]Pg,) (a,g!) = —-—a
( ) ([ 178p) - (agg) \/§89k J
or, invoking the arbitrariness of a,
) ki j o ) kij v
e y e v
Vxv))=— ! 54 VXV[Z [VXijf [7’.
We therefore get an expression for the curl of a vector in curvilinear coordinates,
Vxv= ktj 8¢j % Z
NG 6 &

Using the above expression, Maxwell’s equations (1.69) for media in spatial curvi-
linear coordinates for stationary media are

klj 8¢j aE @ . kljg[] aH 7@4,]
Jgoek o  ygoet o ! (179)
I 9 /. _ 1 9 k — .
Vaaer (BVE) =0 g (Pve) =
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and the constitutive relations (1.70) have the form
Hi=g"" [u'];Br; Di=g"e;j Er. (1.80)

It is also convenient in some situations to express the above equations in terms of
curved space-time coordinates and some of the literature on metamaterials based on
coordinate transformations use these equations. However, we will not explore these
forms of Maxwell’s equations.

1.4.4 A slight simplification

To simplify our discussion of electrodynamics in much of the rest of the book let us
make some assumptions:

1. The free current density (J 7) arises only from conduction currents arising from
the response of the medium and not from beams of charged particles.

2. In the far distant past (r = —oo) all fields are zero.

3. The media are at rest.

Define

Dix,1) = D(x,t)+/t Jr(x,7) dr. (1.81)

Then taking the time derivative of (1.81) and using Maxwell’s equation connecting
the magnetic field to the total current, we have

oD 9D
5 =5 I =VxH. (1.82)

Taking the divergence of (1.81) and using the conservation of charge (1.67) and
Maxwell’s equation relating the electric displacement to the free charge density, we
get

~ t t
V-D:V-D—i—/ V~der:V-D—/ a%dr:V-D—pfzo. (1.83)

Therefore, we can write Maxwell’s equations in terms of D as

VxE:—aa—]ts;V-Bzo; VxH:%—?;V-ﬁzo. (1.84)

This reduction reflects the fact that it is difficult to distinguish the free current den-
sity Jy from currents arising from the electric displacement field through 0D /dt. To
complete the system of equations (1.84), we need relations between the fields E,
D, B, and H. We reiterate some further assumptions that are made regarding these
relations.
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1. We assume that D is only coupled with E and that H is only coupled with B.
This is a good approximation for many stationary materials. But more gen-
erally there is cross coupling between these quantities, for example, in bi-
isotropic and bi-anisotropic materials. _

2. We assume that the relations between D and E, and H and B are linear.

3. Causality applies, i.e., the net magnetic dipole moment M (and hence the mag-
netic field H) does not depend on future values of B. For the same reason the
free current density J (and hence the electric displacement field D) cannot
depend on future values of E.

4. We further assume that the media can be approximated as being local in space
(this is true for poor conductors but may fail for good conductors due to Debye
screening).

Recall the relation between the magnetic field and the electric displacement in equa-
tion (1.66),

H(x,1) :/ p i =) B(x,r') dr’

Linearity implies that we have a similar relationship between D and E. For simplic-
ity of notation let us write these constitutive relations in terms of two second-order
tensor valued kernel functions K and K. Recall that such kernel functions may be
singular (such as delta functions) and the integrals should be interpreted in the sense
of measure theory under such conditions. Therefore, we have

H(x,1) = /m Ru(xi—1)-B(x,1') df
_ - (1.85)
D(x,1) :/ Kg(x,t —1')-E(x,t") dt’

where causality requires that Kz(x,t) = Kg(x,1) =0if t=¢—1' <0.

1.4.5 Maxwell’s equations at fixed frequency

To obtain Maxwell’s equations at fixed frequency () we Fourier transform the equa-
tions. This is equivalent to assuming that all fields depend harmonically on time.
Taking the first of Maxwell’s equations (1.84), we have

/ Ver"‘”’dzz—/ %—?eiw’dt

V x [ / Ec' dt] =-B|”_+io / Be dr .

or

If we assume that the magnetic induction B is zero at +c we get, using the usual hat
notation for the Fourier transformed quantities,

V x E(x,0) = ioB(x,) .
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In a similar manner we get V - B= 0,V x H= —i(oﬁ, and V- D = 0. Therefore the
fixed frequency version of Maxwell’s equations for media are

VxE=ioB(x); V-B=0; VxH=—ioD(x); V-D=0 (1.86)
where
E(x,0) = / E(x,1)e® di; B(x,0) = / B(x,1)e dr

H(x,0) = / H(x,1)¢® dr; D(x,0) = / D(x,1)e dr .

The convolutions in the constitutive relations (1.85) turn into products when Fourier
transformed. Therefore, these relations may be written in terms of the magnetic per-
meability (1) and the electric permittivity (€) at fixed frequency as

H(x,0) = [u(x,0)] ' B(x,0) ; D(x,0) =£(x,0) - E(x,0) (1.87)
where

(x0) ' = [ ZKB(X,’C) FUdr; e(x,0) = L Z Re(x,1) e dr.

Substituting equations (1.87) into equations (1.86), and dropping the hats, we get

\VxE:iwy.H; VxH=-ioe-E; V.B=0; V-D:O.\ (1.88)

These are Maxwell’s equations for media at a fixed frequency.*
If the medium is isotropic we have y = ul and € = €1 where 1 is the second-order
identity tensor. In that case Maxwell’s equations at fixed frequency can be written as

VxE=iouH; VxH=—ioeE; V.-B=0; V-D=0. (1.89)

If we also assume that y and € do not depend upon position, i.e., u = pu(®) and
€ = ¢(m), and take the curl of equations (1.89), we get

Vx(VxE)=iouVxH=0w>¢euEX)
Vx(VxH)=—-ioe VxE=w’euH(x).
Replacing V x (V x A) with V(V - A) — V2A in the above equations gives
V(V-E)-V’E=0"¢uE(x
(V-B)- VB —a? e Bl 19
V(V-H)-V'H=0" ¢ uH(x) .

Recall from equations (1.87) that H= ="' B and D = ¢ E. We also know from
Maxwell’s equations that V-B = 0 and V - D = 0. Therefore,

VH=y'V.B=0 and V-E=¢!V.D=0.

*For time harmonic problems E = E(x), H = H(x), B = B(x), and D = D(x).
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Plugging the above results into equation (1.90) gives us
VE+w’euE=0; V’H+o’euH=0.

These wave equations are often expressed in the form

VZE+ P E(x)=0; V’H+x*H(x)=0 (1.91)

where k> = ®” /c? and ¢> = 1 /(€ u). The quantity c is the phase velocity (the velocity
at which the wave crests travel). To have a propagating wave, ¢ must be real. This
will be the case when € and u are both positive or both negative as shown in the
schematic in Figure 1.3.

HoA
Opaque
(Reflecting) Transparent
- €
Opagque
Transparent (Reflecting)

FIGURE 1.3

Electromagnetic transparency and opacity of a material as a function of u and €.

For some conductors, at low frequencies, the permittivity tensor is expressed in
terms of the conductivity G as

I
£=2¢ —C 1.92
0+(D (1.92)

where € is the real part of the permittivity tensor and 6 is the electrical conductivity
tensor. The above relation for the permittivity tensor can be obtained as follows.
Recall that

t
D(x.t) =D(x)+ [ J(x7)de.
Differentiation with respect to time gives

oD 9D
T +Jr(x,1) .
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Assuming harmonic solutions of the form

~

D(x,7) = D(x) exp(—iat) ; D(x,t) = D(x) exp(—ior)
J(x,1) =T (x) exp(—iaxr) : E(x.t) = E(x) exp(~iox)
and plugging into the differential equation, we get

~

(—io)D(x) = (—i®)D(x) +]7(x) .

If we assume that the medium obeys Ohm’s law and has a “reference” dielectric
constant €, the free current density J ¢ and the electric displacement D are related to
the electric field E by

JfZO'-E; D=¢)-E.

Therefore,

~ i
D(x) zeo-E(x)+66-E(x):£-E(x) with €:=£0+66.

When we discuss electromagnetic metamaterials in Chapter 4 we will see that we get
a different relation for the permittivity at high frequencies.

1.4.6 TE and TM modes in electromagnetism

Let us now consider two important modes of electromagnetic wave propagation:
the transverse electric field and transverse magnetic field. These modes are closely
analogous to antiplane shear in elastodynamics and to acoustic waves.

A transverse electric (TE) field (also called an ‘s’-polarized wave) is a special two-
dimensional solution of Maxwell’s equations that has the form E; = E| (x2,x3) and
E»; = E53 = 0 in rectangular Cartesian coordinates. Let us assume that y and € are
scalars which are independent of xy, i.e., u = u(x2,x3) and € = €(x2,x3). Then, from
Maxwell’s equations (1.89) at a fixed frequency (®) in isotropic media, we have

VXE= ek,'jEj_’,‘ek = E1,3 () —EI,Z es .
Since V x E = iouH, we have
1
H=_—Ei3ep——FEjoe3.
oy oy

Therefore,

i
V xH=e¢H; ey = (H3o — Hy3)e| = p {(,u_l Eip),+(u! E1,3)73} e .
From (1.89) we also have V x H = —iweE which leads to

[(,u_l Ei2) )t (,u_l E1,3)’3} e = —wcEje; .
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or
(W Eip) ,+ (0 Erg) y +0%€E =0

In terms of the two-dimensional gradient operator discussed in Section 1.2.6 we can
write the above equation as

<

1
| ———VE| | + 0* ¢(x2,x3) E; =0. (1.93)
u(x2,x3)

This is the governing equation for the TE mode and has the same form as equation
(1.27) for antiplane shear with the substitutions

1
Ey—u, —<—u, e=p.
u

Let us now consider the case where the permeability and permittivity are anisotropic.
In that case we can write these second-order tensors in matrix form as

M11 0 0 e 0 O
M= ,U(XQ,X3) =10 up us and €= 8()62,)63) = 1|0 €pnes| . (1.94)
0 w3 w33 0 &3 €33

We can show that the TE equation for this situation can be written as

v. [(RLM‘l R") -VEI] +ale E =0 (1.95)

where

01 22 H23
R, = and M= .
- [1 0} [,U23 133
A transverse magnetic (TM) field, also called a ‘p’-polarized wave, is another
special two-dimensional solution of Maxwell’s equations. For a TM field, H; =
Hi(x2,x3) and H, = H3 = 0 in rectangular Cartesian coordinates. If we again as-
sume that the permeability and permittivity are scalars that are independent of x1, we

have
i |H H
E:V><H=|‘1’3 2—1263‘|
€
Hence,
i i 1 Hip Hi3
wu wu o € 5 € ;

Therefore the TM wave equation for the isotropic case has the form

_ 1 _
V| —VH | + @ u(x2,x3) H =0. (1.96)
S(XQ,)Q)
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For anisotropic media with permittivity and permeability of the form given in equa-
tion (1.94), the TM wave equation can be expressed as

V- |[(RU-E7RD)VH | + 02 iy Hy =0 (1.97)

where

_ |01 _ |&22 €23
R, = [1 O] and E = [823 833] .

The general solution independent of x; is a superposition of the TE and TM solutions.
This can be seen by observing that the Maxwell equations decouple under these
conditions and a general solution can be written as

(E17E2,E3)Z(E1,0,0)+(07E2,E3) (1.98)

where the first term represents the TE solution. We can see that the second term
represents the TM solution because

V x (0,E2,E3) = [E3’2 —E2,3,0,0} (199)

implying that H, = H3 = 0 which is the TM solution.

1.4.7 Maxwell’s equations in elasticity form

Interestingly, Maxwell’s equations can be reduced to the form of the equations
of elastodynamics at fixed frequency (Milton, 2006). Recall that, at a fixed ®,
Maxwell’s equations take the form

VXE=iou(x)-H(x); VxH=—iog(x) E(x).
Therefore,

1 1
H=—u ' (VXE) =— VxH=_—_V “1 (VxE
l(l)# ( X ) X l(D XI:# ( X )]

or
Vx[p ' (VxE)]=w’¢E.

Recall that the curl of a vector can be written in orthonormal coordinates as V x a =
exij aj; e, where e; i is the permutation symbol. Therefore,

[(,02 £€- E]] = €jmn [[171 . (V X E)]n,m = €jmn [(”71)71[7 (V X E)P}-,m
= €jmn [(F_l)np €pktl Ef,k] m = [ejmn €pkl (ll_l)np Eé,k],m
= [ijkaé‘k],m where ijék ‘= €mnj €lpk [/-lil}np

or

o’e-E=V.(C:VE). (1.100)
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This is very similar to the elasticity equation (1.24)
—0*pu=V-(C:Vu). (1.101)

The permittivity is similar to a negative density and the electric field is similar to
the displacement. The equations also hint at an anisotropic tensorial density. How-
ever, continuity conditions are different for the two equations, i.e., at an interface,
u is continuous while only the tangential component of E is continuous. Also, the
tensor C has different symmetries for the two situations. Interestingly, for Maxwell’s
equations

Cijke = —Cjike = —Cijor = Cruij - (1.102)

1.4.8 Electrodynamic power and dissipation
For electrodynamics, the average rate of work done in a harmonic closed cycle is

given by
o e oD(7) dB(r)
Pfﬁ/o [E(t)~at+H(t)-at dt . (1.103)

The quantity E is equivalent to the voltage and the quantity rate of change of electri-
cal displacement dD/0¢ is equivalent to the current (recall that in electrostatics the
power is given by P =V I). In addition, we also have a contribution due to magnetic
induction.

Let us assume that the fields can be expressed in harmonic form, i.e.,

E(r) =Re[E ¢ ] ; H(t) = Re[H e
or equivalently as
E(r) = E, cos(or) +E; sin(ax) ; H(r) = H, cos(owr)+ H; sin(or)
where we have used E = ﬁ, + iﬁi and H = ﬁr + iﬁi. Also, recall that

aa—ll):VXH:—iu)&E(t) and aa—]f:foE:fiu)p-H(t).

Therefore, for real ® and real P, we can write equation (1.103) as (with the substitu-
tion z = t),

® 2n

= — [E cosz+ﬁi sinz} -{8,~~ [E cosz—&—E sinz}}—#
2mJo

~

[H, cosz+ﬁi sinz] -{,u,-- [ﬁ, cosz—i—ﬁi sinz}} dz

where p = p, +iy; and € = €, + i€;. Expanding out, and using the fact that

2n 21 21
/ cos’zdz= / sinfzdz=n and / sin(2z) dz=0
0 0 0
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we have
Wr~ ~ ~ ~ ~ ~ ~ ~
—[B e B+ Boe Bt By B oy B (1.104)

If there is no dissipation, then the work done in a closed cycle is zero and P = 0.
However, when there is dissipation P > 0. Since ® > 0 and the power P > 0, the
quadratic forms in equation (1.104) require that

g =1Im(e) >0 and  g;=Im(u) >0. (1.105)

Therefore, in dissipative media, the imaginary parts of the permittivity and magnetic
permeability must be greater than zero.
Note that if the permittivity is expressed as

K3
E=€)+1—
(O]

the requirement Im(€) > O implies that the conductivity ¢ > 0. Therefore, if the
conductivity is greater than zero, there will be dissipation. These restrictions on the
values of the material properties are important in situations where the causality of a
given result is not obvious.

1.4.9 The electrical conductivity equation

In our discussion so far we have assumed that the conductivity equation V-J =0
holds in many situations. Because of the importance of that equation it is worthwhile
to examine how we can derive it.

If we assume that the electric field conserves energy, then the vector field E can be
expressed as the gradient of a scalar potential ¢, i.e.,

E=-V¢.
The constitutive relation between the current J and the electric field is

J(x) = 6(x)-E(x) = —0(x) - V¢

where 6 is a second-order electrical conductivity tensor. The Onsager reciprocity
relations (Onsager, 1931) lead to the conclusion that the electrical conductivity 6(x)
tensor is symmetric. Let us also assume that 6 is real and positive-definite such that
ol>o6(x)>p1forall o, >0.

Consider the region () with boundary (I') shown in Figure 1.4. From the princi-
ple of conservation of charge we know that the flux of positive charge through the
boundary 0 is balanced by a decrease of positive charge within Q.

Therefore,
d
/] ndl = — q;‘“ /q a0
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Internal
Structure

0=0,
/" onr

FIGURE 14

An electrically conducting region Q with boundary I'. A potential ¢ = ¢ has been specified
on the boundary.

where n is the outward unit normal to the surface I, g is the charge inside Q, ¢ is
the charge density, and ¢ is the time. Assuming continuity of the quantities involved,
we can use the divergence theorem and the Leibniz rule to get

_ dq
/QV-JdQ_—/diQ.

Since the volume under consideration is arbitrary, we can use the continuum hypoth-
esis to get the differential form of the conduction equation
9q

o’
In the absence of sources or sinks of charge inside the body, the charge density re-
mains constant and we have

V.J(x)=V-(6-Vo) = (1.106)

(V. J=V (6-V9)=0| (1.107)

Alternatively, we can use Onsager’s principle of the least dissipation of energy to
arrive at equation (1.107). In the context of electrical conductivity, the principle of
minimal power dissipation into heat inside the body can be expressed as

min W(¢) where W(0) ::/ Vo-6-VodQ. (1.108)
¢=0p on I °
Now consider a variation y where y = 0 on I and let 8 be a small parameter. Then

W(¢+8\|}):/QV¢~6~V¢dQ+26/QV1|;-c«V¢dQ+62/QV1|1-c-V\|;dQ.
(1.109)
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Note that W (¢ + dy) > 0. Using the identity a- Vb=V - (b a) —b V -a in the second
term on the right-hand side of (1.109) leads to

W(0+8y) = /qu>-o.vq>dsz+25/9v.(wc.w)dg
—25/quv- (6-V¢)dQ+82/QV\|1-6-V\de.
From the divergence theorem, we have
/Qv.(\,;c-vq)) dQ:/rn~(\u0'-V¢) dr

where n is the outward unit normal to the surface I'. Since y = 0 on I', we have

/Qv-(q;o-vq» dQ=0.
Therefore,
W(0+3y) = /QV@)-(YV(I) dQ—235 /Q\VV- (6-V0) dQ+& /va-c.vwdg.
For W (¢ + dwy) to be positive for all vy, it is sufficient to have

/Q\pv-(c.vq)) dQ=0.

If this is to be true for all y, then

[V-(6-V9)=0.|

If we define the flux as J(x) := o(x) - V¢ then we have V -J(x) = 0. If there are
sources inside the region Q we get the modified equation V-J = — f, where f is a
source term. The conductivity equation will be used when we discuss transformation-
based cloaking.

Exercises

Problem 1.1 The equation of balance of the flow of a physical quantity f(x,#) through a body
Q with surface dQ can be expressed in the form

L av] = [ et e ) - vixo) nixoll o

oQ

+/Qh(x,z) av
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where g(x,t) be sources on the surface of the body, A(x,#) are sources inside the body,
n(x,?) is the outward unit normal to the surface 0Q, v(x,?) is the velocity of the physi-
cal particles that carry the physical quantity that is flowing, and u;, is the speed at which
the bounding surface dQ is moving in the direction n. Using the above balance relation
show that the balance of linear momentum of a linear elastic body can be expressed as

pv—V.6—-pb=0

where p(x,?) is the mass density, v(x,f) is the spatial velocity, 6(x,) is the Cauchy
stress, and p b is the body force density. Hint: Use the balance of mass p+p V-v=0.

Problem 1.2 Assume that there are no surface couples on dQ or body couples in Q. Use the
angular momentum density as the conserved quantity in the general balance relation
from Problem 2.1, i.e., f = x x (p V), to show that the balance of angular momentum
can be expressed as

c=o".

Problem 1.3 Show thatif6=C: &
V.6=V.(C:Vu).

Problem 1.4 Show that for an isotropic, homogeneous, linear elastic material with stiffness
tensor
C=A1®1+2ul

the divergence of the stress can be expressed as
V- (C:Vu)= A+u)V(V-u)+uV-(VuT).
Problem 1.5 Verify that the volumetric strain e is given by V - u and that the infinitesimal

rotation vector is given by V x u.

Problem 1.6 Show that, in the absence of a body force, the displacement potentials ¢ and
satisfy the wave equations

P00, W _

2 =G Ve Sa =G V. (Vvy)T.

Problem 1.7 Show, using spatial curvilinear coordinates, that the gradient of a vector field v
can be expressed in spherical coordinates as

v, U oy, %o 1oy, v
or rsing 00 r 700
v L 9yg  Vr cotd 1oy
Vv= |26 6 T 0
v or  rsing 90 P r 00
vy I vy cotd 1dv, N vr

U rsingd®  p 0 739y

where x; = 6! cos8?sin®3, x, = 0'sin®%sin®%, x3 = 6! cosH’, and (0',62,03) =

(r,6,0).
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Problem 1.8 The equation of state for an adiabatic, reversible, ideal gas is given by

dP i . %p. sz'Yl
- o T p

where ¢), is the specific heat at constant pressure, ¢, is the specific heat at constant
volume, and c is the wave speed. Find the value of 7y in air and water. Show that for
small disturbances the balance of mass in the gas can be expressed as

ap
§+poc(2)V~v:0

where c is the speed of sound in the medium.

Problem 1.9 The total magnetic induction produced at a point x by a current density J located
in a region Q is given by

_ M x—y
B = g2 [J0 < ey

Starting from the above equation show that

- Ho Vy-J(y)

Problem 1.10 The relation between the electromotive force (emf) around a loop and the mag-
netic induction is given by the integral form of Faraday’s law:

D
fE-dlsz—{/ B~ndA} .
c Dt | Jao

Derive the differential form of Faraday’s law,

V><E+aal3 0.

Problem 1.11 Assume that the electric field, electric displacement, magnetic field, and mag-
netic inductions depend harmonically of time, i.e.,

E(x,7) = RC{E(X) e*imt} . B(x,1) = Re{ﬁ(x) efimz}
D(x,r) =Re{D(x) e ™} ; H(x,1) = Re{H(x) e}

where ® has an infinitesimally small imaginary part. Show that Maxwell’s equations
under these conditions can be written as

VxE=iopu(x,0)-H(x); VxH=—iog(x,0)- E(x)
V.-B=0; V-D=0.

Why does ® need a small imaginary part? Compare these equations with the Fourier
transformed form of Maxwell’s equations.
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Problem 1.12 Show that the transverse electric (TE) wave equation for a material with
anisotropic permeability and permittivity

ur 00 €1 0 0
pu=p(x,x3)= | 0 up 3| and €=¢€(x2,x3)=| 0 €20 &3
0 w3 33 0 &3 €33

is given by
V. |:<RJ_'M71 Ri) VEl] + o? e Er=0

where V indicates the two-dimensional gradient, and
_ |M22 p23 _|01
[,U23 /133} + [—1 0}

Problem 1.13 Maxwell’s equations can be expressed in a form similar to the equations of
elastodynamics at a fixed frequency, i.e.,

o’ e-E=V.(C:VE).
Show that the tensor C has the symmetries

Cijke = =Cjike = —Cijox = Caij -
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Plane Waves and Interfaces

Owing to the extraordinary complexity of the investigation when written out
in Cartesian form (which I began doing, but gave up aghast) some abbreviated
method of expression becomes desirable.

OLIVER HEAVISIDE, On the electromagnetic wave-surface, 1885.

In the previous chapter we have seen that the dynamics of elastic, acoustic, and
electromagnetic waves can be expressed in the form of wave equations. In classical
linear elastodynamics without body forces we have the wave equations

V- [C:Vu]l=pii; cf,Vz(I):é; G V- (Vg =

For a fixed frequency (®) and in the absence of body forces the wave equations of
elastodynamics have the forms

p'V.[C:Vu+a’u=0; cf, Vo+@?9=0; V- (Vy) +0’>y=0.
The wave equations in linear acoustics are
AV-(W)=v; GVip=j; GVo=9.
The acoustic wave equations at fixed frequency have the forms
kV-[p' Vpl+0? p=0; §Vp+a’p=0; c§V¢+0’¢=0.
We have also seen that the electromagnetic wave equations can be written as
AVo=06; VA=A
A (Vf-VxVxIL)=I,; ¢ (Vf-VxVxIL,)=I,.
At fixed frequency we have the electrodynamic wave equations
CVE+0’E=0; ¢ V’H+o’H=0
AV+0*0=0; FVA+0*A=0.

Notice that, at a fixed frequency ®, most of these equations are of the form of the
Helmbholtz equation.

In this chapter we will explore plane wave solutions of the wave equation. We will
also examine plane wave solutions for problems involving reflection and refraction

47
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of waves at plane interfaces. We will look at the reflection of P-waves at a free sur-
face and at the interface between two elastic solids. We will examine the simpler case
of acoustic waves at the interface between two inviscid fluids and discuss the idea of
acoustic impedance. We will then look at the more complicated fluid-solid interface
problem. The possibility of negative refractive index and its mirroring of acoustic
pressure gradients will be discussed. Next we will discuss TE- and TM-waves at the
interface between two materials with different electromagnetic properties, define the
idea of electromagnetic impedance, and explore negative refraction in electromag-
netism. We will then proceed to calculate the reflection and transmission through flat
slabs, first for acoustics (and the associated impedance tube calculations) and then
for electromagnetism.

2.1 Plane wave solutions

Ideally we would to find the most general solutions u(x, ) to the wave equations
C

However, that seems to be rather difficult and a simpler problem is the special situ-
ation where u(x,1) = u(x;,7), i.e., the solution varies in the x;-direction but not in
the x, and x3 directions. Waves that have this property are called plane waves. The
general solution of the equation for a plane wave propagating in the x;-direction is

u(x,t) =f1(x; —ct) +f(x; +ct) .

The function f; represents a wave traveling in the positive x| -direction with a velocity
¢ while the function f, represents a wave traveling in the negative x; direction. In
general, thAe direction of plane wave will not be oriented with one of the coordinate
axes. Let k be a unit vector in the direction of propagation of the wave, also called
the wave vector. Then the general solution of the wave equation is

u(x,t) =fi(k-x—ct) + f(k-x+ct) .

This solution is not particularly useful because the functions f; and f, remain to
be found. The problem that we face can be resolved by appealing to the Fourier
transform, finding a particular solution for a fixed frequency, and summing up the
solutions at all frequencies to arrive at the general solution. Such a solution at fixed
frequency () is called a monochromatic plane wave or harmonic plane wave and
has the form (for the forward wave)

u(x,r) = A ¢/kx=01 2.1)



Plane Waves and Interfaces 49

where A is the amplitude of the wave, k=k /|lk|| and ¢ = ®/ ||k||. The magnitude of
the wave vector (|| k||) is called the wave number and is related to the wavelength (A)
by || k|| = 2m/A. If the problem is linear as we have assumed in the previous chapter,
we can find plane wave solutions corresponding to waves in any number of linearly
independent directions, add them up, and get a full three-dimensional solution to the
wave equation. Each component plane wave in such a solution travels with the speed
of its phase (8) where 6 := k- x — @ t. The plane wave has a constant amplitude on
planes perpendicular to the wave vector. Hence that phase must also be constant on
each of these planes and the rate of change of phase for a plane of constant amplitude
is ¢ = k-x— o = 0. The phase velocity (v,) is defined as

®
v _.
]

vp=k-x=

For a wave composed of a number of waves with different frequencies, the value of
vp, varies with frequency and the harmonic plane wave components travel at different
speeds. This phenomenon is known as dispersion and the relation ® = o(|k||) is
called a dispersion relation. The rate of change of ® as a function of the wave number
is called the group velocity (v¢) of a superposition of plane waves,

B dow
T ]

Note that we can express the plane wave solution (2.1) as
u(x,1) =A(x) e  where A(x)=A &

You can check that A(x) is the plane wave solution at a fixed frequency ® by plug-
ging it into the wave equations at fixed frequency. We shall use this solution fre-
quently in the rest of this chapter.

2.2 Plane wave solutions in elastodynamics

In elastodynamics,* our aim is to find the displacement field u(x) that satisfies, sub-
ject to certain initial and boundary conditions, the equations

V.[C:Vu]=pi

where C is the stiffness tensor and p is the mass density. For an isotropic material
C =A1®1+2ul and we have

C:Vu=2Ax)(V-u)l+u(x)[Vu+ (Vu)’].

*Our discussion of plane wave solutions in elastodynamics is based on Aki and Richards (1980).
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If the material is also homogeneous, the governing equations become
V. C:Vul=A+u)V(V-u)+uV-(Vu) =pi.

Let us look for a forward-propagating plane wave solution to the above equation of
the form N

u(x,7r) =u(k-x—ct).
Researchers in elastodynamlcs prefer to work with a quantlty called the “slowness
vector,” defined as s := k /c, instead of the wave vector k. Note that s-s = 1 /c? and

that the general plane wave solution in terms of the slowness vector is
u(x,tf) =u(s-x—t).
Since ¢ = ®/ ||k||, the time-harmonic plane wave solution can be written as

u(x,r) = e

If we plug in this solution into the governing equations we get
(A+u)(s®s)-u+pu(s-s)u=pu.

Now [(s®s)-u] xs=0and [(s®s)-u]-s = (s-s)(u-s). Taking the vector and
scalar products of the above equation with s leads to

(p)(uxs) 0 and <pxt2'u>(u s)=0

where we have used the relation s -s = 1/c2. Therefore, the plane wave decouples

into a P-wave with U x s = 0 (i.e.,  and s are in the same direction) and with phase

velocity ¢, = \/(A+2u)/p; and an S-wave with u-s =0 (i.e., U and s are per-

pendicular) and with phase velocity ¢; = 1/u/p. An elastodynamic plane wave in a

homogeneous and isotropic medium cannot have both P- and S-wave components.
If the material is anisotropic and inhomogeneous, we have

V. [C . V(ﬁeim(s'x’t))] — —wzpﬁei‘”<s'x”)

or
ioV-[C: (U®s)e @] = —@’pue®s™
If the material is homogeneous the above equation simplifies to
~0%s-[C: (U®s)] %X = —@’pue®s™

or
[s-C-s—p1]-u=0 (2.2)

where 1 is the second-order identity tensor. The second-order tensor quantity s-C-s
is called the acoustic tensor and the problem has a nontrivial solution only if

dets-C-s—p1]=
Since s = k/m, we can also write the above condition as

detfk-C-k —0’p1] =



Plane Waves and Interfaces 51

2.2.1 Elastodynamic potentials for plane waves

Recall that the displacement field can be derived from a P-wave potential (¢) and an
S-wave potential Y as

u=Vo+Vxy with V-w=0.

Consider the situation where a plane wave propagates in the x; — x, plane as shown
in Figure 2.1. We have chosen a Cartesian coordinate system for simplicity. The
coordinate system has been chosen such that the slowness vector s is perpendicular
to the e3 basis vector.

A2

FIGURE 2.1

Schematic of a plane wave with slowness vector s in the x; —x; plane.

First consider a harmonic P-wave, in the chosen coordinate system, that is derived
from a potential of the form

0(x,1) = Dpe®E*1) |
For a fixed frequency we have
O(x) = D' .
Since s =s; e + s2€; +0e3 we have ¢ = ¢(x},x7), and the displacement field u = V¢

has components u; = u; (x1,x2), 2 = uz(x1,x2), and u3 = 0. The wave equation for
the P-wave at fixed frequency can then be written as

AV 0+02=0 (2.3)

=2 . . . .
where V™ (+) is the two-dimensional Laplacian.



52 An Introduction to Metamaterials and Waves in Composites

Let us next consider a harmonic plane shear wave (S-wave). In that case the po-
tential can be expressed as

\II(X,I) — \Poeim(sxft)
where ¥ is the amplitude. For a fixed frequency we can write
\V(x) _ \Poeimsx .

Once again, since s = sje; + spe; + 0ez we see that Y = Y(x1,x2), i.e., the problem
is essentially two dimensional. Therefore the requirement V -y = 0 implies that
Yi1+y22=0.

A plane shear wave can be split up into an in-plane shear wave called the SV-wave
and an antiplane shear wave called the SH-wave. In the coordinates that we have
chosen, an SV-polarized wave has the displacements u; = uj (x1,x2), uz = ua(x1,%2),
and u3 = 0. Therefore the displacements produced by an SV-wave are, in terms of
the potential ,

u=Vxy=ysre;—yzjer+ (Y1 —Yi2)es with yo;—yi2=0.

If we think in terms of complex variables (x, ) where z = x| +ixp and Y = yj + iy,
then  is an analytic function of x for SH-waves." For a plane wave, y is bounded
and analytic for all z and hence constant. We can take this constant to be zero without
loss of generality, i.e., Y| = Yy = 0. Therefore Y = y3e3 and an SV-wave potential
can be expressed as

Y3 (x) = 1P3eioos-x .

Recall that the S-wave equation at fixed frequency has the form
V(YY) +o’y=0.

Because ¥ has only one component, the vector S-wave equation becomes a scalar
wave equation for an SV-wave and has the form

Vs oty =0. 2.4)

For an antiplane shear wave (SH-wave), the displacement field is u; = u» = 0 and
usz = uz(x1,x2). It is easier to deal directly with the displacement field in this case
because if we plug the displacements into the elastodynamic wave equation at fixed
frequency for isotropic, homogeneous elasticity we get

AV +0tus = 0. (2.5)

"Recall the Cauchy-Riemann analyticity condition which states that if f = u -+ iv is analytic is a domain,

then 3 3 3 3
u \ u v
P e U Ha

where u = u(x+iy) and v = v(x +iy).
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Note that the components of the slowness vector (and therefore the wave vector)
are not all independent. To see this substitute the plane wave expansion of Y3 into

equation (2.4) to get

1 ok o’
= — — . = — .
o o

S-S

Similar relations can be found for P- and SV-waves. We will now try to solve these
equations for the simple case of a P-wave incident upon a free surface.

2.2.2 Reflection of plane P-waves at a free surface

Consider the situation shown in Figure 2.2 where a P-wave in incident upon a free
surface from within a solid. The medium on the other side of the free surface can
be vacuum or air without changing our conclusions significantly. Let the slowness
vector of the incident P-wave be s;, and let the angle of incidence be 8;,. Then the
slowness vector can be expressed in components as

Sip = |[sip|| (sin®;,e; —cosB;,e;) = (sin6;,e; —cosO;,e2)/c) .

Solid
Air

FIGURE 2.2

Reflection of a P-wave at a free interface. There is a reflected P-wave with slowness sy, and a
reflected SV-wave with slowness s;s.

Let us consider a fixed-frequency, plane harmonic, incident P-wave that is de-
scribed by a potential ¢; of the form

¢i(x) — q)i ei(l)Sip-X — q)i eiKl, ()C| sine,-pfxz cose,-p)
where we have used k, := ®/c,,. The displacement produced by the incident wave
is given by

u;p = V(l), = iK,,CIDi(sinGi,,el — COS ei,,eg)e’KI’ (x15in0; —x; cos By ) .
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The traction at the interface is given by t = 6! -n where n = —e; is the outward
normal to the free surface. The components of the traction vector are t; = —0C»j,
t) = —Op, and 13 = —0»3. Therefore the components of the stress tensor that can
potentially contribute to the traction are G2, G272, and G»3.

Recall that the stress tensor is given by

6=C:Vu=AV -u)1+uVu+(Vu)’].
Therefore the relevant stress components are
oo =p(up+ur1); 62 =Mui+urp)+2uurp; 63=0

since all displacements are functions only of x| and x; for plane waves in the chosen
coordinate system and continuity of displacements requires that u3 = 0. These stress
components indicate that there can be two reflected waves from the interface, a P-
wave and an SV-wave. However, an SH-wave cannot be produced because u3 = 0.

Since the displacements produced by the incident and reflected P-waves can be
derived as the gradient of a potential (u; = ¢ ;), the relevant stress components due to
the P-waves have the form

o2 =u(0124+0921) =2ud 12 and G2 =A(d 11 +P22)+2ud 2 . (2.6)

For the SV-wave we have u; =y and u, = —y 1 and the stress components are

c=p(Y2r—yi1) and on =AMV —Vi2)—2uyn=—"2uyn. (2.7

Let the reflected P-wave have a slowness vector s,, and let the angle of reflection
be 6,,. Also, let the reflected SV-wave have a slowness vector s,; and an angle of
reflection 6,;. Then

Srp = ||8yp|| (sin6,p€1 +cos0,pe2) = (sin6,,e; +cos6,,e2)/cp
Srs = ||Srs|| (sin6,5e1 + cosB,se2) = (sin6,5e; + cosB,5e2)/cs.
Let the corresponding displacement potentials be
¢r(x) — q)r eiu)s,,,-x — q)r eiK,, (x1 5in0,p+x2cos0;p)
v (X) —y ei(osm»x —yp eiKS (21 8in 05 +x7 cOs O,5)
r - r - r
where we have used K, := ®/c,. The displacement produced by the reflected P-wave
is given by

., = VO, = ik, ®,(5in6, €| +cos 6, ,e;)er X150 tr2c0sbrp)

while that produced by the reflected SV-wave is

U =Vxy=y,e — V. e =ik,¥,(cos0,,e; —sinh,se;)e™ (1510 B 005 Ors)
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Now we need to find the tractions at the interface that correspond to the superposition
of the three plane wave displacement fields. For the incident P-wave

)

Uy = _Kf) sinz eipéi ele (xl Slne,‘pfxzcose,'p)
ujp = —&—Kf, sin®;, cos 0, d; ™? (x1 sinBip—x2 cosB;p)
Uy = +K,27 sin®;, cos 0;,P; ? (x1 5in B3 —x2 cosB;p)

Urn = —KiCOSZ eipq)i &% (x1 sin®;;, —x3 cos 6;,) ]

)

For the reflected P-wave we have

Uy = — IZJSil’lz erpRppcDi eiKp (x18in8,p+x7c0s0;p)
Uiy = —KIZ, sin®,,cos 8, ,R ,,®; €™ (x1 5in61p+23 cosBrp)
Uy = —KIZ, sin®,,cos0,,R,,; e” (x15in8rp-+x2 c05rp)
Uy = — 127C032 erpRppcDi eiKl’ (x18in8,p+x7cos0;p)

where R, = ®,/®P; is the reflection coefficient for the P-P reflection. Similarly, for

the reflected SV-wave we have
U = —Kf sin0,5cos 0,5R s P; ot (X15in0754x5 c0s 01

iKy (X1 8in05+xp cOS0,5)

ui —Kf cos? 0,5RpsP; e
Uy = JrK? sin2 emqu)l_ U (x1 sinB5+x cos O,)

uyo = —I—K? $in B, cos 0,,R 5 D; ™ (%1 8in 8542 cO8 B

where R,; = ¥, /®; is the reflection coefficient for the P-SV reflection. Since the
interface is free, the tractions at the interface are zero, i.e., 612 = u(u12+u21) =0
and 622 = Auy | + (A+2u)uz o = 0. From the shear traction condition we have, at
x2 =0,
i [sin(26;,) €150 _in(26,,)R,, ¢’ Sl“"w}
— Kf c0s(20,5)R s eKsx1sinbrs _
or

sin(20;p)

¥ efXI(Kp sin@;, —K; sinB;) _Rpp eixl (Kpsin®,p—Kssin®yy) | _ 1.2

[’}

2R cos(26,s)
P | sin(28,,) P sin(20,,)

Since the right-hand side is not a function of xi, this relation can hold only if
K, sin@;, — K,sin0,; = 0 and k,,sin6,, — K,sin6,; = 0. Hence we have the relations
¥

sin©;,, B sin 0, N sin9;, < 2.8)

Ky Kp sin@,; ¢

*Since ¢y < ¢p, we have 0,3 < 8;, for most materials.
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and

K7 5in(20;,) (1 = Rpp) = K €08(260,:5)R s - (2.9)

The two equations in Equation (2.8) are the equivalent of Snell’s law for elastic
media. Let us now look at the normal component of the traction vector at x; = 0. We
have

0= _?”K??(l +Rpp)Di efkpx1sindip _ 2,qu, cos’ 0ip(1+R,,)D; oiKpX15inB;p
+ ZIUK? sin ers Ccos erstséi eiKJ'xl sin By

or
K2 (A + 200087 0;) (14 Rpp) = ks Sin(260,:5)R g
or
A2u .
KIZJ T 2sin° B | (1+Rpp) = K $in(26,5)R s -

We can get rid of A and u by using the relation

A+2u pclz,_ K2

uooope %
to get
(k; — 21 sin” 0, ) (1 + Rpp) = K; sin(20,)R s - (2.10)

We could solve equations (2.9) and (2.10) directly for the reflection coefficients R,
and R,,. However, it proves more useful to express these equations in terms of the
phase velocities, a ray parameter (o) and two impedances Z which are defined as®

sin@;,  sinO
oi=—"=—

pc PCs
and Z,:= P VAR .
Cp C cos0;p cos 0,

Using these definitions we get

dcto?p? —Z,Zs(1 —2c20%)? 511
PP 4cto2p? + Z,Z(1 — 2c2a2)? 11)
and
R 4c2apZs(1—2c202) 2.12)
"= 4cdolp? + 2, 75(1 — 22022 ‘

There is no reflected P-wave if 4cja’p? — Z,Z,(1 — 2c20%)> = 0 and no reflected
SV-wave if c2o> = 1/2.

§See Section 2.3.2 for a definition of impedance.
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For mild steel with a Young’s modulus (E) of 200 GPa, Poisson’s ratio (v) 0.3, and
mass density 7850 kg/m?, we have u = E /[2(1+V)] =76.9 GPa, A = 2uv/(1 —2v) =
115.4 GPa, ¢, = 5856 m/s, and ¢; = 3130 m/s. For diamond the corresponding values
are 1220 GPa, 0.2, 3500 kg/m3, 508 GPa, 339 GPa, 12051 m/s, and 19680 m/s,
respectively. Plots of the amplitude and phase of the reflection coefficients for the
two materials are shown in Figure 2.3.

Steel—air interface Steel—air interface
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FIGURE 2.3

Reflection coefficients for the reflection of a P-wave at mild steel-air and diamond-air inter-
faces. The solid line is for R, and the dotted line is for R,. The plots on the left show the
modulus of the complex reflection coefficient while the plots on the right show the phase. The
top row is for steel and the bottom row is for diamond.

At normal incidence and grazing incidence there is no SV-wave. The reflection
coefficient for the P-wave in mild steel is 180° out of phase with the incident wave
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while the SV-wave has the same phase. For diamond we see two angles of incidence
at which there is no reflected P-wave and this is reflected in the phase plot.

2.2.3 Reflection of P-waves at the interface between two solids

Let us now consider the more complicated problem of a P-wave incident upon the
interface between two isotropic and homogeneous solid materials as shown in Fig-
ure 2.4. In this case there is a transmitted P-wave and a transmitted SV-wave. Let the
displacement potentials be

q)i _ q)iempl (1 sin®;—x; cos 6;) q)r _ qu)ien(p] (1 sinB,+x; cos 6,)

q)t _ qu)ieil(pz(xl sin@; —x; cos 6;)

v, = R,®; 21551 (o1 Sin05+x) cOSO)g) Doy = T,®; oiKs2 (1 sin675—xp cosByy)

where
(0] () (O] (O]
Kpl = — Kpp=— Kgg=—3 Kp=—
Cpl Cp2 Csl Cs2
and c,1, ¢, are the phase velocities in medium 1 and ¢, ¢y are the phase velocities
in medium 2.

Medium 1
Medium 2

FIGURE 2.4

Reflection and transmission of a P-wave at an interface between two elastic solid media.
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To find the four reflection and transmission coefficients we need the two traction
continuity conditions 61*2 =0, and (53—2 = 0,,, and two displacement continuity
conditions u; = u;, u; = u, where the + sign indicates medium 1 and the — sign
indicates medium 2 at x, = 0. Following the same procedure as before, we can show
that

sin®; sinO,, sin®;  sinO
0,=0,; = = = =0. (2.13)
Cpl Cs1 Cp2 Cs2

Using the traction conditions we arrive at a system of equations

2 2 2 52 2 2 22\ 2 2 2 52
2051 P1ZpZ51 Zsy Ry +c5iP1Zpi Zpn (Pl - ZSI)ZSZ Ry + 20022 Z Zsp T

2 2 2 22 2 2 2 72
—CcaP2Zp1ZpZy (Pz —a Zsz) Ty = o1 P1ZpaZs Zs,
(2.14)
p1[20%cH 20, — b (pT+ 023y )| ZoaZa Zo Ry + 203, p1 20, Zy Zs Ry

205 P5 251 Zoy Zst T+ P2z, [copps + O (cpy — 2¢) Zoy | ZaaZo Ty (2.15)
=—p1 [202}, 22, — 3, (pT+0?Z2))| 22020 Zo2
where we have used

. Picpr P2cp2 P1csi P2cs2
1= ; 2= 5 Lsl = s L2 = .
P cos®; " P cosO;’ cos 0, cos 0,

From the displacement boundary conditions we have

0Zs1Zs» Rp + plZs2 Ry —0ZZy Tp =+ pZZs] T, =—-aZgZy (2.16)
P1Zp2 Ry — 0Zp1 Zpy Ry +p2Zp1 Ty +0Zp1 Zyp Ts = p1Zps- (2.17)

These four equations can be solved in closed form using any of a number of sym-
bolic computation software packages. However, the resulting expressions for R, Ry,
T, and T are quite complicated. The magnitude and phase of the coefficients for
reflected and transmitted waves at a steel-diamond interface are shown in Figure 2.5.
Note that these reflection coefficients do not represent the amplitudes of displace-
ment. To compute the ratios of displacement amplitude we have to calculate V¢ and
V x ¥ and take ratios of the resulting quantities. Though we have idealized diamond
as an isotropic material it is actually anisotropic. Exact solutions for reflection and
transmission in general anisotropic media can be quite difficult to find because the
shear and normal components of elastic waves in such media are often coupled.

2.2.4 Reflection of SH-waves at the interface between two solids

Another case that is of interest is when there is an SH-wave incident upon the inter-
face. In that case no P- and SV-waves are excited at the interface since u; = up, =0
and there is only a reflected SH-wave and a transmitted SH-wave. Since the dis-
placement u3(x],x;) satisfies a wave equation we can look for plane wave solutions
directly in terms of the out-of-plane displacement, i.e.,

Uz = UielK“(xl sin®; —x; cos ;) U3y = RUietKjl(xl sin@,+x; cos6,)

s

Uz = TUieiK_yz(X] sin©;+x; cos 6;) .
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Reflection and transmission coefficients for the reflection of a P-wave at the interface of mild

steel and diamond.

Following the same procedure as before, from the continuity of displacements at
x; =0 we get
sin®;  sin6;

0, =0, and ¥, sinf; =K;sin6; — =
Csl Cs2

and
1+R=T.

The only non-zero stress components in this case are 613 and 6,3. Therefore, the
continuity of tractions at the interface implies that 63; = 653 which leads to

cos 0; T cos 6,

(1 =R)——=wTl —
Csl Cs2

Solving for R and T, we get

51€0S0; — Pacgn cosO 2p1¢51 COSO;
_ P P22 COSOt 1 and | T = Pics (2.18)
p1cs1 €osO; + pacsr cos B, p1cs1 cosO; + pacsr cos 6,

2.2.5 Negative refractive index and SH-waves

Let us define the refractive index for SH-waves as

€0 €0
ni=—=

Cs \/u/p
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where ¢ is the shear wave speed in a reference medium. Then we can write the
expressions for the reflection and transmission coefficients as

naP1cosO; —nypacosH, 2nyp1 cos 6;

T_

= . 2.19
nop1 cos0; +nypzcos6; ( )

o npp1cosO; +nypycos o,

It may be possible, at certain frequencies, for the effective dynamic density of
a material to be negative (see Chapter 5 for examples). Let us consider a situation

where the refractive index is also negative. In particular, let n, = —n; and pp = —p;.
Then,
) C%
n=—F—== =5
VHL/P1 ni/p1
and
. ; 2
(o)) Co 1CQ o
m=———= N=—F——— = N = —F—— = b= ——, —
Vi /P2 2/ =P Vi /pi ni/p1
Therefore py = —u; and we can get a negative index of refraction if we can create a

material with negative density and negative shear modulus. Note that in this situation

Sinei Cs1 ny 1
sin®, ¢ np
which implies that sin@; = —sin0; or 6; = —6;. We can also see that R = 0 and

T =1, i.e., there is no reflected SH-wave and the entire wave is transmitted though
the interface.

2.3 Plane wave solutions in acoustics

Consider the acoustic wave equation (1.44) in terms of the scalar potential 0,

¢ 99

1
2
V¢:%W5 P:p0§, v=-V¢.

Let us restrict ourselves to harmonic solutions of the form
0(x,1) =Q(x) e ™ p(x,1) =p(x) e .
Then the governing equations for fixed frequency  are

2
~ (O NP ~ e~ A ~
V2 :762@; p=—iopy9; v=-Vo. (2.20)
0
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Since the particle velocities are harmonic, they must be derived from harmonic par-
ticle displacements of the form u(x,#) = u(x) exp(—ir). Therefore we have
—iot

v(x,1) = %[u(x,t)] = —iou(x)e " = —Vpe

which implies that
1
u(x)=—Vo. 2.21
u(x) Ve (2.21)

Consider plane wave solutions of the form

B(x) = Do X px) = Py e
where k is the wave vector (also called the wavenumber vector) discussed in Sec-
tion 2.1. Substitution into equations (2.20) gives us, for a rectangular Cartesian co-
ordinate system with k = k;e;,

2., 2 2 ?

— (k1 +k3 +k3) = s Py = —iwpoPy .
0

The wave equation (first equation above) shows that the components of k are not all
independent of ® while the second equation shows that the amplitude of the pressure
is directly proportional to the amplitude of the scalar potential. We may also express
the wave equation in the compact form

2

()
k-k=(|k[)?*=—. (2.22)

i)

2.3.1 Reflection of an acoustic wave at a plane interface

Let us now look at the problem of a plane acoustic wave and its reflection and re-
fraction at the interface between two media. Figure 2.6 shows a schematic of the
situation. The normal to the wavefront is in the plane of the diagram. The wave is
incident from a medium with density p; and phase speed c; at an angle 0; to the
normal to the interface. The medium on the other side of the interface has a density
p2 and phase speed c;. The reflected wave makes an angle 6, with the normal while
the transmitted wave makes an angle 6, to the normal. Let the incident, reflected, and
transmitted wave vectors be k;, k,, and k;, respectively.

Let us choose an orthonormal basis (e, e;, e3) such that the e; vector is in the x;-
direction and the e; vector is in the x-direction. Then x = x;e; and the wave vectors
k;, k;, and k; may be expressed in this basis as

k; = ||k;|| sin®; e; — || ki|| cos®; ez ; k, = |k,|| sinB, e; + |/ Kk,|| cos 6, e;

kl = ||kl|| Sinet e — Hk[“ COSG[ e .
Therefore the scalar potential for the incident plane wave can, after dropping the hats
for convenience, be written as

¢i(X) =&, ein,-H(xl sin@;—x; cos 6;) )
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Reflection and refraction of an acoustic wave at the interface between two materials.

Similarly, the reflected and transmitted plane waves can be expressed as

q)r(x) @, 6J’Hk,||(x1 sin©,+x; cos6,) o0 (X) =&, ei||k,H(x1 sin@; —x; cos 6;) )
Recall that the wave number, |k, is related to the phase speed (¢) in a medium by
k|l = @/c. Hence ||k;|| = ||k/||. Also, let @, = R®; and &, = T®; where R is the
reflection coefficient and T is the transmission coefficient. Then the total potential

in the medium of incidence, which is a superposition of the incident and reflected
potentials, is given by

01(%) = 0;(x) + 0 (x) = B; [einiH(xl sind;—x2cos6) 4 p ikl (x1 sinytxy cose,)
The pressure at the interface must be continuous, i.e., p1¢; = p2¢;. Therefore,

o1 [ei||k,-H(x1 sin®;—xyc0s6;) | p illkill (x15in6,+x3 cos8,) | _ P> T illkill (x1 sin6; —x; cos ;)
Since x, = 0 at the interface, the above equation reduces to

P |:ei<”ki” sind; —[ki[| sin6)x1  p Hilllkil sin®r— kil sinb)xy | _
p2T
For this relation to be valid for all values of x; we must have

Ik;|| sin®; — || k|| sin®; =0; |k;|| sin®, — ||k;|| sin®; =0

which implies that

1+R=ET where F,::%. (2.23)
1
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These constraints also indicate that the law of reflection and Snell’s law hold, i.e.,

kil k|| sin@;  sin®,
_ o B .

0,=0,;

sin®, sinB; Cl c

Another boundary condition at the interface of the two materials is that the normal
velocity vo = —¢ 5 is continuous. Now,

¢1,2 — 7l'||k,'|| cos ; P ein1||(x1 sin@;—x; cos 8;) _R ein;H(xl sin@;+x; cos6;)
¢t,2 _ _i”ktH COSthJ, ein,H(xl sin©; —xp cos 6;) )
Hence for waves in the incident medium, at x; = 0,
[k cos 8;(1 — R)e/killxisin® — 11 || cos @, T ¢flkillisin

or

— cosB;(1 — R)ellkillasin6 — = ¢, T ¢flikllising:
Ccq (&)

Using Snell’s law we get

cosei(l_R): cose,T: c%—c%silﬂei
C] (&) C%C%
or
LR S 3 —c}sin ; n* —sin?9; 2.24)
—R= ere 1 := = .
e 1 c3cos26; cos26;

where the refractive index has been defined as n := ¢ /c,. The reflection and trans-
mission coefficients can be found by solving equations (2.23) and (2.24) to get

— 2
= E"J ; T = —.
&+m &+
If ; = /2 we have R = —1 and T = 0. This implies that grazing incidence is not

allowed because a value of R = 1 means that the reflected wave will cancel out the
incident wave. Another interesting situation is where R = 0, i.e., & = 1). In that case

2_ 2
Ecos®; —\/n? —sin’0; =0 — sin®, = %';z—nl

This angle of incidence is called Brewster’s angle (0p) and at this angle the entire
wave is transmitted across the interface without any reflection. Note that the above
condition suggests that there are some constraints on the relative values of & and n.

(2.25)
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To observe the similarity between the above equations and those for an SH-wave
(2.19), we define n; = ¢o/c; and ny = co/ca, where ¢y is a reference sound velocity.
Then, using & = py/p; and 1 = ny cos O, /n; cos6; in equation (2.25), we have

. nlpgcosei —napP1 cos 6, T— 2n1p2 cos 0;
" nip2cos®; +nopicos6,

 n1p2cos®;+napi cos6;

The similarity between this equation and that for an SH-wave in a solid suggests that
if np = —ny and py = —p; then the bulk modulus K, = —K; because 2= K/p.

2.3.2 Acoustic impedance

The characteristic acoustic impedance of a medium is defined as the ratio of the
pressure to the acoustic wave speed in the medium

~ — ipo® X

®Po
ZLehar = =

Tadekx kP (220

The acoustic impedance at an interface is the ratio of the pressure to the normal
particle velocity at the interface,

zs="L.
Vn

The normal component of the velocity v, is chosen such that it points into the
medium characterized by Zg. Recall that, for time harmonic waves, p = —i®p¢.
Therefore, for a homogeneous medium,

V:—V(I):—O)Lpr.

For plane harmonic waves with v = Vexp(ik - x) and p = pexp(ik - x) we have
~ .k
Vp=ikpexp(ikk-x) = V=—p.

If the angle of incidence is 0, the normal component of the velocity is given by

kcosO _
Yy = p where k=|k| .
op

Therefore, using k = ®/c, we have

_p__op pc

Z = = .
v, kcos® cos0

(2.27)

Figure 2.7 shows a schematic of the situation and the directions of the normal com-
ponents of the velocities in two media on opposite sides of an interface.
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FIGURE 2.7

Normal components of velocities on the two sides of an interface.

If we define
picr . P22
= cos®;’ " cosH;

we have

P27 Z 7o —7)
I-R={(—|T = = = R= .
(plZZ> n éZz 2+ 7

Similarly,
27,
T = .
H+27Z;
At normal incidence Z; = pic and Z, = pyc2. Notice that if the impedances match,
i.e., Z) = Z, then there is no reflection (R =0) and T = p; /p». At the interface p; =

p2 and v,;; = —v,p. Hence, p1/va1 = Z) = —p2/vy2 is also an acceptable interface
continuity condition.

2.3.3 Reflection at a liquid-solid interface

It is often of interest to determine the reflection and transmission coefficients of an
acoustic pressure wave incident from a fluid medium onto a solid medium. In that
case there is an additional SV-wave in medium 2 in Figure 2.6 because the solid
medium is able to support shear deformations.

Let the waves in medium 1 be described by velocity potentials

q)i = P, eiKl (1 sin®;—xp cos 6;) : q)r = R®; eilq(xl sin0;4x; cos 8;)

where k1 = ||k;||. The corresponding pressures are p; = —iwp16;, p, = —i®pH; and
the displacements are u; = 1/(i0)Vo;, u, = 1/(i0)Vo,.
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In our discussion on elastodynamics we have used displacement potentials where
u = Vo + V x y. To remain consistent with the formulation we have used for acous-
tics, we would like the transmission coefficients in the solid to be also expressed in
terms of velocity potentials. For time harmonic fields we have

u(x,t) =u(x) oot 0(x,1) = P(x) e W(x,1) = ¥(x) el
Therefore,
iot iot

v(x,1) =t = —iot(x)e ' = —i@VPe ' — i@V x Ye~

or
v(x,t) = —-V@—-V xy where ¢:=ind; ¥:=ioy.
Let the velocity potentials in medium 2 be

@‘ _ qu)i eisz(xl sin6; —x; cosB;) . ilvft = T,®; eiKsz(xl $in 65 —x7 cos Oy) )
The displacements that derive from these velocity potentials are

w = [@r1e1 + @ 2e2]/(i0) and  u = [Yr2e1 — ;€] /(i) .

Therefore the relevant stresses in medium 2 are, using equations (2.6) and (2.7),

G12 =20 12 + (Wr22 — Yr 11)] /(i)
622 = M@y 11+ O 22) + 2 (@ 22 — Wy 12)]/ (i0) .

The displacement boundary condition at the interface (xo = 0) iS uy + uy50 = uip + 7.
We are assuming that the fluid is inviscid and slips in the tangential direction at
the interface and hence there is no displacement continuity in the x;-direction. The
continuity of tractions requires that 61, = 0 and 655 + (p; + p,) = 0 at the interface.
Using these conditions we get three equations for R, T}, and T;:

cosG,-(l R) cos6; 1 7. —0 (2.28)
ci cm cos20, | P ’

cos 6; 2sin 0, 5in 20,4 c0s 26,
+ 7,=0 (2.29)
Cp2 c0s 204 C2

T cos 6; 2sin29m T 530
7\ sin®, cos20;, | 7 (2.30)

where the phase speed in medium 1 is ¢; and the P- and SV-wave phase speeds in
medium 2 are ¢, and ¢y, respectively, and o = sin®;/c = sin6, /cp2 = siny/cy.
Explicit expressions for R, T, and T; and a detailed analysis of the reflection coeffi-
cient can be found in Brekhovskikh (1960). The magnitude and phase of the reflec-
tion and transmission coefficients at a water-steel interface are shown in Figure 2.8
where the water has a density of 1000 kg/m> and a bulk modulus of 2.2 GPa. The
discontinuous changes in slope at ~ 14.5° and ~ 28° occur because at these angles
o is equal to 1/cpo and 1 /¢y, respectively.

P1
P2cs2

(1+R)—

and
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FIGURE 2.8

Reflection and transmission coefficients for the reflection of an acoustic wave at the interface
of water and mild steel.

2.3.4 Negative refractive index

We have seen on p. 65 that a plane acoustic wave at the interface of two fluid media
behaves like an SH-wave. Hence the discussion from Section 2.2.5 can be applied
directly to that case. Let us now consider the case of a plane acoustic wave at the
fluid-solid interface that we discussed in the previous section.

Let us define the refractive indices of the two media as

ny = C()/Cl = C()/\/Kl/pl

and

nyi=co/cpp =co/\/ (M +2w)/p2 n3:i=co/c=co/\/ /P2 -
Equations (2.28) and (2.29) can then be expressed in the form
n1c0s0;co8(20;)(1 —R) —npcos6,7, =0

n3cos(26;s) %(1 +R)— [2n2 cos 0; sin 0, sin 26, + n3 0052(26,3)} 7, =0.
2

Let us look at the situation where n, = —n; and p; = —p; which implies that A, +
2uy = —x; and 0, = —6,. From these results we see that nj /n3 = +1/1/2+ A, /x;.
If x; = 2\, we have n;/n3 = £1. There is no solution when n; = n3 and therefore
we must have ny = —n3 == 0; = —0; in which case R = 0, T, = —co0s26; and
T, = sin260;. The transmitted wave is out of phase with the incident up to an angle of
incident of 45°.

Let us now consider the propagation of acoustic waves across the interface shown
in Figure 2.9. If the pressure is the same at points at equal distances from the interface
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FIGURE 2.9

An interface separating a material with p, k > 0 from one with p,k < 0.

as shown, the vectors Vp are reflections of each other. If n is the normal to the
interface, the quantity n - Vp changes sign across the interface. Since p also changes
sign, n - u is continuous across the interface. Hence, the boundary condition across
the interface is physical if the density on one side of the interface is negative.

2.4 Plane wave solutions in electrodynamics

Recall Maxwell’s equations (1.89) for isotropic media at a fixed frequency ® shown
below for convenience.

VxE=iouH; VxH=—ioeE; V.-B=0; V.-D=0. (2.31)
Let us look for plane wave solutions for the electric field of the form{
E(x) = Eg ¢ ¥* (2.32)

where | k|| = 1/(2nA) and A is the wavelength. Then, using the first of equations
(2.31) we have

H(x)=Hpe &% Hy:=1/(ou) kxE . (2.33)

On p. 36 we have seen that, for isotropic media, V - E = 0 which implies that k- Ey =
0, i.e., the electric field vector is normal to the wave vector. Similarly, since V-H =0,
we have k- Hy = 0.

IOur discussion of electromagnetic plane waves is based on the descriptions given in Lorrain et al. (1988)
and Brekhovskikh (1960).
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Plugging equation (2.32) into the first of equations (1.91) we get

VZE+x* E(x) = J [a

" o,

d %) . .
=—|ik; all Eone'km e, + K Eo oKX
X,y X,y

)
= izkmE()n kl al
00Xy,

o (EOn eiklxl):| en+K2 EO eik-X
Xy,

eik[xl e, + K2 E() eik-x

= —kpknEonene™ ™ + 1% By XX

= —(k-k) Eg %X+ % Eg * =0

where we have used rectangular Cartesian components for simplicity. If the above
relation is to hold for all x we require that

5 ®
k-k=x = |Ik|| = — forreal k. (2.34)
c

Similarly, plugging the solution (2.33) into the second of equations (1.91) also leads
to k -k = k% which is essentially the relation between the wavenumber and the phase
speed at a given frequency.

2.4.1 Reflection of a plane wave at an interface

Figure 2.10 shows an electromagnetic wave that is incident upon an interface sepa-
rating two media. Let us consider plane wave solutions to Maxwell’s equations (2.31)
at fixed frequency. Then we can express the waves shown in Figure 2.10 in the form

E;=Eq; ¢ E, =Eo, &Y E = Ey e/

where k;,k,,k, are the wave vectors corresponding to the incident, reflected, and
transmitted waves, respectively.

Continuity requires that the oscillations at the interface must have the same phase
®=k-x),ie., k;-x =Kk, -x =Kk, -x for all x on the interface. Since x = x;e; at the
interface, the tangential components of k;, k,,k, must be equal along the interface.
Hence ||k;|| sin®; = || k,|| sin®, = |k;|| sin®,. Now,

() ® ()
K=kl =—; k. =k =—; =]kl =— (2.35)
Cl Cl (%]
where c¢; and ¢, are the phase velocities in medium 1 and medium 2, respectively.
Hence we have
o . o . o .
— sin®; = — sinB, = — sin6; .
C1 C1 Cc2
This implies that
sin®; ¢

sin@;, ¢’
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FIGURE 2.10

Reflection of an electromagnetic wave at an interface.

The refractive index is defined as
o
ni=— (2.36)
c
where ¢ is the phase velocity in vacuum. Therefore, we get Snell’s law for electro-
magnetic waves,

sin®; np

=—. 2.37
sin®; ny ( )

2.4.2 Wave polarized parallel to the plane of incidence

For an electromagnetic wave, the wave vector of k is not necessarily parallel or
perpendicular to the fields E and H. However, for plane waves we have seen that
k-E =0 and k-H = 0. Therefore plane waves have transverse polarization.

Consider an incident plane wave such that the electric field vector E;(x,7) lies
on the plane of incidence as shown in Figure 2.11. Let us choose an orthonormal
basis (e, e, e3) such that e is on the planar interface, e, is normal to the plane of
incidence, and e3 is normal to the interface.

The wave vectors k;, k,, and k, may be expressed in this basis as

k; = x;sin0; e; —K;cos0; e3; Kk, =1x;sin0, e; +K;cosO, e3

k; = K, 8in0; e] — Ky cos O, e3

where the notation introduced in equation (2.35) has been used. At fixed frequency,
the incident, reflected, and transmitted plane waves can be expressed as

Ei(x) = Ey; eier : Er(x) = Ey, eikwx . E, (X) = Ey, eik,~x )
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FIGURE 2.11

Plane wave polarized with the E;-vector parallel to the plane of incidence.

Since k- E = 0, we can write these in terms of the basis (e, e, e3) as

Ei(x) = [E; cos®; e| +E; sin@; e3] ¢/ (x15in0i—x3cos6;)
E,(X) = [-E, cos6, e; +E, sin®, e3]¢™ (x1 5in 63 cos ) (2.38)
E;(x) = [E; cos6; e; +E; sinb; e3]e”<2(x‘ sin 6 —x3 cos®;)
where E; := ||Ey|, E := ||Eos||, and E; := ||Eq||. Since the E vectors lie in the
(e1,e3)-plane and since Hy = 1/(wu) k x E, the magnetic field vector must lie in
the e,-direction. In index notation we have Hy = (co,u)’1 e;jkk jEore;. Therefore, the
magnetic field can be written as |
Hi(X) — [—H,-eg]e"(l (x1 sinB;—x3 cos 6;) : Hr(X) — [—Hrez}e“c‘(x‘ sin0,4x3 cos6;)
H, (X) _ [71‘[,82}6“(2()‘1 sin6; —x3 cos 6;)

where H; := [|[Hy;|| = <1 E;/(0u1), Hy := |Ho,|| = x1E,/ (01 ), and H; := |[Hy || =

QE /(0w).
At the interface, continuity requires that the tangential components of the vec-
tors E and H are continuous. Clearly, from the above equations, the Hy vectors are

IThese expressions indicate that the magnetic field component H, for this situation depends only on x|
and x3, i.e., H» = Hy(x1,x3) and H; = H3 = 0. Recall from Section 1.4.6 that transverse magnetic (TM)
fields have this property.
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tangential to the interface. Also, at the interface x3 = 0 and x; is arbitrary. Hence,
continuity of the components of H at the interface can be achieved if H; + H, = H;.
In terms of the electric field, we then have

Ki Ki K2

—FE+—E =—E,.

W wug ()75}
Recall that the refractive index is given by n = ¢o/c = ¢¢ /. Therefore, we can
write the above equation as

N E+E)="E . (2.39)
1 H2

The tangential components of the E vectors at the interface are given by E X e3, i.e.,

E; x e3 = [*Ei cos 0, ez] eiKI (1 sinB;—x3 cos 6;)
E, x e3 = [E, cos, e;]e™ (x15in6y-+x3 cos ;) (2.40)
E, x ey = [—E, cos 6, 92] eiK2<xl sin®; —x3 cos0;) )

Using the arbitrariness of x; and from the continuity of the tangential components of
the E vectors at the interface (x3 = 0), we have

E; cos®; —E, cos0, = E; cos0, .

Since 6; = 0,,, we have

| (Ei— E;) cos6; = E; cos, . (2.41)

From equations (2.39) and (2.41), we get two more relations:

np ni ni
E — c0s0; — — cos6; E 2 — cosb;
R _Tr M2 M1 d | T = s M1
™ = = an ™ = =
Ei m n E,  m n
— co0s0; + — cos O, — co0s6; + — cos O,
2 M1 M2 M1

(2.42)
Equations (2.39), (2.41), (2.42), are the Fresnel equations for TM-polarized electro-
magnetic waves. If we define y,; := pu; /uo and o = o /up where g is the perme-
ability of vacuum, we can write equations (2.42) as

np ni ni
— c0s0; — — cos 0, 2 — cos6;
Ry = Hr2 Hr1 © Trm = Hr1 ) (2.43)
np ni np ni
— ¢c0s0; + — cos6; — ¢c0s0; + — cos6;

Mr2 Hr1 Mr2 HMr1
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Note that there is no transmitted wave (E; = 0) if 8; = n/2 and no reflected wave
(E, =0)if

ny ny
— c0s0; = — cos6; . (2.44)
Mr2 Hrl

For non-magnetic materials we have u,; =y, = 1. Hence,

n,  coso;
2 . (2.45)
ny  cosB;
Combining equation (2.45) with Snell’s law (2.37), we get
cos®; sin®; —cos6; sin6; =0 =  cos(8;+6;) sin(6,—6,) =0.
If n; # ny we have sin(8; — 0;) # 0. Hence,
T
cos(6,+86;) =0 = 0,+6,= ik (2.46)

This is the condition that defines Brewster’s angle (6; = 0p) (see Figure 2.12). Plug-
ging equation (2.46) into equation (2.37), we get

sin0p — an® _m
sin(m/2 —0p) Mo =

This relation can be used to solve for Brewster’s angle for various media. At Brew-
ster’s angle, we have E,/E; = 0. Hence the sign of the reflection coefficient E,/E;
changes at Brewster’s angle.

Brewster’s angle is responsible for certain phenomena observed in rainbows. For
an air-water interface with n; = 1 and ny = 1.33, we get a value of 8 = 53°. This
angle is very close to the angle that a rainbow ray makes with the normal to the
surface of a raindrop at the point where it is reflected inside the drop. Hence only
certain polarizations get reflected at this point and other polarizations are transmitted.
At angles greater than the Brewster angle, the radiation is 90° out of phase with light
reflected at less than the Brewster angle.

So far we have defined the reflection and transmission coefficients in terms of elec-
tric field amplitudes. We could alternatively use ratios of magnetic field amplitudes.
If we define . .

H o H .
Ry e 7 and Tpy: H,

and apply the continuity conditions at the interface, we get the relations

L4RE, =TH, and (1 —R¥M)%cose,- - T{{Mlkl—jcoset.
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Electric Field
Pardlel to the
Plane of Incidence
Unpolarized ‘ Polarized ‘
Incident Ray ; Reflected Ray ;
| 3 No Reflected Ray
3 2 :
Direction of ‘
Electric Field ‘
0, | 6 ¢ |
Partially Polarized
Refracted Ray
FIGURE 2.12

Brewster’s angle and the polarization of light.

Using k; = n1®/co and kp = np®/co and solving for the reflection and transmission
coefficients gives

na ni na
— c0s0; — — cos0 2 — cos6;
R, = 2 # and T, = £ SR
na ni np nj
— co0sB;+ — cos 0, — cos0; + — cos 6,
H2 M H2 M1

Comparison with equation (2.42) shows that the reflection coefficients are identical
but the transmission coefficients differ.

2.4.3 Wave polarized perpendicular to the plane of incidence

For a plane wave with the E; vector polarized perpendicular to the plane of incidence,
we have™*

El‘(X) _ [Ei ez]e’kl (1 sin®;—x3 cos ;) : Er(x) _ [Er ez]eilq (x1 sinB;+x3 cos 6;)

E, (X) _ [Et ez]eiKz(xl sin®; —x3 cos 6;) )

**These expressions indicate that the electric field component E, for this situation depends only on x; and
x3,1.e., Ey = Ep(x ,X3) and E| = E3 = 0. From Section 1.4.6 we know that transverse electric (TE) fields
have this property.
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Recall that Hy = 1/(mu)k x Ey and note that in this case Eg = E,pe, = Exe.
Therefore, k x Eg = —k3Expe| + k1 Expes and we have

K1 E;

H;(x) = — (cos®; e +sin6; e3)e"Kl (x1 5in;—x3 cos ;)
o
K]E . : 0. .
H,(X) = —— (—cos6; e] +sin6; e3)e!¥1(¥15in0i+x3cos6:)
oy
K FE, . . GO, )
H;(x) = = (cos6; e +sin®, e3)ex2(¥15in®—x3c0s6)
(/)
Continuity of tangential components of E at the interface requires that

E+E =E. (2.48)

From the requirement of continuity of the tangential components of H at the interface
and using the arbitrariness of x|, we get

K1 K2
— (E;—E,) cos®; = ——E, cos9, . (2.49)
ou; WL

Using the relation ¥k = n /¢y, we get

ny na
o (E;—E,) cos®; = ‘LTzEr coso; . (2.50)

From equations (2.48) and (2.50), we get

ni na ni
E — ¢c0s0; — — cos6; E 2 — cosb;
Rg = s M M2 and Trg := -t M1
E; ni ny E; ny na
— co0sB; + — cos 0, — c0s0; + — cos 0O,
0;+ 0 0; + 6
Hi H2 H H2

(2.51)

Equations (2.48), (2.50), (2.51), are the Fresnel equations a wave polarized with the
E; vector perpendicular to the plane of incidence. We may also write the last two
equations as

ni np ni
— c0s0; — — cos6; 2 — cosb;
RTE = Hrl Hr2 and TTE = Hrl . (2.52)
ni ny n ny
— c0s0; + — cos6; — cos0; + — cos6;
Hr1 Hr2 Hr1 Hr2

From the above equations and Snell’s law we can show that there is no reflected wave
only if
2
tan©; = tan 6, s .
H1
This is only possible if there is no interface. Therefore, in the presence of an interface,

there is always a reflected wave for this situation.
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2.4.4 Electromagnetic impedance

The characteristic electromagnetic impedance of a medium at a fixed frequency is
defined as

Zy = M

IH|
where ||E|| and ||H|| are the amplitudes of the electric and magnetic fields. For a
plane wave with wave vector k = ke, the relation k- E = 0 implies that E= E, e; +
Ese;3. Therefore, k x E = —x(E3 e; — E» e3) which implies that H=1/(ou)k x E=
—x/(wu)(Eze; — Eze3). Using K = ®/c = o,/€u and n = ¢y /¢, we have

) C
Zo= H_HO_ L JH (2.53)
K n €
For problems involving plane interfaces, the normal impedance is defined as the ratio

of the tangential components of the electric and magnetic fields, i.e.,

7= Etang
Htang

Figure 2.13 shows a schematic of the two situations that can be superposed to find
the solution for an electric field (E) with an arbitrary orientation. For the situation

k
Electric field parallel to Electric field perpendicular to
plane of incidence plane of incidence

FIGURE 2.13

Schematic of electric fields parallel and perpendicular to the plane of incidence. The compo-
nents of the E and H fields are scaled by factors of cos0, depending on the polarization, to
determine the tangential components.

where the E field is parallel to the plane of incidence and the H field is parallel to the
interface we have Egng = E;cos6; and Hyng = H;. Hence,

Z, = ﬁl c0s0; = ZycosO; = cpcosH; . cos0; 'lg (2.54)
i i V &

i n;
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For the situation where E is polarized perpendicular to the plane of incidence and par-
allel to the interface, we have Eane = E; and Hyang = H;cos0; and the impdendance

is
E; Zy i 1 1 Hi

7 __ A _ _ Hi 2.55

"7 H;cos®;, cosH; Conicosei cos0; \/ € (2.35)

Applying the definition (2.54) to equation (2.47) leads to

VAR 27,
H H
= and T = .
™M zi+2 ™M Zi+2
Similarly, applying (2.55) to equation (2.51), we have
Zr— 27 27,
Rte = and Tte = .
Ttz T 1z

Observe the similarity between these results and those for acoustics in Section 2.3.2
(p. 65). Also, note that there is no reflection when Z; = Z,. This is the condition
needed for impedance matched media.

2.4.5 Negative refractive index

Recall Fresnel’s equations (2.43) on p. 73 for the reflection and transmission coeffi-
cients for TM-polarized electromagnetic waves. Note that if n, = —ny and yp = —puy,
since n = c¢o/c = ¢o/+/€u we must have €, = —¢€;. Then, by Snell’s law

sin 6,

- =—1 = 0, =-6;. (2.56)

sin 6;
Hence, Ry = 0 and Tty = 1. So the radiation is transmitted at the angle 6, = —6;
and none is reflected. In fact, an interface separating media with €, = —€; and up =

—u; behaves like a mirror. Consider the interface in Figure 2.14. For the situation
shown in the figure, on the medium on the top of the interface, let E, and H; solve
Maxwell’s equations with y = —u; and € = —¢4, i.e.,

VXE;"’I.O)‘Ul Ht:()’ VXH,*i(DSl Et:0
Let the solutions on the top of the interface be of the form

E;(x)
H, (x)

E; (x)e1 +E2(X)€2 +E3 (x)e3
Hi(x)e; + Hy(x)ey + H3(x)es .

Let
Ft(x) =VxE = (E3_’2 7E273)e1 + (E173 7E371)e2 + (Ez,l 7E172)e3
=: Fi(x)e; + F>(x)es + F3(x)es3
Li(x):=VxH,=(H3p—Hy3)e1+ (Hi3—Hz1)ex+ (Hy 1 —Hin)es
=:N1(x)e; + L (x)er +I(x)es .
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FIGURE 2.14

Reflection at an interface due to negative € and u.

In the medium at the bottom of the interface, let E; and H;, solve Maxwell’s equa-
tions with y = —p and € = —&», i.e.,

VXxE,+iouy H,=0; VxH,—ing E,=0.

Let us assume that the interface acts as a mirror such that the region at the bottom of
the interface has reflected fields. Then, from Figure 2.14, we see that
Ey(x) = E1(x1,x2, —x3)e1 + Ex(x1,x2, —x3)e2 — E3(x1,x2, —x3)€3
= E1(x)e; + Ex(x)es + E3(x)es
H,(x) = H (x1,x2, —x3)e; + Ha(x1,x2, —x3)e2 — H3(x1,x2, —x3)€3
=: Hy(X)e| + Hy(x)es + H3(x)es .

Therefore, at the bottom of the interface, we have

V xE, = (E32—Ez3)e1 + (E13—Es)es+ (Exi —Er2)es
=(—E3p+Eyz)ei+(—Eiz+Es1)es+ (Exi —Ei2)es
=—Fe —FKe +Fe;3

VxH,=-Le —he,+5e;.

For continuity of the fields at the interface (x3 = 0) we can show that we must have
My = — U and € = —€1.

This implies that negative permeability and permittivity have the unusual property of
reflecting the fields.
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2.5 Wave propagation through a slab

Let us now consider wave propagation through the simplest multilayered system, the
case where there are three layers. Usually, the two outer layers are the material while
the slab in between is made of a different material. For simplicity, we assume that
the planar dimensions of the layers is large enough that end effects are not important.
Acoustic and electromagnetic waves can be treated in a similar manner and a detailed
discussion of both can be found in Brekhovskikh (1960). An excellent treatment of
electromagnetic waves in layered media can be found in Chew (1995).

2.5.1 Acoustic waves in a slab

Consider plane wave propagation through a slab wedged between two materials as
shown in Figure 2.15. There are multiple reflections at the interface between medium
2 and medium 1. We will try to determine the reflection and transmission coefficients
for the slab by looking at the behavior at a fixed value of x;. Let us examine only the
case of acoustic wave propagation.

Medium 3

WX

!
|
x2 492
2 d
6
Medium 2 X1

Medium 1 4]

1

FIGURE 2.15

Ray diagram of wave propagation through a slab.

We assume that all three media are homogeneous and isotropic. The slab extends
to infinity in the x| and x3 directions and has a thickness d. The mass densities of the
three media are py, P2, p3 and their phase velocities are ¢y, ¢z, ¢3. For plane wave
propagation at fixed frequency, the wave vectors in the three media have magnitudes
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ki =®/c1, k» = ®/c, and k3 = ®/c3. The velocity potential in medium 2 is

¢2 =A, eikz(xl sinB; —x; cos6;) +B, eikz(xl sin 0y +xp cosez).
The pressure in the medium is given by p = —iwp202, i.e.,
Py = —i(')pg eikle sinBy [Az efikzxz cos 0y +B, eik2x2 cosez} )
The normal velocity in the medium is given by v, = —¢2 2, i.e.,
Vo = —ikz cos 92 eik2x| sinBy {_Az e*ikzxz cos 0y +Bz eik2x2 cosez} )

At the interface between medium 1 and medium 2, x, = 0, and the acoustic
impedance is

P2 wp2 A +B A+ B>

V2 __kzcosezAszzl__ 2A2732
X2:0

where 7 is the normal acoustic impedance of medium 2. At the interface between
medium 2 and medium 3, x» = d, and

P AZ efikzdcosez +Bzeik2dcos62
% =4 Aze—ikzdcosez _Bzeikzdcosez ’
x2:d

Continuity of pressure and the normal component of the velocity requires that (see
Section 2.3.2, p. 65)

P2 pict P2
— =—7Z =—- and — = —Zin
V2 cos0; Vi

x2:0 X2:d

where Zi, is the input impedance of medium 2. From the first condition we find that
B, Zi—72»
A Z1+2Zy

Substituting the above equation into the continuity condition for x, = d gives

ZpsinO+ iZj cos
Zin =75 — -
ZysinQl+iZ; cos o

where o :=kydcos0, .

For the incident and reflected waves in medium 3, following our usual procedure
gives

p3 = —iops oik3xi sinBs [ A k3 —d)coses | Bs eik3(x27d)c0593}

V3 = —lk3 cos 93 eik3xl sin63 [—A3 e—ik3()€2—d)(10593 +B3 eik3(x2—d)c0s93} .
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Therefore, at x, = d,

3 =
Vi3 A3z —B3
xp=d

A3 +B
p3 7 3 3 7

Reorganizing gives us the reflection coefficient for the slab,

B3 B Zin—23 B (Z% —Z1Z3)sino+iZy(Zy — Z3) cosa

R=—-= = .
Ay Zin+Z3  (Z3+Z1Z3)sino+iZy(Z) +Z3) cos Q.

(2.57)

For the transmitted wave below the interface between medium 2 and medium 1, we
have
pl — _lmpl eik|X| sin91 |:A1 e*ik|X2C0591i|

vy = —iky cos @) k1150 {—A1 e—iklxzcosel} .
The continuity condition p; = p, at x, = 0 gives
prekixsin®ig — o pikoxisin®z (4 | B)).
For this condition to hold for all x; we must have
p1A1 = p2(A2+Bs).
Similarly, for continuity of the pressure at x, = d and Vx|, we require
P2 [Aze ™+ Bye™] = p3(A3 +B3) = p3(1+R)A3

where oL = kod cos 0. Expressing A; and A3 in terms of A, and dividing gives us the
transmission coefficient

Aq P3 27,7,
= — - . (2.58)
A3 P1 Z2(21+Z3)COSOC—Z(22 +Z1Z3)sino

For the situation where Z; = Z3 and p; = p3, and there is normal incidence, we have

(22 — Z2)sin(kad)
7%+ 7%)sin(kod) + 2iZ1Z» cos(kod
2 1

and
2iZ\Z,

(Z% +Z2) sin(kad) + 2iZ1 Z cos(kad)
where Z; = pjici, Zy = paca, and ky = ®/c,. This is the transmission coefficient
measured by an impedance tube. Clearly, the computation of 7T becomes quite com-

plicated as we add more layers to a structure. We will discuss waves in layered media
in greater detail in Chapter 8.
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2.5.2 Impedance tube measurements

In practice, it is not convenient to measure the transmission and reflection coefficients
of a particular slab for each of a large range of frequencies. Instead, a broadband
range of frequencies is generated at one go and the Fourier components are separated
using analog or digital means. In the context of acoustics, such a measurement is
carried out using an impedance tube, a schematic of which is shown in Figure 2.16.

;ecei\ﬁrs\ /R/eceivirs
ﬁl ml ﬁl o s I B s
- P 1 2 - 3 4 5 6 :
CEN y X !
\ Tube A_| Tube - /_ -
- .
Speaker Sample d Sink

FIGURE 2.16

Schematic of an impedance tube experiment.

The diameter of the tube and the location of the speaker are such that the waves
generated may be assumed to be plane. The microphone receivers 1, 2, and 3 record
the incident and reflected waves from the sample while receivers 4, 5, and 6 record
the transmitted waves. Any waves reflected from the end of the impedance tube are
assumed to have relatively small amplitudes and are usually ignored in the analysis
(this is also called the anechoic chamber assumption). If we choose not to ignore
these reflections, for a particular frequency , the pressures at the receivers can be
expressed in plane wave form as (see Hall et al. (2010)) for an example of this ap-
proach

p1 :Aiefikyl _'_Brel'ky] : > :Aiefikyz +Breik)‘2 :o; :Aiefl'kng _’_Breikng

pa =A™ L Bem ™ ps = A5 4B L pg = Aeh6 4 B R
where k = 21/A = ®/c, x; and y; are the locations of receivers i, j relative to the
surface of the specimen, A; is the amplitude of the incident wave, B, is the amplitude

of the reflected wave in the medium of incidence, A; is the amplitude of the transmit-
ted wave, and B, is the amplitude of reflected waves on the transmission side of the
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sample. In matrix form,

D1 e~k etkyr 0
P e~ g2 g0 A;
—ikys ,iky3
p3| _|e ™3 e 0 0 B, B
D4 - 0 0 eikX4 e*ik)C4 At or g - ﬁé .
Ps 0 0 ek eiks| | B,
Dé 0 0 eikx(, e*l’k)f6

Since we are trying to determine four constants A;, B, A;, and B, we need only four
receivers. However, consider the situation where there are only four receivers, 1, 2,
4, 5. In that case,

det(K) = 4sin[k(xq — x5)] sin[k(y; —y2)] -

If x4 —xs = A or y; —y2 = A, the matrix K is singular because det(K) = 0. Six re-

ceivers help reduce this possibility. But the matrix is no longer square and cannot be
inverted directly. Instead, we solve a least-squares minimization problem of the form

2

min
a

p-Ka

The solution of this problem is

Il

— (K'K) 'K p.

opt

If the matrix K" K is also singular, then we can use the Moore-Penrose pseudo-

inverse to get an optimal (but not unique) solution.

To compute the transmission coefficient from the quantities A;, B, A;, B;, we use
the observation that the wave B, is transmitted through the sample and provides a
contribution to B,, i.e., B, = RA; + TB;, where R is the reflection coefficient and
T is the transmission coefficient of the slab (assumed to be the same for incidence
on either side of the sample). Similarly, the wave B, is reflected at the surface of
the sample and adds a contribution to A; to give A; = TA; + RB;. Solving these two
equations gives us

AB —AB, AiA; — BB
= ————— an =
A? - B? A? —B?

The transmission loss is usually converted to a sound reduction index (units of dB)
using the relation
TL (dB) = 10log,,(1/T?).

An example of the transmission loss through a locally resonant sonic material is
shown in Figure 2.17. The plot is from impedance tube measurements on a specimen
containing two angled steel beams with steel tip mass resonators. The two resonators



Plane Waves and Interfaces 85

were glued on medium-density fiberboard (MDF) wooden circles and then arranged
in series along the axis of the tube, with a spring between them. A rubber ring was
used to provide the elastic coupling. Note that the two beams were positioned at 180
degrees relative to each other.

80,

70

30

20

100 250 500 750 1000

Frequency (Hz)

FIGURE 2.17

The sound reduction index as a function of frequency for a locally resonant sonic material
containing beam resonators. The low frequency resonances are due to a rubber ring support
that is used to clamp the specimen in the impedance tube. The peak sound reduction at 400
Hz is due to local resonances in the the structure. This experiment was performed at Industrial
Research Limited, Auckland, New Zealand, by Andrew Hall.

2.5.3 Electromagnetic waves in a slab

Let us now examine the problem of reflection and transmission of electromagnetic
waves in a three layer medium (see Figure 2.18). Our goal is to find the effective
reflection and transmission coefficients in this medium. Once we know these coeffi-
cients, we can choose the materials in the layers to achieve a desired reflectivity or
transmissivity.

In dealing with multiple layers it is more convenient to use the notation (x,y,z) in-
stead of (x1,x2,x3) for the coordinates. If the permittivity and magnetic permeability
are scalars and locally isotropic in each layer we can write € = €(z) and u = u(z).
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FIGURE 2.18

Reflection and transmission in a three layer medium (slab).

The wave equation for TE waves (1.93) (p. 38) can then be written as

P Ey
ox?2

+ | u(2) a% (,u(lz) i) + 0% e(z) ,U(z)] E,=0. (2.59)

Solutions to the above equation have the form

Ey(x,2) = Ey(z) =0, (2.60)

If we plug (2.60) into (2.59) we get an ordinary differential equation for Ey (2):

. d{ 1 dE,
)— — 2
4z u(z) dz
If we change the variable z appropriately, we can simplify (2.61) so that within each
layer we have an equation of the form

+ [0?e(z)u(z) — k2] E, =0. (2.61)

FKCE, =0  where  k}:=oe(z)u(z) — k2. (2.62)

Here k, can be interpreted as the component of the wave vector k in the z-direction.
Solutions of equation (2.62) have the form

Ey(z) = Eget*s (2.63)

where Ej is the amplitude of the wave. Equation (2.63) clearly has the form of plane
waves propagating in the +z-directions. Note that we would have come to the same
conclusion had we started with the full TE wave equation which is valid for all fre-
quencies, except that in that case

Ey(z,1) = Eg el
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We are now ready, once again, to compute the reflection and transmission coefficients
at an interface between two layers using this expression for E. Let us drop the tildes
for convenience. The E-field in region 1 (see Figure 2.18) can be expressed as

Eyl(Z) _ EO [efikdz_i_Reikﬂz} .

The first term of the left-hand side represents the incoming wave while the second
term represents the reflected wave (hence the difference in the sign of z). The quantity
R is a reflection coefficient. Similarly, in region 2,

Ey» (2)=ET e tkat

where T is a transmission coefficient. Continuity of the tangential components of the
E and H at the interface 1 — 2 implies that

dE,; dE,
Ejg=Ep and u' ——=p' —2.
e e R T
Let us choose the coordinate system such that z = 0 at the interface. Proceeding as
we have done a number of times in this chapter, we find that for incidence from layer
1 upon layer 2 we have

1+R=T and u 'ky(1-R) = koT (2.64)

where R is the reflection coefficient and T is the transmission coefficient. Solving for
R and T gives us

R— pr ko — i ko 2ur kzy

_ _ o oR (2.65)
2 kzy 4 ko U2 k1 4 ko

These are the Fresnel equations that we had derived earlier. From equation (2.62) we
know that kf = 0’ue — k%. Therefore, if w?u€; < k)%z, then k, is purely imaginary.
If k;; is real, then the first of equations (2.65) implies that the numerator and the
denominator are complex conjugates. This means that |[R| = 1, i.e., there is perfect
reflection at the interface. If such a situation exists, the wave in region 2 is called
evanescent.

For multilayered systems it is more convenient to choose the origin of the coordi-
nate system such that z = —d at interface 1 —2 and z = —d, at interface 2 — 3. Then,
using a change of coordinates z «— z+d; in region 1, we have

Eyl (Z) — EO |:efikz1 (z+d1) + §12 eikz| (z+d, )i|

— Eyeikad {e—ikzlz+1}'12€ikzlz eZikzldl]

where R is the apparent reflection coefficient at the interface between regions 1 and
2 due to the slab. If we define A| := Ep exp(—ik;1d;) we have

Eyl(Z) :Al [e—tkdz —I—R12 ezkzlz-ﬁ-ltkzld,} )
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Similarly, for region 2, we have

Ep(z) = A, e k27 L R eikzzz+2ikzzd2}

where R is the apparent reflection coefficient for a downgoing wave at the interface
between regions 2 and 3.
But the wave is transmitted in region 3 and there are no further reflections. There-
fore, we have
Ey(z) =Aze tfae
and
u3 ko — o k23

Ry3 =Ry = .
3 ko + o k3

At this stage we don’t know what R\ is. To find this quantity, note that the downgo-
ing wave in region 2 equals the sum of the transmission of the downgoing wave in
region 1 and a reflection of the upgoing wave in region 2 (see Figure 2.18). Hence,
at the top interface z = —dj,

A2 eikzzdl _ T12A1 eikzldl +R21A2R23 e_ikzldl +2ik;ndy (266)

where Ti; is the transmission coefficient between regions 1 and 2 and Ry; = —Ry»
is the reflection coefficient of waves from region 2 incident upon region 1. Also, the
upgoing wave in region 1 is the sum of the reflection of the incoming wave in region
1 and the transmission at interface 2-1 of the reflected wave at interface 2-3. Hence,
at z= —d; we have

Alﬁlze—ik71d1+2ikzld1 :RIZAI eikzldl +T21A2 R23 e—ik22d1+2ikzzd2’ (267)
Eliminating A, from (2.66) gives

le Al ei(kzl —kz)d

2T 1 —Ro1Ry3 e2ikpa(dy—dy) (2.68)
Plugging (2.68) into (2.67), we get
>3 T12T21R23 ezikZZ(d2*d])
Rp=Rpp+ 1 — Ry Ry3 e2ika(dr—d1) (2.69)

which gives us an expression for the generalized reflection coefficient R1>. We can
use a similar approach to find the transmission coefficient for the wave going from
layer 1 to layer 3:

Tip T3 k2 (d2—d1)
o 1— R21R23 €2ik22(d2_dl)

13 (2.70)
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We have considered only two internal reflections so far. How about further re-
flections? It turns out that equation (2.69) can be interpreted to include all possible
internal reflections. To see this, let us assume that

0<RyR»3 2k (dr=dy) <1.

Then we can expand (2.69) in series form to get

Elg =Rin+TuDiR23 ¢ |1+ Ry Rz 2 +R%1R%3 M4 } 2.71)

where 0 := k;3(dy — d). This equation can be interpreted as shown in Figure 2.19.
However, sometimes the series may not converge and it is preferable to use (2.69)
for computations.

20
R12 To1Tio Rpge

Region 1

2 .
4i6
T21 R21 T12 R23 e
Region 2 T1o

e
Region 3 < 21T12 Rz e
0

2i0
Ry1T12 Roz e

T12 Rz €

FIGURE 2.19

Interpretation of the series expansion of the generalized reflection coefficient Ri.

The equivalent expression for the transmission coefficient is

Tiz =TT eie 1+ Ry1R23 eZiG + R%1R53 e4i9 +.. . 2.72)

A similar expression can be used in acoustic impedance tube calculations (see, for
example, Ho et al. (2005)).

Exercises

Problem 2.1 Show that for time harmonic plane waves, u(x,#) = u exp[i®(s - x — )], the
governing equations for the dynamics of an isotropic and homogeneous linear elastic
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body decouple into the equations

(p—é) (axs)=0 and (p—xj22#> (u-s)=0.

Problem 2.2 Derive the reflection coefficient relations given in equations (2.11) and (2.12)
starting from equations (2.9) and (2.10).

Problem 2.3 Verify the reflection coefficient relations given in equations (2.14)—(2.17) using
a symbolic computation tool if needed. Solve these equations numerically and plot the
magnitude and phase of the reflection and transmission coefficients as a function of the
angle of incidence for the interface between two materials with py = 820, ¢,,; = 1320,
cs1 = 1.0e — 4, py =1000, cp =1500, c;p = 1.0e — 4.

Problem 2.4 Consider a plane acoustic wave propagating from kerosene into water at room

temperature. Kerosene has a density of 820 kg/m? and a sound speed of 1320 m/s while
water has a density of 1000 kg/m> and a sound speed of 1500 m/s. Plot the magnitude
and phase of the reflection coefficient (R) as a function of the angle of incidence. Is
there any angle at which the entire energy of the wave is transmitted through the inter-
face? At what angle does total internal reflection occur (i.e., the transmission coefficient
becomes zero)? What happens as the angle of incidence is increased beyond the angle
at which total internal reflection first occurs? How do your results compare with those
from Problem 3.3?
Now consider the case where the materials absorb a small fraction of the energy of the
acoustic wave. In that case we can add a damping factor (o) to the refractive index n,
i.e, n — n(1+ia). Plot the magnitude and phase and a function of incidence angle for
o = 0.01. Is there total internal reflection in this situation?

Problem 2.5 We have defined the refractive index for acoustic waves propagating from a
medium with phase velocity ¢; into a medium with phase velocity ¢, as n = ¢j/cs.
If we choose a reference medium, e.g., air with a sound speed of ¢y, we can have an
alternative definition of the refractive indexes n; and ny of the two media given by
ny = co/c1 and ny = co/cp in which case n = ny/n;. We have mentioned earlier that
waves cannot propagate in the medium if the phase velocity is imaginary. How then
can waves propagate in a medium with a complex refractive index?

Problem 2.6 Maxwell’s equations for an isotropic material at fixed frequency may be ex-
pressed as (1.89)
VxE=iouH; VxH=—ioneE; V.-H=0; V-E=0.

Show that for a plane wave electric field E(x) = Egexp(ik - x) the wave vector is per-
pendicular to the fields, i.e., k- Eg = 0. Then show that this implies that the magnetic
field is also a plane wave of the form H(x) = Hgexp(ik - x) where

1
HO = —*(kX Eo) and k~H0 =0.
wu
Recall also that for fixed frequency VZH + (0?/c?) H = 0. Show that the above equa-

tion implies that for a plane wave

2
(O
Kk = (k]2 =25 .
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Problem 2.7 Express equations (2.51) in terms of electromagnetic impedances and then cal-
culate the reflection and transmission coefficients for a medium that is impedance
matched with a silicone rubber dielectric material.

Problem 2.8 Consider a slab of material in an impedance tube. The bulk modulus and density
of air on both sides of the slab are 1.42x10° Pa and 1.20 kg/m?, respectively. The
Young’s modulus (E), Poisson’s ratio (v), and density (p) of aluminum are 70 GPa,
0.33, and 2700 kg/m>, respectively. Assume that the phase velocity in aluminum can
be obtained from the relation ¢ = 1/k/p where k = E/(3(1 —2v)) is the bulk modulus.

1. The transmission loss due to the slab is calculated using the relation

1

where T is the transmission coefficient. Plot the transmission loss for a 10
cm thick aluminum slab. Compare the transmission loss due to the solid slab
with that for a similar slab made of aluminum foam with an aluminum vol-
ume fraction (f) of 10%. Assume that the effective foam density is given by
Petf = fP1+ (1 — f)p2 and that the effective foam Young’s modulus is given
by Eet = E(pes/p)>. The Poisson’s ratio of the foam is 0.33. What does the
imaginary part of the transmission coefficient indicate? What is the effect of slab
density on the transmission loss?

2. Next plot the transmission losses for aluminum and aluminum slabs for a fixed
frequency as a function of slab thickness. Assume a frequency of 100 Hz and
keep in mind that ® has units of radians/s and not cycles/s. Such a plot is called
a mass law plot in acoustics. What would the mass law effect be if p.gr were a
function of frequency and the system had a resonance frequency of 100 Hz?

Problem 2.9 For the situation in Figure 2.18 show that the transmission coefficient for the
slab can be expressed as

Tyy T3 etk (d2—di)

Ti3 = - .
=1 Ro1 Rys 2ka(d=d1)

Also verify that the series expansion of the above equation is

Ti3 = T12 T3 ¢ + T12Ta3Ro1 Ro3 € + T1n T3R5 R3¢0 + ...
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Sources and Scattering

The separation of the solution into an unmarred incident wave and a scattered
wave—a useful dichotomy for long wavelengths, where there is no shadow—
does not describe the short wave solution, where there is a sharp-edged shadow
as well as an outgoing wave, reflected from the sphere’s surface.

PHILIP M. MORSE, In at the beginnings: A physicist’s life, 1977.

So far we have explored the reflection and transmission of plane waves when they
are incident on plane surfaces. But if we look at waves in a region close to a point
source of energy we are likely to find that the waves are spherical and that the ampli-
tude of the waves decreases as we move further away from the source. If the source
is a line source the waves are likely to be cylindrical. On the other hand, if the region
of interest is far from the source region the waves may be well represented by plane
waves of constant amplitude but the interface might be curved. As we will discover
in this chapter, both these situations can be represented by superpositions of plane
waves. For curved interfaces we will find closed form solutions for single scattering
of acoustic, elastodynamic, and electrodynamic waves incident upon spherical ob-
jects. These solutions can then be used as the starting point for multiple scattering
calculations or to verify the accuracy of numerical techniques needed for more com-
plicated geometries. We will also take a brief look at multiple scattering and explore
multiple scattering from an array of cylinders.

Single and multiple scattering solutions have been used widely to determine the
effective response of metamaterials and photonic/phononic crystals, and to find the
effectiveness of coated cylinders and spheres as cloaks. We will not discuss solutions
for spheres and cylinders with anisotropic coatings because general solutions can be
quite difficult to find without using numerical tools.

3.1 Plane wave expansion of sources

It is often useful to expand sources in terms of plane waves so that the results dis-
cussed in the previous chapter may be used directly on the basis of superposition. In
this section we look at the expansion of point sources in terms of plane waves for a
homogeneous medium. We start with the wave equation at fixed frequency ® and in

93
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the presence of a point source at the origin,
2 o’
Vee(x) + 50k = ~8(x) 3.1

where 8(x) is the Dirac delta function and ¢ is the phase speed. Note that, with
the addition of boundary conditions, ¢ is the Green’s function for the differential
operator £ := V2 + ®”/c?. Let us define k := @/c. Then, in rectangular Cartesian
coordinates, the above equation has the form

? 9 2
—+—5+=-—=+k X) = —08(x1) 8(x2) &(x3) . 32
{ax% 32 az :|(P() (1)(2)<3) (3.2)
We can also use the expressions for the Laplacian in curvilinear coordinates in Sec-
tion 1.2.3 to show that in cylindrical polar coordinates (with x; = rcos 0, x, = rsin®
and x3 = z) the wave equation has the form

rlor \' or r2002 072

Similarly, for spherical coordinates with x; = rcos0sin¢, x, = rsin0sin¢, and x3 =
rcos¢, we have

1[0 [ ,0¢ 1 1 9’0 9
rz{ar( ar>}+r25in¢ Ma@ (I)( ¢8¢> (3.4)

+k29(1,6,0) = ~5(r)3(6)3(9) -

1 [a (ra‘Pﬂ 120 PO 0.0 = —5(080)5E) . (3.3)

3.1.1 Two-dimensional scalar wave equation

Let us first look at the two-dimensional scalar wave equation which can be used for
acoustics, TE- and TM-waves, antiplane shear elasticity (SH-waves), etc. In the pres-
ence of a point source, it is convenient to express the problem in polar coordinates
(cylindrical coordinates without z-dependence) because the solution is symmetric
about the origin and therefore there is no 6-dependence.

Expressed in two-dimensional cylindrical coordinates, equation (3.1) then be-
comes

®(r) = —=8(r)3(8) - (3.5)

& + Ld + &
drr  rdr
So far we have looked only at homogeneous plane wave solutions where k has been

real. Let us now consider the inhomogeneous case where we assume that k has a
small positive imaginary part (it is a slightly lossy material), i.e.,

k=K +ik" where k" > 0. (3.6)

The radial part of equation (3.5) can be expressed in self-adjoint form as

de
p (pdp> +po=-08(p) where p=kr.
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The homogeneous part of this equation is Bessel’s equation® and has the solutions

01(p) = Jo(p) ; 92(p) =HY (p) .

Here J,,(x) is a Bessel function of the first kind and aY (x) is a Hankel function of

the first kind defined as Hél) (x) :=Jo(x) +1i Yp(x) where ¥,(x) is a Bessel function
of the second kind. The first of these solutions has been chosen because Jj is finite at
r = 0. Also, the waves generated by a point source become plane waves of the form
¢’ as r — oo, The second solution has been chosen because H(gl) (kr) ~ exp(ikr) as
7 — oo,

For the solution of the inhomogeneous equation we follow the Green’s function
approach and recall that (see Arfken and Weber (2005), section 10.5, for details) if

the Green’s function g(p,po) solves the equation

d dg(PyPO) _
dp[ —dp | TPeP:po) =—3(p—po)
then
1 J@i1(p)92(po) for p<po
g(p,po) = ——
¢ {(Pl(po)cpz(p) for po <p

where C is a constant. The function g(p,po) is finite at p =0 and p = py, and has
the asymptotic behavior of ¢ at p — co. The Wronskian is (see NIST (2010), section
10.5)
00— 00 — (W) (y/ gy - 2
W= 9102 = 0201 = Jolp) [Ho " ()] — [o(P)I' Ho " (P) = 7=

We can also show that the Wronskian is given by W = C/p (see Arfken and Weber
(2005), section 9.6). Hence, C = 2i/m and the solutions are

(1)
T | J H f <
g(pap()) = { 0(p) 0 (pO) or p Po

2i | Jo(po) HY" (p) for po <p.

Each of these solutions is for the radial direction. To find the complete solution we
have to consider the 3(0) term in equation (3.5). If G(p, po) is the Green’s function
for the full equation we can show that'

G(p.po) = (2‘9 (—Z) Jh(p<)Hy" (p>)

*Bessel’s equation is the ordinary differential equation of the form

d*J, 1dJ, n?
+ + 1—)? J,=0.

dx> ' x dp

TSee the discussion starting with equation (3.8) on solutions in rectangular coordinates using Fourier
transforms for the approach that is used to find the 1/2x factor.
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where the subscripts < and > and are a compact way of indicating the two cases.
For our problem p >= py =0, i.e, Jo(po) = Jo(0) = 1, and only the second solution
is of interest. Therefore we have

i

ZHy (k). (3.7)

o(r)

Now let us look at (3.1) in two-dimensional rectangular Cartesian coordinates.
The wave equation may then be written in the form

T2 g T =8 30). (3.8)
We can solve (3.8) using Fourier transforms. Let us assume that the function @(x,y)

has an inverse Fourier transform,

1

oly) =5 [ @k, y) € dky (3.9)

Also note that the Fourier representation of the delta function is

1 = .
8(x) = /_ me’kxx dk, . (3.10)

Plugging (3.9) and (3.10) into (3.1) gives

1 o792 92 ) 2 . | e -
E/—oo [3)62+8y2+k] [(P(kx,y)e ' ] dkx—_g/_j(y)e i,
or
. 0? N . o _
/ ["3 o *"Z] Blkey) e dke = [ 800" d.

Since the above equation holds for all values of x, the Fourier components on both
sides must be identical, i.e.,

02 -
[ayz e —k%} Blkery) = —50)

Defining
2._12_ 12
ky =k —k;
we get
02 5|~
o] ki) = 30 G
Note that now the equation has a source only at y = 0. Away from the source (i.e.,
y # 0), the right-hand side of (3.11) is zero, and the solution corresponds to the
homogeneous part of the equation. Therefore,

Plke,y) =AM 4 Ay ™Y for y#£0. (3.12)
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This solution must be matched with the singularity at y = 0 which can be achieved
by requiring that the solution have discontinuous second derivatives at y = 0 (see
Stakgold (2000) for details). If we consider only waves that are damping away from
the source rather that those growing exponentially, we have*

R N
lke,y) = 51— el (3.13)
.

Plugging (3.13) into (3.9) gives

R
o(x,y) = 4; / o ket gp (3.14)

Equation (3.14) is a plane wave solution for the wave equation with a point source
and is the two-dimensional version of the Weyl integral. Note that the denominator in
(3.14) contains ky = +/ k2 — k)%. Hence, when k, = £k the solution blows up and there
are branch points at these locations as shown in Figure 3.1. In a lossless medium,
k" — 0 and these points appear as poles on the real k,-axis. The integral in equation
(3.14) can be computed using the residue theorem. The region between the two poles
is where waves are allowed to propagate in the y-direction while the region outside
the poles is where these waves are evanescent in the y-direction. So the point source
has been converted into a sum of propagating plane waves and some evanescent
terms.

If we now compare the solutions (3.7) and (3.14), we get a definition for the Han-

kel IllIlCtiOIl,
F((l) L:’. 1 1 2‘](‘( Jr‘kv ) j‘
0 ( ) ﬂ/mky - I}M A

Also, differentiating (3.8) with respect to y and x, we get

2’ 0’ 2] 99(x,y) d8(y)

[8 5+ —a 5 +k } PR = —J(x) 78y (3.15)
2 92 d 25

[a 5+ —a 5 —|—k2} (pé());,y) =—-3(y) 8(;) (3.16)

The products J3(x) a%i(yy) and 3(y) % correspond to dipole sources in the y- and

x-directions, respectively. Taking derivatives of equation (3.14), we have

99(x, SgN(Y) [ ik xdik |y
Qy(x,y) == (péyy) = _ 47(t )/ ol ke xti ky Jy] dk,
Yo(x.y) ] k‘°° (3.17)
X = Ky l x+i
Pu(x,y) = (paxy T fextihs b gk,

4n/_ k

These are the plane wave expansions of dipoles in the y- and x-directions respec-
tively. Taking higher derivatives gives results for quadrupoles and other multipoles.

#The formula in equation (3.13) can be derived using the Green’s function procedure discussed earlier.
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Im(kx)
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in y-direction

FIGURE 3.1

Poles and integration path for plane wave solutions corresponding to a point source.

3.1.2 Three-dimensional scalar wave equation

We have determined that a two-dimensional point source could be expanded into
plane waves. We may think of such a point source as a line source in three dimen-
sions. We can similarly try to expand true three-dimensional point sources in terms
of plane waves. To do that, let us start with a three-dimensional scalar wave equa-
tion in spherical coordinates (3.4) and consider the particular case where there is not
variation in the 6 and ¢ directions. As before, assume that k£ has a small positive
imaginary part, i.e., k = k' +ik”. In that case the wave equation takes the form

riz [aa (Z?;p)] +K20(1,0,0) = —5(r)3(8)3() .

The solution of the above equation can be obtained using the same procedure as
before and the solution is (see Arfken and Weber (2005), p. 598)

ek (3.18)
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If we express equation (3.1) in three-dimensional rectangular Cartesian coordinates
we get
R L 2
—+=5+55+k = —9(x) d(y) 8(z) . 3.19
St g gt o) =0 80080 . 19)

Let us try to solve (3.19) using Fourier transforms. To do that, we assume that a
Fourier transform of @(x,y,z) exists and the inverse Fourier transform has the form

1

=3 [ () ek (3.20)

0(x,y,2)

where k = kcej +kyer +k ez, k-x = kyx+kyy+k;z, and dk := dk, dk, dk;. Plugging
(3.20) into (3.19) and using the Fourier expansion of the three-dimensional delta
function,

Lo ik
8(x) 8(y) 8(2) = w/_me KX gie
gives (for x,y,z not all zero)

1

8n3

) . 1 o
2 2 2 21 k- k-
[m [—ki —ky —k; + k7] ©(k) ¢ xdk:——8n3[we’ * dk.

Since the above equation holds for all values of x, the Fourier components must
agree, i.e., [—k; —k; — k2 +k*] §(k) = —1. Therefore,

(3.21)

Plugging (3.21) into (3.20) gives

! - ! ik-x
(P(x>y7Z) = _@/700 me dk. (322)

We can write the above in expanded form as

1 i Bl B 1 .
o(x,y,2) = T / / / EEE—— ¢! U tkyy+kez) dkydkydk; .
—o0 J —o0 J —oo X y z

Let us consider the integral over k. first. The poles are at k> — k -k = 0 which implies

that k, = £ /k* —kZ — k2. If k; = k., + ik’ we have exp(ik.z) = exp(ik.z) exp(—k.z).
Therefore, for z > 0 the integral is exponentially decreasing when k!’ = Im(k;) — oo.
We can take advantage of this feature and split the integral over k; into the sum of an
integral along the real k, line and an integral over an arc of a circle of radius infinity
in the complex k,-plane and take care of the poles by adding to the integral the sum
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of the residues at each of the poles.® See Figure 3.2 for a sketch of the situation.

Im(k_,)

v

—)= =
. Re(k,)
— kzp

Path of integration

Im(k_,)

e = =
FIGURE 3.2

Poles and integration path for integration over k; for z > 0.

Re(k,)

Using the residue theorem we can show that
oo b itk
(P(x,y,Z) = S2 k e ’ * dk, dky
—ooJ —oo Rzp

where k), is the value of k; at the poles, i.e., k;, := £, /k? —k% — k3. When z <0,

SRecall that if g(z) = f(z)/(z—20)s i-e., g(z) has a pole at z9, and if f(z) is analytic and non-singular at
20, then the residue at zg is f(zo). The residue theorem states that

}{g(z) dz= Zm'Zresidues

where the contour integral is taken over a piecewise smooth, positively oriented, simple closed curve that
does not pass through any of the poles of g(z). The sum of the residues is taken over all poles that lie
inside the integration contour.
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one takes the semicircular contour C in the lower half plane and picks up the residue
—k;p. The result for all z can therefore be written as

zkxx+zk‘v+zk 2l 2
o(x,y,2) 81t2/ / kzp dky dky . (3.23)

The integral is over propagating waves parallel to the xy-plane and evanescent plane
waves in the z-direction when k), is imaginary, i.e., k)% + kg > k2. Note that we could
have chosen to carry out the integration over &, in which case we would have had
propagating waves parallel to the yz-plane and evanescent waves in the x-direction.
Such solutions are physically identical because we can choose our coordinate system
arbitrarily.

Comparing equations (3.23) and (3.18), we get the Weyl identity (Weyl, 1919) for
the solution of the wave equation in spherical coordinates

1 . A I
r X . kZ
— ok — ﬁ[ / kj ikoxtikyyrik: 2| dk, dk, (3.24)

r

where k; = | /k? —kZ — k2. Tt is possible to establish a relation of this form because

the solutions of the wave equation with homogeneous boundary conditions form a
vector space and we can choose certain basis vectors (also called eigenfunctions) to
span this space. The Weyl integral uses plane waves as a basis to express the solution
for a point source boundary condition.

We have seen while dealing with plane waves in the previous chapter that it is
convenient to work with the magnitude of the wave vector and the angle it makes
with the two-dimensional Cartesian coordinate axes. In a similar manner, we can
express (3.24) in terms of the angle ¢ between k and the z-axis (e3), and the angle 0
between k and the x-axis (e1). In that case the wave vector is

k =k.e; +kyer +ke3 = |[k|| (singcosOe; +sindsinBe; +cosdes) .

Then the determinant of the Jacobian matrix of the transformation is

ke sy
90 90

det(J) = det ok, Ok, | = k% sindcos ¢
% W
where we have used || k|| = k. Therefore,

dk, dky

dk, dk, = k*sincos 0d0do = Y — ksingdodo .

Z

Because k; = | /k* — ki — k3, k varies from k to ico when ky, k, vary from 0 to F-ee.
Since cos$ = k; /k, the limits of ¢ are O to T/2 — oo and the path of integration in the
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complex plane has to be chosen accordingly. The limits for 6 go from O to 27. The
Weyl integral can then be written as

1 i ik (M2 p2mo G0 sin v-L-cos
Z olkr — 27/ / ik(cosBsinx+sinBsindy+cos z]) singded¢ . (3.25)
TJo 0

r

The waves corresponding to complex values of ¢ are inhomogeneous evanescent
waves. These waves are propagated with short wavelengths along the xy-plane and
with an exponentially decaying amplitude in the z-direction.

Evaluation of these integrals for situations involving interfaces can be quite in-
volved and techniques such as the method of steepest descents have been used,
usually in situations where the distance from the source to the interface is much
larger than the wavelength. For examples see Brekhovskikh (1960), Aki and Richards
(1980), and Jackson (1999).

3.1.3 Expansion of electromagnetic dipole sources

So far we have dealt with the generic wave equation at fixed frequency. We can
use the same techniques for more general situations in elastodynamics and acoustics
involving dipole and higher-order sources. Acoustic dipoles in isotropic media are
equivalent to elastodynamic P-wave dipoles which can be interpreted at the volume
expansion and contraction of two small spheres in close proximity to each other. In
elastodynamics we can also have S-wave dipoles which can be thought of as har-
monic shear motions along a dislocation. Details of elastodynamic dipoles and their
plane wave expansions can be found in Aki and Richards (1980) and Brekhovskikh
(1960). Acoustic dipoles are discussed in detail in Skudrzyk (1971) and Morse and
Ingard (1986).

Let us instead focus on Maxwell’s equations at fixed frequency in the presence of
sources and examine the form of the solutions when the source is a current dipole.
Consider sources of charge and current that are harmonic, i.e.,

p(r,t) = 6(1-) e and J(x,0) :T(r) oo

In the presence of these sources we have to return back to the full Maxwell’s equa-
tions given in (1.69) and (1.70). At a fixed frequency ®, and for isotropic media,
these equations have the form

VxE=ioB: Vxﬁ:—i(of)—f—/]\; V.B=0: V-f):ﬁ; ﬁzﬁﬁ; D=%E

and the continuity of charge requires that p = V T/ (im). We can combine the above
equations together to get

V x V x E(r) — k* E(r) = iou J(r) (3.26)
where k?> = ®?eu and the hats have been dropped for simplicity. Using the identity

VxVxE=V(V-E)-V’E



Sources and Scattering 103

we get
V(V-E(r)) — V?E(r) — k* E(r) = iou J (r) . (3.27)

Now, for an isotropic homogeneous medium the constitutive relations and the conti-
nuity of charge lead to
1
1€
Plugging this into (3.27) we get

—V(YJ(1)) - VE() K E(r) = iou ()

Since k* = w’ue we can write the above equation as

o
— V(V-J(1)) — VZE(r) K E(r) = iou ] 1
or
1
[V2+ k%] E(r) = —iou ZV(VIm)+I@)| (3.28)
This equation has the form of the scalar wave equation
[V2+K] o(r) = s(x) . (3.29)

The only difference is that (3.28) consists of three scalar wave equations and the
source term is given by

Ly @) 1

s(r) := —iou X

. (3.30)

We have already seen the three-dimensional Green’s function for equation (3.29) in
the presence of a source at the origin in equation (3.18). When the source is not at
the origin but at the location rg, the Green’s function becomes

eik“r7r0||

G =
(ra I'()) 471: ||I'—I'()||

Therefore, using the Green’s function method, we can find the solution of the scalar
wave equation (3.29) (see Arfken and Weber (2005) Chapters 9 and 10 and Chew
(1995) pp. 24-28 for details) as

1 eikHrfr’H

—— | ———s(¥) dr . 3.31
i) oot &30

o(r) =

In an analogous manner we can find the solution of (3.28), and we get

oiklr=r'|

1

() = o SV e G

T 4n ) r—r]
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For electric dipole fields, if one has a point current source directed in the n-direction
(n is a unit vector), then the current density is given by

J(x,¥') =108(r—1)n(Y) (3.33)

where [ is the current, ¢ is the length of the moment arm, and /¢ is the current dipole
moment, i.e., as £ — 0 and I — oo, I/ remains constant, and & is the Dirac delta
function. Note that the direction n is usually assumed fixed. If the origin is taken at
the point ¥/, we get

J(r) =108(r)n with  8(r) = 8(x)8(y)d(z) . (3.34)
Plugging (3.34) into (3.32) gives

il M1 , N
E(r) = /T VIV {n3(r)}] +n3(r) | dr
or
il | 1 ek

Also, from V x E = iouH and using the identity V x VE = 0, the magnetic field is

given by
10 ikr
H(r) = -~V x <ne ) . (3.36)

ar r

Substituting the Weyl identity (3.24) into these expressions gives formulae for E and
H in terms of plane waves. Equivalent expressions in terms of the electrostatic dipole
moment can be found in Jackson (1999) (p. 410). The plane wave expansion of the
electric field (3.35) can therefore be expressed as (see Pendry (2000) for an example)

E(I‘) — / / E,u(kx,ky) eikxx+ik}vy+ikz\z\ dk, dky (3.37)
where we make explicit the fact that k; is depends on &, and ky, and

1
k—ZV(V-n)—Fn

oull
Ey(km ky) = _Wzkz

Note that in the above expression k is constant and not integrated.

3.2 Single scattering from spheres

We have looked at the expansion of spherical waves into plane waves. Let us now
investigate the situation of the expansion of plane waves into concentric spherical
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waves. Such an expansion is useful when dealing with scattering problems involving
spherical objects.

We start with the observation that the Legendre polynomials! P,(cos®) are or-
thogonal and form a complete set. This implies that a function can be expressed as a
linear combination of these polynomials and we can assume that the resulting series
converges in the interval [—1, 1] (see, for example, Arfken and Weber (2005) p. 757).
Then we can write a plane wave of unit amplitude as

eta — pkreost _ Zan (cos9) . (3.38)

We can find the coefficients a, using the orthogonality of the Legendre polynomials.
Multiplying the above equation with P, (cos¢), and integrating from —1 to 1, leads
to

2n+1

2

a, =

[/ll e*reosep (cosd) d(cosq))] .

It can be shown that the above integral evaluates to 2i" j, (kr) (see, for example, NIST
(2010) eq. 10.54.2) where j,(x) is a spherical Bessel function. Therefore, we have

| m
an = 2n+ 1)i" j,(kr) where j,(kr) = Z—ernH/z (kr)

and where J,,(kr) is the Bessel’s function of the first kind. The expansion of the plane
wave in equation (3.38) can therefore be written in terms of spherical waves as

ek — gikreosd Zz" 20+ 1) ju(kr) Py(cos0) . (3.39)
n=0

The above representation is appropriate for incoming waves and could have been
derived starting with the spherical Bessel functions as a basis set.

3.2.1 Scattering of acoustic waves from a liquid sphere

Consider a plane harmonic acoustic wave incident from a fluid medium (bulk modu-
lus k1 and density p;) onto a fluid sphere (bulk modulus x; and density p) as shown
in Figure 3.3. This situation can represent an acoustic lens. !

ILegendre polynomials solve Legendre’s equation which can be expressed as

d ,edP,,(cosG)
sin0a0 |*"" 4o

} +n(n+1)P,(cos8) =0.

lOur discussion of acoustic waves incident upon a fluid sphere is based on Skudrzyk (1971).
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FIGURE 3.3

Plane acoustic wave incident on a liquid sphere with k = kje; = (o/cy)e;.

Let the plane incident wave be of unit amplitude and let it be derived from the
potential ¢;. Using equation (3.39) we can write this potential as

0 = etkircoso Z "(2n+1) j,(kir) Py(cosd)
n=0

where k; = ®/c; = ®/+/x1/p1. The scattered waves and the waves that are refracted
and reflected inside the sphere must satisfy the Helmholtz equation (1.52)

Vio+ikl9=0.

We can show that solutions to the above equation in spherical coordinates, that take
the symmetry of the problem into account, have the form

0= i Cpuzn(kr) Py(cos9)

n=0

where C, are unknown constants and z, are spherical Bessel or Hankel functions of
various kinds.

Then, for the outgoing scattered waves from the sphere to have the right behavior
at large distances we can express them in terms of spherical Hankel functions, i.e.,

T

05 = Z Anhy(kyr) Py(cosd) where 1,(z) := ALY (z) = ! /2(z)

n=0 2z
and A, are unknown coefficients. H,<l] ) (z) is the Hankel function of the first kind. The

waves refracted and reflected inside the sphere have to be bounded at the origin and
are assumed to have the form

Qg =Y Buju(kar) Py(cos0)
n=0
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where B, are unknown coefficients, j, is the spherical Bessel function, and k» =
®/cy = ®/+/%2/p2. Without loss of generality, we can choose the coefficients A,
and B, such that A, = i"(2n+ 1)a, and B, = i"(2n+ 1)b, where a, and b,, are scaled
coefficients. A ray representation of the situation is shown in Figure 3.4.

Incident wave

Refracted and
refracted waves

Scattered waves

FIGURE 34

Ray representation of the incident, scattered, and internal waves for a spherical fluid acoustic
lens. Of the scattered waves only the backscattered portion is shown.

The boundary conditions at the surface of the sphere are continuity of pressure
and the radial component of velocity. Recall from (2.20) that the pressure is given by
p = —iop@. Also, the gradient of a scalar in spherical coordinates (7,0, ¢) is

09 J e T0) 1o¢
Vo= —e,+ rsinq)%ee—i— ;%e‘p .

Hence the radial component of the velocity is v = —d¢/dr. The continuity conditions
then imply that at » = a (a is the radius of the sphere)

Pit+ps=pg = P1(Qi+ Q) =p29qy

0 0
Vitvs=v, = g(%ﬂps) = % :

Equating components for each value of n we have

P1[jn(k1a) +anhn(ki1a)] = p2byjn(kaa)
ki [jnl(kla) + anhn/(kla)] = kzbnjn'(kza) .

Define & := p2/p; and M := kp /k; = ¢1/cz. Solving the two equations for a,, and b,



108 An Introduction to Metamaterials and Waves in Composites

gives
o = Nintha)jn'(kea) —Ejn' (k@) jukoa)
" Mh(kia) jil (kaa) —Ehy' (kia) ju(kaa)
. i/ (kya)?

Nhy(kia) jo' (kaa) — &hn,(kla)jn(kZQ) '

where we have used the identity h,(kja)j, (kia) — hy'(kia) ju(kia) = —i/(kia)>.
Note that if the sphere is made of the same material as the medium of incidence,
i.e., if p; = p2 and k; = ky, then & = 1 and | = 1. Therefore we have a, = 0, which
means that no waves are scattered from the sphere.

Substituting the coefficients into the expressions for the scattered pressure and the
pressure inside the sphere, we get

Do = i) i i"(2n+ 1)hy (ki) Py(cos§)[Mjn(k1a) ju' (kaa) — &’ (k1a) ju(koa)]
' oo Nhy(kia) ju' (kaa) — Ehy' (k1a) ju(kaa)

0py & i"(2n+1) j, (kor)Py(cos )

k%a2 =h,(kia) ' (kaa) — Eh, (kia) jn(kaa)

Pqg = —
(3.40)
Similarly, the radial components of the velocities are given by
_— Z "(2n+ D)y (kir)Pa(cos 0)Mjn(k1a) jiu' (koa) — & ji (k1a) ju(k2a)]
Nha(kia) ju' (k2a) —Ehy' (k1a) ju(k2a)
"(2n+ 1) ju' (kar)Pa(cos )
Z * Ny kla Vju' (kaa) —Ehy' (k1a) ju(kaa)

lkz

(3.41)
The magnitude of the normalized radial pressure distribution (p,/p;) along ¢ =0
from the center of the sphere and the magnitude of the normalized angular pressure
distribution at r/a = 0.56 are shown in Figure 3.5. The peak pressure shows the point
at which the wave is focused inside the sphere. Note that dispersion will be observed
when the refractive index is a function of frequency.

3.2.2 Acoustic scattering cross-section

Several measures are used to quantify the amount of scattering due to an object. A
widely used measure is the scattering cross-section which can be defined at the ratio
of the total energy scattered per unit time to the amount of energy delivered by the
incident wave per unit time per unit area. The scattering cross-section is therefore
an area (m? in SI units) that measures the relative intensity of the scattered wave
with respect to the incident wave. The scattered energy is measured by summing the
acoustic power flow across the surface of a sphere of radius b centered on the object
and outside its surface. For a plane incident wave, the incident power is calculated
over a unit area normal to the direction of propagation of the wave.

Let us now determine the scattering cross-section for the case where an acoustic
plane wave is incident on a sphere. Consider a sphere of radius » centered on the
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FIGURE 3.5

Normalized radial (left) and angular (right) pressure distribution inside the sphere. The values
used in these plots are np = ¢ /¢y =2.25,p2/p1 = n%, and a/A = 3.05 where the wavelength
A =2mc;/®, ¢; = 1550m/s, and o is the frequency. The polar plot is for » = 0.56 and shows

201log;((pq/pi) as a function of ¢.

sphere of radius a where b > a. The time rate at which energy is carried away by the
scattered wave is given by

T
7, = /F vy dl = 2752 /0 vy sinddo
b

where I, is the surface of the sphere of radius b, py is the pressure in the scattered
wave, and vy is the radial velocity of the scattered wave. Since only the magnitudes
of ps and v, contribute to the energy, we express the above integral as

1
2,y =25 [ L(pus+pov)singdg = mb? [ (puvs-+pov) d(coso)

where 7 is the complex conjugate of z. Let us integrate each of the terms inside the
integral after plugging in the expression for ¢;. Then we have, using { = cos ¢,

/ PsVs dc / [—zmpl ZAn/’l klb C,)] [_kl i Aihil klb)Pm(g)

m=0

dg

zwplklzZAAh (kib)hy klb/Pn P, (8)dg

n=0m=0
where we have assumed real k and p; for simplicity. From the orthogonality of the
Legendre polynomials we know that

1 2
[ B OP(©E = 58
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Therefore,

/ pevidC = 2iop ki Z Ay hn(kab) T (KiD) -

2+1

Similarly, we can show that

/ PovsdC = —2ipiky Z AT (kib) ' (ki)

2n+ 1
Adding the terms and using h,(z)h, (z) — hn(2)hy' (z) = —2i/2° gives

4]
Ts‘r:h = k Z 2, 1
L p=0 n+

where ||A,||* = A,A, is the square of the magnitude of A,,. For the incident wave, the
energy flux per unit area is

P = 5 (pvi+ Pivi) = iop 1k

since @; = exp(ikix1). Therefore the scattering cross-section is

(3.42)

Scattering cross-sections for fluid spheres with positive and negative materials are
shown in Figure 3.6. Notice that the scattering cross-section appears to settle to a
constant value for wavelengths that are large compared to the radius of the sphere.

3.2.3 Scattering by an elastic sphere in an elastic medium

Let us now consider an isotropic elastic medium with elastic moduli A; and y; and
density p;. Let there be a embedded sphere of a different material with parameters
A2, w2, and p; that is perfectly bonded to the host medium. Recall that in the general
case there are P-waves and two types of S-waves that can be propagated in the two
media. In the particular case when the inhomogeneity is a sphere, we can only have
SV-waves but no SH-waves because of symmetry. This problem has been solved
using several techniques. We follow the approach taken by Ying and Truell (1956)
and Brill and Gaunaurd (1987). Alternative approaches can be found in Willis (1980)
and Korneev and Johnson (1993).

Recall that the displacements in an isotropic linear elastic medium can be derived
from scalar and vector potentials as

u=Vo+Vxy.
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FIGURE 3.6

Normalized scattering cross-sections as a function of sphere radius. The incident medium has
a sound speed of 1550 m/s and a density of 1000 kg/m3. The plot on the left is for a sphere
with refractive index ny = 2.25 with respect to the incident medium and a density of 5060
kg/m3. The figure on the right is for a sphere made of a negative material with n, = —1 and
p2 =-1000 kg/m3. The radius of the sphere is a and A is the wavelength of the incident plane
wave.

Due to the spherical symmetry of the problem there is no 6 dependence, i.e., ¢ =
©(r,0) and Yy =Y (r, ). The spherical symmetry of the scattered waves and the waves
inside the sphere can be used to represent the vector potential Y in terms of a Debye
scalar potential I1(r, ¢,#) such that y = V x (IIre,). The potential is chosen such that

VII+ETI=0 = V- (Vy) +i2y=0

where k2 = @ /c?. Then**

0 19 oIl
V(p:—(Pe, 8$¢’ W:—ye(ﬂ V.y=0 and

Vxy= ! H+ A 4—1 8£+ 8271—1
V= ine S0 TS50 | T 5 T ara0 | ©

**In components with respect to a spherical coordinate basis (e,,eq,ey) we have

a<p 1 9o 19¢
or +rsm¢ae +ra¢

av‘p} o ! {a(rvqa) _ %} e l{La"’ - a(rve)} eo.

Vo=

9 (singve) -

1
rsmq){ J0 20 r| or 20 r | sin¢ 00 oar

r
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We can use the Helmholtz equation for IT to eliminate derivatives with respect to ¢
in the equation for the radial displacement. The displacement components can then
be expressed in the simplified form

'o‘(p
U = — +

2
00, (1) 4TI g = 13{ a(Hr)}. (3.43)

90
Recall that the stress in an isotropic and homogeneous elastic medium is given by
=MV-u)1+puVu+ (Vu)'].

At the surface of the sphere we require the continuity of normal and shear tractions
(and also radial and tangential displacements). Therefore the stress components of
interest are G, G, and 6,4 which we find to be

_A[ g P dp L
G {c tq>a$+aT)2+2 (P+2arff]
u oIl 9T a2n 0’11 20%¢
T { ¢£+3T>2 r(“"’tq’a % 002 | (T a2
u| 09 211 oI %¢ I 11
O = 13|~ 55 OO ¢a¢ ol o e a¢+ara¢ "373%
Ge=0.

We can use the Helmholtz equation for @, i.e., V2@ + k¢ = 0, the Helmholtz equa-
tion for IT, and V - (V x ) = 0 to simplify the above expressions into the form

02 d d
0, =02 | 5 (0 50 ) 42501
2ud [ 0 d d d oIl
on =15 (55 (9 5:0) | - g (o4 500 ) kg

Let us consider the case when the incident wave is a plane harmonic P-wave. Then
the displacement u’ = V@; can be derived from the potential

(3.44)

@; = ef1preosd — Z i"(2n+1) ju(k1pr) Py(cos )
n=0

where ki, = w/cip = o/+/(A +2u1)/p1 and IT; = 0. Using the ideas developed for
the acoustic wave problem, we realize that the scattered waves have the form

Zz (2n+ 1)Aphy (ki pr) Py(cos §)

I, = Zz (2n+ 1)B,hy(kisr) Py(cosd)
n=0
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where kj; = ©/c15 = ©/+/u1/p1- Similarly, for the waves inside the sphere, we have

=)

0g = Y. I"(2n+1)Cajn(kapr) Pa(cos0)
n=0

=)

I, =Y "(2n+1)Dyjn(kosr) Pa(cos0)
n=0

where kzp = 0)/6‘2,, = (0/\/ (7\,2 —1-2/.12)/[)2 and kp, = (,O/Czs = (D/\/,le/pz. Then

12 12 ®’p; o’p2
M=o 5| =", | 55— | s m=—g— m=—5—.
ki, K, kg, K

Now we can apply the continuity conditions at the surface of the sphere (r = a) which
are
wp b =ul sy +uf = up ; o}, +0,, =06%; Gy +0 =0 -

Using these conditions we get a system of four equations in A,,, B,, C,, and D, which
can be solved for these coefficients. Detailed expressions can be found in Ying and
Truell (1956) and Brill and Gaunaurd (1987).

The scattering cross-section can be found using the procedure that we used in the
acoustic case. For a time harmonic wave, the rate of transport of energy across a
sphere of radius b > a is given by

U
P = mioh? /0 (62,723 + G+ Gty — Ot + Gyttt + 5%yt 5in 00

We can then show that the scattering cross-section has the form

Yeo =41 Y (2041 A +nln+ 1) (1Bl |
n=0 14

3.2.4 Scattering of electromagnetic radiation from a sphere

In this section we will consider the scattering of a plane electromagnetic wave inci-
dent on a sphere of refractive index n. The solution of this problem was first given by
Gustav Mie (1908) and it is called the Mie solution. We present a sketch of the solu-
tion here. Detailed derivations can be found in Kerker (1969) and Ishimaru (1978).

Consider the sphere shown in Figure 3.7. We set up our coordinate system such
that the origin is at the center of the sphere. The sphere has a magnetic permeability
of u and a permittivity €. The medium outside the sphere has a permittivity €y and a
permeability uo. The electric field is oriented parallel to the x;-axis and the x,-axis
points out of the plane of the paper.

Let us now consider the situation where the material inside the sphere is non-
magnetic, i.e., it has the magnetic permeability of vacuum. If the medium outside the
sphere is also non-magnetic, we may write

. 2
H=u; E=§&E =n"g
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FIGURE 3.7

Scattering of a plane electromagnetic wave from a sphere.

where €, is the relative permittivity of the material inside the sphere. The incident
plane wave is given by . '
E=¢" e =M e (3.45)

where e is the unit vector in the x;-direction.
Recall that Maxwell’s equations can be expressed in terms of Hertz vector poten-
tials’™ as

E:VxVxHE—,quaIaI—m
aﬁ (3.46)
H=VxVxII,+eVx ate'

For spherically symmetric time harmonic problems, an important class of Hertz vec-
tor potentials are those of the form

II,=ure,=ur and II,=vre,=vr (3.47)

where e, is the radial unit vector from the origin in a spherical coordinate system and
r is the radial coordinate. The functions u(r,0,0) and v(r,0,¢) are scalar potentials,
called Debye potentials, which satisfy the homogeneous wave equations

(V24+i)u=0 and (V2 4+K)v=0. (3.48)

One important result is that every electromagnetic field defined in a source-free re-
gion between two concentric spheres can be represented there by two Debye poten-
tials (Wilcox, 1957). Let the time harmonic fields be given by

E=Ee ™ ; H=He ™ ; u=ie ™ ; v=ppe ', (3.49)

T Hertz vector potentials have been discussed on p. 30. See equation (1.75).
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Plugging these into (3.46), using the Debye potentials, and dropping the hats gives
the Maxwell equations at fixed frequency:

E=V XV x(ur)+iouV x (vr) (3.50)

H=VxVx(vr)—ioe V x (ur) . ’
The electric and magnetic fields have components in all three coordinate directions.
Following the procedure that we have used for acoustic and elastic problems, we will
split the potentials u# and v outside the sphere into incident and scattered fields. Thus,
u = u; + us and v = v; + vg, where the subscript i indicates an incident field and the
subscript s indicates a scattered field. Inside the sphere, the potentials are denoted by
u = u, and v = v,, where the subscript r indicates a refracted + reflected field. We
require that these potentials satisfy wave equations of the form given in (3.48), i.e.,

(V24+i2)u; =0 and  (V24+K)vi =0
(V2412 us =0 and (V2 4+K)v, =0
(V2 4+ 1) u, =0 and (V24202 =0.

Since each of these satisfies a scalar wave equation, we can express each potential in
terms of spherical harmonics. In particular, the Debye potentials associated with the
incident field given in equation (3.45) can be expressed using spherical harmonics as
(see Ishimaru (1978) for details)

1 & i 2nt1)
ru; = ,722 W\un(kr) P!(cos) cos
n=1
1 & 2n+1)
rvi = WZ an(kr) L (cosd) sin®

where N = /o /€0, Wy (kr) := krj,(kr) where j,(kr) is a spherical Bessel function of
the first kind, and Pn1 is an associated Legendre polynomial.** The functions , (kr)
are chosen such that they are regular at the origin. The scattered fields have a similar
expansion

— 1 ]

Tils = T; nzz—f )A Cu(kr) Pl(cos¢) cos®
—1 = 1
72; HZZTI)B Cu(kr) Pl(cos¢) sin®

*The associated Legendre polynomials solve

d APy
- 1 _ 2 n
dx {( *) dx } +

2
1(1+1)1mx2} P =0.



116 An Introduction to Metamaterials and Waves in Composites

where C,(kr) = krh,(kr) and hy,(kr) = h;ll)(kr) is the spherical Hankel function of
the first kind which solves Bessel’s equation but decays at infinity. Inside the sphere,
the expansion of the fields takes the form

1 & (2n+1
T 2n )Cn W, (knr) Pl(cosd) cos®

= k*n? & n(n+1)
1 & 2nt1
v, = k2n2n; PYCES) )D W, (knr) P! (cos¢) sin@.

We require continuity of the tangential components of the fields at the surface of the
sphere. In spherical coordinates, the components of the fields between in a source-
free region between two concentric spheres are given by

02 92
Er(aﬁkz)( ) ; Hr<az+k2>( v)
1 9 . ov 1 92 . ou
—mm(ru)*ﬂ(\/‘u/e%, He—mm(r\/)‘i’lk\/H/S%
1 iky/u/ed 1 ik\/ufed
Ey= (ru) + —Y 2288 Hy= (rv) — —VEES
r 9rdd rod sing 90 r drdd sing 00

It can be shown that for Eg,Ey,Hg,Hy (tangential components of E and H) to be
continuous across the surface of the sphere at r = a, it is sufficient that n’u, d/9r(ru)
and 9/dr(rv) be continuous. Applying these conditions, we get

o (@) W(B)— 1 w(B) V()
A A LT i)
o V() V(B) ~ Wi(B) Vi ()
" G0 v (B) v (B) Gil(@)

where o := ka and B := kna. The scattered fields Eg, Ey far from the sphere are given
by

Eo— - \(0) sind and Ey— S 0 3.52
6=, 1(¢) sin® an 0= 1(9) cos (3.52)
where

< 2n+1

; CEy [A; T, (cos®) + By, Ty(cosd)]

; n+l An T,l(COSQ))—I—B Tt,l(COS(]))]
and 1( )

o P, (cosd _ 71 1

T, (cosd) := g Ty(cosd) : 0 P,(cos0) . (3.53)

Note that the tangential components of E fall off as 1/r while the radial component
falls off as 1/r%. The Mie solution was used to explain many features of rainbows
that could not be explained by an earlier theory called the Airy theory.
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3.3 Multiple scattering

So far we have considered scattering of waves from one obstacle. This situation is
called single or independent scattering. This approximation is excellent when the
spacing between individual scatterers is large compared to their size and the wave-
length of the incident waves. Mie theory, which is based on single scattering, explains
most features of rainbows (see Adam (2002) for an excellent review on ray and wave
theories of rainbows). However, scattering of light by clouds and that of sound by
dense distributions of bubbles is not well described by single scattering. This lacuna
is addressed by multiple (or dependent) scattering. The main feature of multiple scat-
tering is that the effect on the phase of waves due to adjacent scatterers is taken into
account.”

3.3.1 The self-consistent method

The “self-consistency” assumption is that we can replace the effect due to individual
scatterers in a region with a homogeneous effective field caused by the interactions
between all those scatterers. We can then calculate the effect of a single scatterer on
the effective field to get the multiple scattering solution. The self-consistent method
has been used in numerous effective medium theories and a detailed description in
that context can be found in Milton (2002). In multiple scattering, this approach is
also called the Foldy-Lax self-consistent method. Variations of the technique include
the Korringa-Kohn-Rostoker (KKR) approximation and the coherent potential ap-
proximation (CPA).

The total field (¢) is expressed in terms of the incident (¢"™) and scattered (¢*°)
fields as

. N .
q) — ¢mc 4 Z q);c
j=1

where N is the number of scatterers. The effective field experienced by the m-th
scatterer is given by

N
f,ff:(b*(l);f :¢1nc+ Z q);c
=1
Jm
If ¢; is the field incident on the j-th scatterer, we can calculate the scattered field
if we know the scattering coefficient 7; for that body. For linear problems, we can

*Multiple scattering has a vast literature. Some important contributions to the literature include the early
work by Rayleigh (Rayleigh, 1892) and Kasterin, Foldy (Foldy, 1945) and Lax (Lax, 1951). Our brief
review of a simple self-consistent approach to multiple scattering is based on Martin (2006). Details of
the Green’s function-based multiple scattering method pioneered by Foldy can also be found in Martin
(2006). Several applications and physical insights on multiple scattering can be found in Sheng (2006).
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superpose these scattered fields to get

N
;ff:q)chr Z qu)]
j=1
J#m
In principle, we have solved the multiple scattering problem because we can now
calculate ¢; due to the effective field using the techniques discussed in the previous
sections. However, as we can guess, it is not obvious how we can find 7;. Much of
the literature on multiple scattering is concerned with finding 7.
A special version of this approach was applied by Rayleigh (Rayleigh, 1892) to
a regular array of cylindrical scatterers with circular cross-sections.” Consider the
infinite array of spheres shown in Figure 3.8. The spheres are arranged so that their
centers are in the x; — xp plane. A plane wave is incident on the array from the x3-
direction. We want to find the scattering coefficient 7;. As usual, we assume that the
field satisfies the Helmholtz equation at a fixed frequency .

FIGURE 3.8

Multiple scattering from an array of spheres.

Let the incident field be of the form ¢ = ¢/*3 where k is the wavenumber. Outside
the j-th sphere, the total field is"

o(r) = Y [AT" (r)) + Bix" (x))]

n

*This method is sometimes called the Rayleigh multipole method.
"Note that in this relation A” is a short form of A7, where the subscript m indicates the m-th term of the
series expansion of Y”. A similar interpretation should be applied for B".
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where " are the solutions that are regular for all r;, and " are the solutions that
are singular at r; = 0 and satisfy the appropriate radiation conditions for large r;
(i.e., they correspond to outgoing waves). In the previous sections we have seen
examples of y and y which satisfy the Helmholtz equation in spherical coordinates.
The solutions are often called multipoles and involve series expansions which have
been suppressed here for compactness.

The periodic nature of the geometry makes the problem easier to solve because
the neighborhood of each sphere, if we sit on the sphere, looks identical to that of
the other spheres. That implies

A;? =A" and B'j’- =B".

For simplicity let us assume that d¢/dr = 0 at r = a for each sphere. This particular
boundary condition corresponds to the hard-sphere approximation in acoustics or the
no-slip boundary condition in fluid mechanics. Then we have

0= X [AVi(a) + B o)

where we have taken some liberties with the notation to reduce complication. Since
we are using superposition, each sphere can be considered independently and we can
write

v, (a)
xi(a)
We will get other expressions for 7" if we use other boundary conditions. Also, near
sphere j, the effective incident field must be equal to the sum of the actual incident
field and the scattered field from all spheres other than j. Therefore,

ZAn\Vn(rj) _ eikX3 +ZBn Z Xn(rp) — eikX3 +ZTnAn Z Xn(rp)~
n n P n p
p#j P#]

B'=T"A" where T" :=

(3.54)

To solve for A", it is convenient and often possible to express the incident plane wave
and the scattered waves in terms of y” using eigenfunction expansions of the form

ok Zc”\v"(rj) and X' (rp) = anq(bj —b,)wi(r))

where b is the center of the j-th sphere. Then we have
LA (@) = ECW(5) + LT'A" L T8 (b, b)wi().
! p#/
Equating terms gives us the equation for A",
A"=C"+) TIATY §7"(b;—b,). (3.55)
! ﬂij

Several situations where this general approach can be used can be found in Martin
(2006).
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3.3.2 Acoustic scattering from multiple circular cylinders

Let us start with the situation where there is one circular cylinder of radius a located
at the origin of the coordinate system. We assume that the cylinder can be approxi-
mated by a two-dimensional circle. The incident plane wave, a fixed frequency, has
the form
q)inc — Aeik(xl cos0;—x; sin6;)

where 6; is the angle of incidence and k = ||k|| is the wavenumber. If we introduce
a polar coordinate system at the center of the circle such that x; = rcos6 and x, =
rsin@ we can express the above as

¢inc :Aeikr(cosecose,-fsinesine,-) Aeikrcos(6+9i) _. Aeikrcos(x

Figure 3.9 shows a schematic of the situation.

K XZA

)

h—\x

>

FIGURE 3.9

Scattering from a single circular cylinder.

Using the generating function for the Bessel function of the first kind (J,,) (see
NIST (2010)), we can expand the plane wave into cylindrical waves,

0" = Ady(kr)+ Y 2i"AJy (kr) cos(mat) .
m=1
As we have seen before, for reasons relating to the behavior of the scattered waves
at oo, the scattered wave has the form

0°° = BoHo(kr) + Y, 20" ByuH, (kr) cos(mat)
m=1

where H,, are the cylindrical Hankel functions of the first kind. Let us assume that
no waves are transmitted through the sphere which implies that the normal velocity
is zero on the surface of the cylinder, i.e., v-e, = —V0-e, = d0/dr = 0 where e, is
the radial basis vector. Applying the boundary condition at r = a gives

[AJy(ka) + BoHp(ka)] + Y 2i"[AJ,, (ka) + By H,, (ka)] cos(mo,) = 0.

m=1
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For this expression to be valid for all o, we must have
AJ,’n(ka)—&—BmH,’n(ka):O m=0,1,...00

or
B, = —AJ),(ka)/H}, (ka).

We can then calculate the scattered field and other related quantities in the usual
manner. For multiple scattering problems it is more convenient to express the inci-
dent and scattered waves in the form

mc Z AnWn(r) and 0¥ = Z By Xm(r)

m=-—co m=—oo
where r = re,, A,, — Ai"¢™®% B, « B,,i"¢™®
Yo (1) = Jy (k) ™® and s (r) = Hyn(kr) ™.
In this case, the boundary condition at r = a leads to
Andb(ka) + BuH,(ka) =0 m=0,41,%2,...c0

We can then express B, in terms of A,, in the form

J) (ka J) (ka
B, = lH/(( )] Z TunA, where T, = lH/n((ka))] O -

n—=—oo

In matrix form,

Hw

=1IA.

1>

The matrix T is called the T-matrix and is diagonal in this case. As r — oo, the scat-

tered field tends to (see NIST (2010) for asymptotic expansions of Bessel functions)

0 (1) ~ /26 4L (B)

where

oo

f(e) = Z (_l)meimeTmnAn'

m,n=—oo

The quantity f(0) is called the far-field pattern.

Let us now consider the situation where there are two circular cylinders with radii
a) and a;. Let the centers of the cylinders be at r = b; and r = b;. Define local two-
dimensional polar coordinates (ry,01) and (2, 0,) with origins at the centers of the
two cross-sections. Then the location of any point in the two-dimensional plane with
respect to the global origin is given by r = by +r; = by +r,. See Figure 3.8 to get a
feel for the notation.
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Let the incident field in the neighborhood of cylinder j be

=)

o Y AT

m=—oo

The scattered field due to cylinder j can be expressed as

=

v= Y B,

m=—oo

Therefore the total scattered field outside either cylinder is

0= X Bm)+ Y BA"(n).

m=—oo m—=—oo

Even though the solutions X" (r;) are singular at the center of the j-th cylinder, they
are regular at the center of the other cylinder and we can write

X"(r) = Y, S"™(b)y"(r1) forr <[]

where b = ry — ry. The explicit form of the above relation for cylindrical problems
is called Graf’s addition theorem (see Martin (2006), p. 39) which states that

H(kr2)e™® = 3" Hy o (kb)e!™ P, (kry )"
N=—o0
where b = ||b|| and § = arccos(b-e;/||b]|). We can write the total field near cylinder
Jj=1(r1 <b)as

0=0"+¢* =) APY"(r)+ ) BIX"(n)+ Y, Bix"(r)

= X

m=—oo n——oo

X" (r) + (A'l" + ) S"m(b)33> \If"(rl)] -
Applying the boundary condition d¢/dr; =0 at r; = a; gives

H,,(ka1)BY +Jy,(kay) Y S"™(b)B5 = —J,,(ka))AY  m=0,£1,£2,... Foo.

n=-—oo

Repeating the same process for the other cylinder leads to

H),(kay)BY +J),(kay) Y. S"™(~b)B} = —J, (kap)AY — m=0,£1,%2,... *oo.
This system of equation can be solved for the coefficients B” if A are known. For
N cylinders, we can use the same approach to get a system of equations
N o
H,,(kap)By + T, (kay) Y. Y. 8™ (b, —by)B) = —1,,(ka,)A) . (3.56)
g=1n=—oo
q7p
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The solution of this system of equations is usually completed numerically by trun-
cating the series. Multiple scattering approaches have been used quite widely in the
calculation of the effective behavior of arrays (or random distributions) of coated
spheres and cylinders; representative examples include Liu et al. (2005) and Tor-
rent and Sanchez-Dehesa (2008b). Detailed treatments of multiple scattering can be
found in Sheng (2006) and Martin (2006).

Exercises
Problem 3.1 The acoustic potential satisfies Helmholtz equation
VZo+kre=0.

Show that for the problem depicted in Figure 3.3 the solutions of this equation for
outgoing waves can be expressed in the form

0= ZA hy(kr)Py(cos8)
n=0

and those for incoming waves can be expressed in the form

©= ZB,,]n (kr)Py(cos®) .

Problem 3.2 A classic problem in scattering is that of acoustic waves from an infinitely long
fluid cylinder of circular cross-section. Show that, for harmonic waves, the solutions of
the governing equation V2 p + k?p = 0 have the form

e Jn(kr)
p= n;)An cos(n0) |:Hr(ll) (kr)}

where J,(z) is a Bessel function of the first kind and H,(Zl) is a Hankel function of
the first kind. Then follow the standard procedure of matching boundary conditions
at the surface of the cylinder to show for an incident plane wave of unit amplitude
P’ = exp(ikyx) and a scattered wave given by

PP=Y B COS(ne)H'gl)(klr)

that coefficient B, has the form

Jo! (koa)Yy (kya) tn Y, (kia)
_ed — Iu(kpa)Jy' (kia) I (kya)
Be=1ie, MM O T e (a) e

Jn (kza)]n (k] a)

where Y, (z) is a Bessel function of the second kind, § = p/p;,M = ¢z /¢y, and e, = 1
if n = 0 and ¢, = 2 otherwise.
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Problem 3.3 If a is the radius of the sphere and the wavelength of the incident plane wave
is much larger than @ we have the condition ka < 1. Find the approximate solutions
for the acoustic lens problem for this case. What are the asymptotic solutions when
ka > 1?7 (Hint: Use formulas from NIST (2010).)

Problem 3.4 From equation (3.40) identify the conditions under which there can be reso-
nance within the system. Plot the scattered pressure as a function of the frequency
when the sphere in Figure 3.3 is made of air. The external medium is water.

Problem 3.5 Consider a plane harmonic acoustic wave incident from a medium with bulk
modulus ¥ and density p; upon a sphere with bulk modulus K, and density p;. Let the
radius of the sphere be a. The sphere is coated with a fluid layer of density p3 = pa,
radius b, and a bulk modulus given by

P @ P-d
K3 K K
Find the scattering cross-section of the coated sphere.

Problem 3.6 A vector displacement potential for shear waves can be expressed in terms of
scalar Debye potentials (IT,%) as

Y=V x(Ilre,)+V x (V x (xre.)).

Express the displacement and stress components for an elastic material in terms of
these potentials. What are the forms of the potential that can be used to represent an
incident plane SV-wave and a plane SH-wave? What are the appropriate forms of the
expansions for the scattered fields?

Problem 3.7 Consider three identical infinitely long rigid circular cylinders arranged in an
equilateral triangle. Assume that a plane wave with wavenumber k is incident on the
system along the line joining two of the cylinders and that ka = 2 where a is the radius
of the cylinder. Assume that the cylinders are separated by a distance b = ma. Calculate
the effective potential field (¢) around a cylinder at a distance » = 0.5b as a function of
angle.
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Electrodynamic Metamaterials

Accordingly we see that we must look for substances with € < 0 and u < 0 pri-
marily among gyrotropic media.

V. G. VESELAGO, The electrodynamics of substances with simultaneously neg-
ative values of € and y, 1964.

In Section 1.4.5 we introduced the possibility of materials with a negative elec-
tromagnetic refractive index. The non-reflecting, yet mirror-like effect produced by
such materials when plane harmonic waves are incident on them has been discussed
in Section 2.4.5. Recall that a negative refractive index material requires that the
permittivity (€) and the magnetic permeability (1) be simultaneously negative. Elec-
trodynamic metamaterials have the potential of providing a means to achieve such
unusual properties.

A universal consensus of the definition of metamaterials does not seem to exist
yet. Some authors define metamaterials as those whose properties depend strongly
on the geometry of the microstructure but appear not to depend on the properties
of the constituents. This definition is not accurate because the effective properties of
metamaterials do depend on the properties of the constituents, and indeed they must.
Another definition is that metamaterials are those materials whose properties do not
reflect everyday experience such as negative refractive indexes or negative Poisson’s
ratios. However, it is generally acknowledged the unusual properties expected of
metamaterials usually require some specific resonances in the structure.

In this chapter we will discuss ways in which electrodynamic metamaterials can
be realized and some possible uses for these materials. The literature on the subject
is already quite vast and is expanding at a rapid rate and detailed expositions on
recent developments can be found in Ramakrishna and Grzegorczyk (2009), Marqués
et al. (2008), and Sarychev and Shalaev (2007). Our discussion of electrodynamic
metamaterials in this chapter covers only some elementary aspects.*

*The material in this chapter is based primarily on Prof. G. W. Milton’s lecture notes and Pendry (2000),
Smith et al. (2004), Ramakrishna (2005), Milton et al. (2005), and Milton and Nicorovici (2006).
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4.1 A model for the permittivity of a medium

Consider a simple model of an electron bound to an atom by a harmonic force'
as shown in Figure 4.1. Let the system be under the influence of a slowly varying
electric field. The applied field distorts charge distributions and produces an induced
dipole moment in each molecule of the medium which is being represented by the
bound charge.

Electron

\ _ - Harmonic
Motion
@

E

y
x

FIGURE 4.1

An electron bound by a harmonic force to an atom.

Let m be the mass of the electron and let —e be its charge. Let the charge be bound
under the action of a restoring force F = Fyexp(—iwo?) where oy is the frequency
of the harmonic force binding the electron to the atom. If x is the position of the
electron, its motion must have the form x = xp exp(—iot) if linearity applies. From
Newton’s second law we have F = mX. Therefore, for a given frequency ®g, we have
Fy = —mOJ(Z)X().

Let the electric field be E(x,#) and assume that it varies slowly in space over the
distance that the electron moves, i.e., E(x,#) ~ E(¢). Under the action of the electric
field the electron is displaced from its equilibrium position by a distance x given by
the equation of motion

d’x  dx

A detailed description can in found in Jackson (1999), Sections 4.6 and 7.5.
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where 7y is a damping coefficient due to interactions with obstacles. Let
X(1)=Xe ™ and E()=Ee . (4.2)
Plugging equations (4.2) into equation (4.1) and solving for X, we get

A__E 2 2 . -1 5
X = m(mo o’ —iay) E.

Let g(x,t) be the charge density of the electron-atom system, i.e.,
q(x,t) = —8[x(t) —xo] e+ 8(x0 —xo) e

where 8(x) is the Dirac delta function and xo is the position of the atom. The first
term is due to the electron while the second term is due to the positively charged
atom. Then, the dipole moment contributed by the single electron-atom system is

given by
= [an <) =—el/6 )~ x0) x >M+MO

or p(t) = —e x(t). Therefore,

e 1 ~

— o’ —iwy) "E.

o)
I
|
e

Suppose now that there are N; electrons per unit volume with binding frequencies
®; and damping constants y; and. Then we can write the polarization as

2
~ a; ~ e“N;
P= [z zzj] E where a; = 4.3)
~ 07 — 0% — 0y, m

Recall that the electric displacement is related to the electric field and the polarization
by
D=¢g E+P=¢E 4.4)

where € is the permittivity of vacuum. Therefore, from equations (4.3) and (4.4) we
get an expression for the frequency dependence of the permittivity of the medium

—%+Z

A plot of the real and imaginary parts of the permittivity as a function of frequency
is shown in Figure 4.2. We can see that close to some resonance frequencies it is
possible for the permittivity to be negative. Recall from equation (1.105) that there
is dissipation when the imaginary part of the permittivity is greater than zero. The
figure suggests that dissipative behavior is pronounced in the region close to the
resonance frequencies. For the special case where ®; = ®wp and y; = v, we have

—ioy;



128 An Introduction to Metamaterials and Waves in Composites

— Re(e)

—4

FIGURE 4.2

Schematic plot of the dielectric constant of a dissipative medium with three resonance fre-
quencies. The abscissa is normalized by the first resonance frequency.

a;
J

Comparing equation (4.5) with (5.12) (p. 155) we observe that they have the same
form which implies that the effective permittivity is analogous to the effective mass.
This also implies that the electric field is analogous to the velocity. Similarly, the
polarization is analogous to the momentum.

If 9 # 0 and in the limit ® — 0, we recover the expression for the dielectric
constant in the static limit. On the other hand, if there are free electrons in the medium
then wy = O for these electrons and the permittivity is singular at ® = 0. In that case
we can separate out the contribution of the bound electrons and the free electrons
and can write the expression for € in the form

aj _ i aj
e(®)=¢€)+&— Y —5———=8€+ — .
(©) =g +¢ ;mhriu)y 0+m;yfiw

Recall the expression on the permittivity from equation (1.92),
(@) =¢ot
g(w)=¢e+—o0
T

where G is the electrical conductivity. Comparing the above with the expression from
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our simple model, we find that

2
B aj €N
G(m)_;yfioa_ m(y— i®)

where N := ZNj . 4.6)
J

This is the Drude model for electrical conductivity where N is the number of free
electrons per unit volume in the medium. For high frequencies, ® > oy, equation
(4.5) simplifies to

2 2
® e“N
B Z—Jz ——’2] where 0312, =
> o mg

The quantity w), is called the plasma frequency and depends only on the total number
of electrons (N) in the medium. For most naturally occurring materials ®, < ®.
However, if ®, > o the value of the permittivity (¢) is negative. If the medium has
the magnetic permeability of vacuum (up), the wave vector for a plane wave is given
by
I = o’eu = 0’eouo (1 — ) /07 ) = gopo (07 — @) .

This dispersion relation indicates that for ® < ®, we have an imaginary k and only
evanescent waves exist below the plasma frequency. For ® > ®,, i.e., for negative €,
a propagating wave can exist. This wave is called a plasmon.

4.2 Negative permittivity materials

At optical frequencies, many charge neutral metal systems have a negative permit-
tivity because of plasma-like behavior that can be described in terms of a plasma
frequency. Can we design composite materials that exhibit a negative permittivity
analogous to that observed above the plasma frequency in metals? This question was
addressed by Pendry et al. (1998) who showed that arrays of thin wires could have
a negative effective permittivity for frequencies significantly lower than the optical
range, i.e., GHz rather than THz.

It is worth noting that a composite made of conductors and dielectric materials
may have properties which are quite different from those of the constituents. Several
exact relations and bounds on the effective dielectric properties of composites are
discussed in Milton (2002). However, these relations typically do not consider the
effect of local resonances that lead to the plasma-like behavior that is a characteristic
of electrodynamic materials.

To calculate the effective permittivity of an infinite array of thin wires, let us as-
sume that the wires are of radius a and separated by a distance b where b > a. A
schematic of the situation is shown in Figure 4.3. An electric field Ej is applied
parallel to the wires in the z-direction. The wavelength of the incident radiation is
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FIGURE 4.3

An array of thin wires arranged in a regular grid.

assumed to be much larger than b so that we can operate in the quasi-static limit.
Recall Maxwell’s equation for the magnetic field

oD oD

VxH=— = =

ot s ot

For the situation shown in the figure, the field D can be assumed to be uniform for
long wavelengths while the free current density J is localized within each wire. If
we consider a plasmon-like longitudinal wave, we can write the above relation in the

form

1
VxH=-—
r

c

€

where [ is the current through a single wire and . is the effective cross-section of
the wire. If we express this equation in cylindrical coordinates and use the condition
that the magnetic field is zero at r = r,, we get

1 2
— |1 - = for 0<r<r,
Hg =< 2mr r

0 for r>r.

The magnetic field can be derived from a vector potential A such that H= "'V x A.
Once again expressing the equation in cylindrical coordinates and using A, = 0 at
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r=r¢, we have

Tup | 1 r? 1) 4 e for 0 <
2= == — < .
A, =< 2m |2\ r? n r or F=te )

0 for r>re.

To avoid magnetic induction between adjacent wires, the value of b can be chosen
such that b > 2r,. For the case where r. = b/2 we can find the potential at the wire
(r < b) to a good approximation using

14r211b I,uolb
A R I Y

For our problem, I = Ta’Nve where N is electron density in the wires, v is the mean
electron velocity, and e is the charge. Hence we have

a*Nve b
A(r) = l%ln ; ez .

This approximation is reasonably good because of the symmetry of the lattice. If we
assume that the electrons flow on the surface of the wire, the momentum per unit
length of the wire is

i
T on;

2072

oa“Ne b

p = na’NeA(a) = (nasz)'uTln () e, =: (T’ Nv)mere;
a

where megr is the effective mass of an electron in the wire. Assuming that the elec-

trons are confined to the wires, the effective electron density of the system is

na’
Nefr = ? N
where N is the electron density of the wires. Then the plasma frequency of the system
is given by

. ezNeff . 2713C2

® = =
P~ eomer b In(b/a)

.7

where ¢? = 1/(gouo). For aluminum wires with N ~ 10 m™3, a = 1 ym, and b =
10 mm, the effective mass is mef ~ 15m,, where m,, is the mass of a proton. The
plasma frequency is ®, ~ 2 GHz. For frequencies larger than this value negative
effective permittivities can be expected if we use the Drude model for the effective

permittivity,
2
(O
ff P
e (w) =g <l_co2> .
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If we consider dissipation due to finite conductivity in the thin wires we get the
relation

®? +iTo Ta’c

> gob2m?
seff(co):s()(l L with = = P (4.8)

where © is the electrical conductivity of the material. Note that the above relation
can be also be derived using AC circuit elements (inductance and capacitance).

An alternative approach to computing the effective permittivity of a cubic lattice
of thin wires can be found in Sarychev et al. (2000). In this approach, the electric
field outside the wires is approximated as the sum of a constant field Eg = Epe, and
a dipole field. Then the electric field in a unit cell has the form

E(r) = EoJo (ki) for r<a
"= Eo [Jo(kma) — kmaJi (kma)In(r/a)] for r>a

where a subscript m indicates the properties of the wire material, k,, = k\/€,tm,
k= o/c=2n/\, and Jy,J; are Bessel functions of the first kind. The effective per-
mittivity of the system is defined by the relation

(D) =&"((E) - (L))
with

() = - [[ewBwar ; (B) = 55 [Ewar: (1) =5 [lex (VxBar

and €(r) = g, for r < a; €(r) = €p for r > a. The effective permittivity is found to be

() = & ll _ fIb*J@* +4m(J — l)cz]]

0’na’J(1+L) — 4nc?

where ¢? = 1/(goup), &y is the permittivity of the metal wires,

2
Ta 2J1(x) T
=—; Ji=¢, Flang, ; F(x):= ; L:=2In| — ——3.
f b2 (Cl /C) (X) )CJO (x) n + 2

A universally accepted homogenization procedure for metamaterials continues to be
sought, though some progress has been made (see, for instance, Felbacq and Bouch-
itté (1997, 2005)). For an array of wires, Felbacq and Bouchitté use a homogenization
procedure to derive a relation of the form

2
(@) =g [1— e (4.9)
®? +2ionfcey (o)

with ¢ = 1/(gouo), fM*A?> = —1/1In(2na/b), M = b/ is a factor that is chosen such
that the radio of b to the incident wavelength, A, is small, (G) is the average conduc-
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tivity of the domain which is kept constant by scaling with the filling ratio of the unit
cell, and o is the conductivity of the wires. Though the responses of the three models
are similar for perfect conductors, significant differences are observed under other
situations.

From a practical point of view, materials consisting of arrays of long thin wires
are tedious to construct as connectivity is usually required between each unit cell.
An alternative design is to use resonant structures (see Schurig et al. (2006b) for an
example).

4.3 Artificial magnetic metamaterials

The fact that artificial magnetic materials may be created from relatively non-
magnetic materials was first briefly hinted at by Shelkunoff and Friis in their text-
book on antenna design (Shelkunoff and Friis (1952), pp. 584-585). The idea was
developed in more detail by Pendry and co-workers (Pendry et al., 1999). In that
work, split-ring resonators were used to develop a magnetic material containing non-
magnetic components. A schematic of the split ring resonator is shown in Figure 4.4.

A Body with a Number of Split-Ring Resonators

Gap with
ParaIIeI Plate Capacitor

Time-
Dependent
Magnetic

Field Wire Loop

FIGURE 4.4

A split-ring resonator can be used to create artificial magnetic materials with possibly negative
magnetic permeability.
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If the magnetic field intensity H is time dependent and the magnetization vector
M is zero, then

oH oB
§¢0 = 57’&0 == VXE#OQ.

Therefore, there is a non-zero electric field around the loop which implies that there
is a current in the split ring. Now if we place a parallel plate capacitor in the gap,
charges build up in the capacitor and the current oscillates back and forth in the ring
as the field H changes. The result is that the ring resonates and the net magnetic
dipole moment M becomes non-zero. Hence we have an artificial magnetic structure
composed of non-magnetic materials.

Let us examine a simpler structure that produces artificial magnetism. The struc-
ture consists of an array of cylinders with conducting surfaces. The cylinders are of
radius a and are spaced a distance b from each other as shown in Figure 4.5. This
structure was used by Pendry et al. (1999) to motivate the split-ring resonator (SRR)
design that has dominated electromagnetic metamaterials.

7.

<

b

o 2a e

FIGURE 4.5

An array of metallic cylinders arranged in a regular grid.

If we apply an external magnetic field Hy = Hpe, (at fixed frequency ®) where
e, is along the axis of the cylinders, a current I (per unit length) is produced on the
surface of the cylinders. We can solve Maxwell’s equation relating the magnetic field
and the current density to find the magnetic field (H) inside the cylinders. Noting that
the current sources include the surface current / and the depolarizing sources at the
ends of the cylinders, we can write

na?

H=Hy+1—flI where f:= 5
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Recall that the electromotive force (emf) is given by

d 9
E:y{Edl:—g/BmdA:—g/yHndA.

Therefore we have, around the circumference of the cylinder,

é(Zna) = iwopo[Ho + (1 — f)I)(na?)

where G is the electrical conductivity of the cylinder surface per unit area. Solving
for I gives
— iO)TEClZ/,IQH()

= iona’uy(1— f) —2ma/c’ (4-10)

Now that we have an expression for the current, we can proceed with finding the
effective fields in the structure which are defined by

(B) =4 (H) and  (D)=e"(E)

where (()) indicates an averaged quantity. The crucial point in homogenizing meta-
material structures is that the averages are taken not over the volume but over surfaces
and line by using Maxwell’s equation in integral form:

%E-dlz—E/B-ndA and ?{H-dlzg/DmdA.
ot ot

For a periodic structure in which the unit cell can be represented by a cube, Pendry
et al. (1999) suggest that (H) be computed by averaging the H-field along each of
the three axes of the unit cell. If the three lattice vectors are b; = be;, i = 1,2,3, we

have
1 3 r=Db;
H)— - e-7§ H.dr.
< > blzzl 1 =0

This approach works as long as the edges of the unit cell do not intersect any of the
internal structures. On the other hand, the average B-field is computed by summing
averages over three orthogonal faces. If the surface normals to the three faces are
n; = e; and the corresponding faces are denoted A;, then

13
(B>:ﬁz{/AlB~n,»dA.
i= i

The j-th diagonal component of the effective magnetic permeability, in the
(e1,e»,e3) basis, can then be calculated from

: B).
{,ueﬁ} L <<Hij (no sum over j). 4.11)
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Using this approach, in the case of the array of cylinders, the average B-field is
(B) = uoHoes

and the average H-field is
(H) = (Ho — fT)e3.

Using these average fields and equations (4.10) and (4.11), we get

. Wa,
1 = g [1 Hof 4.12)

 oauy +2i/c

As 6 — oo we have u® — (1 — f)uo. Also, we always have 0 < u°" < yo. Note that
the structure also has an effective permittivity which is such that the structure retains
causality.

Let us now consider the case of the split-ring resonator shown in Figure 4.6. Each
ring has width 2w, height A, inner radius a, and a gap width g. We will assume that
the magnetic field due to the currents in the ring can be approximated as equivalent to
that in a continuous cylinder. The ring is place in a time-harmonic magnetic field Hy
which is oriented in the z-direction (along the axis of the split rings or an equivalent
cylinder). We will apply a AC circuit analogy to the problem and treat the ring as an
inductance and resistance in series with a capacitance.

AHo A A

»‘ g‘«

FIGURE 4.6

A split-ring resonator (SRR) and a composite made of an array of SRRs.
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We can write the electromotive force along the rings as

E = %E dl= <—10)L—1—|—R>I(275a)

where L is the inductance of the rings, C is the capacitance of the gap (and the surface
of rings), R is the resistance, and [ is the total current. Various expressions for L,
C, and R can be derived depending on the approximations made (see, for example,
Merlin (2009), Delgado et al. (2009)). To keep things simple we will assume that
the rings are thin and the gap is small, i.e., a > w > g and we will approximate the
cross-section of the ring as circular (2wh ~ nw?). We will also assume, as we have
done previously, that the rings are in vacuum.

If we ignore the gap and approximate the curved geometry of the ring as locally
straight, we can set up a cylindrical coordinate system (p,0,{) at the center of the
cross-section with the {-axis oriented along the split ring. For an external magnetic
field oriented along the C-axis, we have dE¢/dl = 0. Then the non-zero fields inside
the ring are (Merlin, 2009)

20 o(kpyE) 2 1y (kpy/E)
Eg(p)_lcw\/sjll(kw\/ﬁ) and Ho(p) = cml(kw\/a) “.13)

where I is the total current in the SRR, ¢ = ®/k is the phase velocity in vacuum, k is
the magnitude of the wave vector, €, is the relative permittivity of the material of the
SRR, and Jy,J; are Bessel functions of the first kind. We can get the field in the gap
using the above relations but will ignore that effect in the following. The resistance
in the SRR can be calculated directly from the first of equations (4.13) using

R_ZnaE( _; dna  Jo(ka/€n) ~ 4ma
T 8T cw,/emJl(kw\/Sm) CWr/Em

We can approximate the gap capacitance as (see Feynman et al. (1964), better esti-
mates can be found in Delgado et al. (2009))

4n?

- g’

The inductance can be approximated from the second of equations (4.13) and the
relation LI? = (1/u) [o |B||>dQ, to give

2ma
L =4naugln | — | .
w

Higher-order effects can be incorporated by adding a kinetic impedance term due to
the motion of electrons to the above expression. Once again we use the relation

z:;[E-dl:im/yH-ndA
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to get

1
(iu)L - M+R> 1(21a) = ioug[Ho — f1](na?)
where f = Ta®/b*. We can solve this equation for the current / and follow the pro-
cedure that we used for the cylinders to find the effective magnetic permeability of
the split-ring resonator array. The real part of the effective magnetic permeability for
this structure is found to be negative for a small range of frequencies.

In the seminal paper by Pendry et al. (1999), 4 for a number of other structures
has been estimated. The most popular of these has been the double split-ring res-
onator shown in Figure 4.7. Several variations of this design have been developed.
For a square array of hollow cylinders of inner radius a, spaced b apart, and with

@ (b)

FIGURE 4.7
Double split ring resonators. a) Thin rings. b) Thick rings with small gap.

cross-sections in the shape of double-split rings (Figure 4.7(a)), the effective mag-
netic permeability is found to be (Pendry et al., 1999)

2

off fo
= |1+ ——" 4.14
M= Ho R iml“} (4.14)

with
7 na> r 2 ) 1 Ta
=—7 = Ty =
b? aups” °

; C= .
TugCa? 3dc2ug

where G is the electrical conductivity of the rings per unit area, yg is the permeability
of vacuum, and C is the capacitance per unit area between the two split cylinders.
Note that this expression has a form similar to equation (4.5) and at some frequencies
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we will get a magnetic permeability which has a negative real part. The value of
o at which ¢° = 0 has been called the magnetic plasma frequency (Omp). Many
metamaterial designs have been shown to have the above form of effective magnetic
permeability. Some of those designs can be seen in Smith et al. (2004) and Cai and
Shalaev (2009).

The Pendry et al. (1999) approach to homogenization of resonant structures has
a heuristic basis. Some progress has been made on the homogenization of these
structures for special situations, see Kohn and Shipman (2008) and Bouchitté and
Schweizer (2010). For instance, Bouchitté and Schweizer (2010) show rigorously
that the split-ring resonator geometry has an effective magnetic permeability of the
form shown in equation (4.14). Recent developments (Milton, 2010) show that hier-
archical multiple rank laminate structures can be used to achieve artificial magnetic
metamaterials.

4.4 Negative refraction and perfect lenses

We have seen in the previous sections that it is possible to manufacture materials
with negative permittivity and negative magnetic permeability over a small range
of frequencies. In Section 2.4.5 we have seen that negative index materials can be
produced if both € and i are negative. The first such material was produced by Smith
et al. (2000) by using a combination of thin wires and double split rings. Since then
several designs have been explored with the primary aim of designing a slab lens that
has a resolution which is not limited by the incident wavelength. Excellent reviews
of progress in negative index materials and new designs can be found in Shalaev
(2007), Valentine et al. (2008), and Cai and Shalaev (2009).

Let us now explore the holy grail of electromagnetic metamaterial research, the
search for a perfect lens. We saw in Section 2.4.5 that an interface separating media
with permittivities £, = —€& and magnetic permeabilities u; = —u> “behaves like
a mirror” (see Figure 2.14). Milton (2010) showed that any pair of € and p°f,
including tensors with negative real eigenvalues, can be realized at a fixed frequency
by using a hierarchical lamination procedure. Therefore, materials with € =y = —1
are not physically prohibited and can be manufactured in principle.

Let us examine how a slab of such a material immersed in another medium can act
like a perfect lens. Let the permittivity and permeability of the surrounding medium
be € = u = 1 (normalized with respect to the values for free space). Let the normal-
ized permittivity and permeability of the slab be € = u= —1. Hence, the first interface
between the medium and the slab acts as a mirror in that it reflects the electric field
E. The second interface also acts as a mirror and reflects the field E to the original
orientation as depicted in Figure 4.8.

If the source is located at a distance d from the first interface, and the slab has a



140 An Introduction to Metamaterials and Waves in Composites
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FIGURE 4.8
The effect of a slab of material with € = y = —1 on the field E. The effect of a negative index
slab is to make the source appear to be at the right of the slab.

thickness d, we have
E(X]—|—2d,XQ,X3):E(X1,XQ,X3) for —d<x1<0. 4.15)

Therefore, the effect of the slab is just a translation. The same is true for the H, D,
and B fields.

Let Eq be the field which solves the electromagnetic problem for a given source in
the absence of a slab. Let us now insert a negative index slab in the field. The effect
of the slab is that the fields appear to move to the right of the slab, i.e., to the right of
the slab it appears as if all the fields have been moved a distance 2d. In other words,
it appears that the source has been moved a distance 2d to the right. This implies that
the slab works as a “perfect lens” in the sense that the image to the right of the slab
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is not diffraction limited. This observation was first made by Pendry (2000) and was
a surprising result because most lenses were though to be diffraction limited.
Consider for instance the ordinary lens shown in Figure 4.9(a). From geometric
optics we expect the rays from the source to be focused at a point. However, if we
consider the wave nature of electromagnetic radiation, several Fourier components
of the wave are superimposed at the focal point and the maximum resolution of the
image can never be greater than A/2 where A is the wavelength. On the other hand,

Lens Slab
e=u=-1 e=pn=1

Voo

2d

Interface 1 Interface 2

@ (b)

FIGURE 4.9

Focusing due to an ordinary lens versus a “perfect” lens. a) Ordinary lens. b) “Perfect” slab
lens.

the lensing effect with a slab of negative index material is expected to lead to a point
source being exactly represented at the focal point. This idea dates back to Veselago
(1968). From Figure 4.9(b) we observe that there will appear to be sources inside the
lens and at the focal point when a negative index slab is used as a lens. However, a
point source leads to a singularity in the Maxwell equations and there should be no
singularities where there are no physical point sources. This is a paradox.

The paradox can be resolved by observing that, in fact, a solution does not exist to
the time harmonic equations if € = y = —1 in the slab, However, if we let

e=—1-+1id and u=—1+id

and let 8 — 0, then we do have a solution. This is equivalent to assuming that there
is some loss in the material due to the electrical conductivity of the material (see
Section 1.4.8 for more on electromagnetic dissipation and its relation to electrical
conductivity).

For dy > d /2 (see Figure 4.10), the fields blow up to infinity within a strip of width
2(d — dp) starting from the focal point within the slab to the focal point outside the
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slab. They develop more and more oscillations (in space), i.e., at finer and finer length
scales. In the remaining regions, the field converge to Pendry’s solution. Therefore,
the image looks like a point source only on one side of the lens if 8 # 0. However, in
the limit that  — 0, the image also looks like a point source (see Milton et al. (2005)
for details).

Field converges

to Pendry’s . SZE:_IHS |
solution ; T~ ) i :
=]
Sourcef : : ': ?-
' ] T ! Fields blow up
: ! ] ! 757minfinity
dg do
E=u= d €=H=1
e=p=1 e=p=-1 e=p=1 Wave Packet
k 1k k _—
E E \2;888( @
Slab
Crests

Light travels backwards?

FIGURE 4.10
Behavior of fields around and inside a “perfect” lens and the direction of the wave vector and
the wave packets.

If we look at the wave vectors of the electromagnetic waves, then from the re-
flected direction of the wave vector inside the lens it appears that light travels back-
wards inside a negative refractive index lens. But one has to remember that it is the
wave crests that are traveling backwards and transport of energy is in the direction
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propagation of the EM waves (and therefore it is not useful to think of the direc-
tion of the wave vector as the direction of the Poynting vector).* Note that the phase
velocity is negative if the refractive index of the material is negative.

4.4.1 Pendry’s argument

To get a feel for the insight that Pendry (2000) provided, let us examine the reflection
and transmission coefficients for a negative index slab when a point dipole source is
placed in front of it. Recall from equation (3.37) that we can expand a dipole source
into plane waves using the Weyl identity to get an expression of the form

E(I‘) _ / / E,u(kxaky) eikxx+ikyy+ikz\z\ dk, dky

where kZ = @”eu— ki — k3. If the dipole source is placed in front of a lens, the effect
of the lens is to apply a phase correction to each of the Fourier components inside
the integral such that at some distance from the source we get an image of the dipole
source (note that the image is not a source itself). When k2 + k§ < @’eu we have
kz2 > 0 and this situation corresponds to propagating waves in the z-direction. But
when k)zc +k)2, > 0’eu we get kz2 <0, i.e., k; is imaginary with a positive imaginary
part (needed for the integral to converge). This situation corresponds to the case
where the waves decay exponentially with z and are evanescent. The requirement
that the waves propagate in the direction of the lens limits the magnitude of k that is
allowable. Therefore the maximum resolution of an image can never be greater than
the wavelength A under ordinary circumstances.

Pendry’s argument was that this resolution limit did not apply to negative refractive
index lenses. If the z-direction is along the axis of the lens, then from equation (2.65)
(p. 87) for TE-waves, we know that the reflection and transmission coefficients at the
interface between two layers are given by

R— U2 kzy — ko - 2up k7
pa ket +p ke pa ko ks
We also know from equations (2.69) and (2.70) that the effective reflection and trans-
mission coefficients for the slab can be expressed as

T12To1Ros ik (dr—dy) T2 ek (dr—d)

Ri2=R T2 = )
12 s 1 — Ry Ry; e2ika(da—d) and  Ti3 1 — Ry Ry3 e2ik2(da—di)

(4.16)

For the case of a slab of relative magnetic permeability u, with vacuum on both sides
we have

ki —k ko —urk
:,“r z1 22 and Ry = Ry3 = 22 — Hrkz1

Ri» .
,Urkzl +k12 kzz +,Urkzl

4.17)

#The Poynting vector is S = E x H and represents the direction of energy flow. In negative index slabs,
the wave vector and the Pointing vector point in opposite directions. This does not mean that the flow of
energy is not in the direction of the Poynting vector, just that the phase velocities are in another direction.
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Also,
2u, k1 2k,

T]2 = and T2] = T23 = m
Z riz

= (4.18)
urkz1 +kpo

At this point it is worth recalling that the above equations were derived with k% =
(02,u£-: — kf. Let us examine the case where the incident waves are evanescent, i.e.,

k? > w?ue. Then, k, = iy/k? — ®*ue and we have

kzl = l'\ / k)% — OJZ‘U()S() and kzz =i k)% — (Oz,urﬁrluoﬁ() . 4.19)

Substituting (4.17) and (4.18) into (4.16), using (4.19), and taking the limit g, — —1
and g, — —1, we get

lim Rip=0 and lim Tjz = e *2l2=d) — p=ika(dr=di)
Hr—— Mr——
g——1 g——1

Since k;; is imaginary we find that 713 now increases with increasing values k2 + k%,
i.e., instead of exponential decay we now observe an amplification of the wave. This
discovery led Pendry to conclude that both propagating and evanescent parts can
contribute to the image of a source and there is no limit on the allowable value of
|Ik||. Hence perfect imaging of an object is possible with a negative index slab. Note
also that if €, = u, = —1 there is no reflection and the slab is perfectly impedance
matched with the vacuum.

The idea of negative refraction is now well established. High-quality sub-
diffraction lensing has been achieved in situations where the magnetic field can be
assumed to be decoupled from the electric field by utilizing naturally occurring neg-
ative permittivity materials such as silver (Fang et al., 2005). Perfect lensing using
man-made metamaterials has been hampered by the large losses associated with reso-
nance and the limited range of frequencies over which such an effect can be achieved
(Smith et al., 2003, Zharov et al., 2005) (see Zhang and Liu (2008) for some recent
developments in this field). Attention has moved to active boosting of evanescent
fields to reduce loss and to transformation-based methods for sub-wavelength imag-
ing because of their potential for broadband applications with low loss. Some of the
ideas behind transformation-based imaging are discussed in Chapter 6.

Exercises

Problem 4.1 Show that the effective permittivity of an array of thin wires with finite conduc-
tivity can be expressed in the form

| o, T gob’ 0}
g(w)=¢ -—r t = )
(®) =2 w? +iCo W na’o
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Problem 4.2 Derive the effective permittivity relation in equation (4.9) using the approach in
Felbacq and Bouchitté (2005).

Problem 4.3 Derive the effective magnetic permeability for the single split-ring resonator
array in Figure 4.6 using the approach used for the array of cylinders.

Problem 4.4 Show that
fo? }

14+ —
o — 0% —iol

" = po

for the double split cylinder geometry using the assumptions in Pendry et al. (1999).

Problem 4.5 Show that for evanescent TM-waves incident on a slab lens in vacuum with axis
along the z-direction, the effective transmission coefficient is

lim T = e kad

pr——1

g ——1
where d is the thickness of the slab and k; is the the z-component of the wave vector
in the medium of incidence.

Problem 4.6 Show that evanescent pressure waves in an acoustic medium can also be ampli-
fied by a negative refractive index acoustic slab lens.
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Acoustic and Elastodynamic Metamaterials

Clearly, there is a need for some generalized continuum elastodynamic equa-
tions which govern the response of bodies with or without voids.

GRAEME W. MILTON AND JOHN R. WILLIS, On modifications of Newton’s
second law and linear continuum elastodynamics, 2007.

In most studies of composite behavior, the effective mass density of a composite
is assumed to be given by the volume fraction weighted average of the densities of
the constituents. For instance, for a composite with n constituents, the effective mass
density is defined as

1.2 n Vt m;
Peff=<P>=Vi;mi=l;fiPi; fii= 1 Pi =
where V is the total volume occupied by the composite, V; are the volumes occupied
by the constituent phases, and m; are the masses of the constituents. The unstated
assumption in this definition is the effective density is unaffected by the relative
motion of the components of the composite.
When low-frequency relative motion is considered in two-phase composites with a
fluid matrix, we find that Ament’s relation (Ament, 1953, Geertsma and Smit, 1961,
Martin et al., 2010) holds, i.e.,

l_fQ pm_pi
L RN = Pm PP
1+2fQ) where Q=

where p,, is the mass density of the fluid matrix, p; is the mass density of the inclu-
sions (or scatterers), and f is the volume fraction of the scatterers. Similar relations
have been found by Waterman and Truell (1961), Kuster and Toksoz (1974), and
Berryman (1980). The frequency is implicit in the above relations. Clearly, the dy-
namic effective density can be different from the static density.

We may also observe a dynamic mass density effect in a poroelastic material
where the fluid can move relative to the solid. Consider the example of a porous
rock containing some water (see Figure 5.1). Both the rock grains and the water are
connected. In this case, the water will move with a different frequency than the rock
and the density of the composite will be dependent on the frequency. However, even
when the relative motion of the constituents of the composite is considered, it is often
found that the effective density is just the average density (Martin et al., 2010).

We get a frequency-dependent density if all the constituents do not move in lock
step. In fact, lock step motion almost never occurs in ordinary materials because

Peft = Pm (

147
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there are thermal vibrations at the micro-scale. At a molecular level, we can imagine
a crystal with tungsten or lead atoms attached by single bonds to the lattice (see
Figure 5.1). Presumably, the resonant frequency of such molecules is very high so
we will see the frequency dependence of the mass only at very high frequencies.

Water

=

Void
/ O

Crystal
Rock Grains Lattice

FIGURE 5.1
Frequency dependence of mass can be caused by the relative motion of the components of a
structure. Left: A porous rock containing water and voids. Right: A crystal lattice containing
tungsten atoms.

There are many other macroscopic situations in which lock step motion does not
occur. Sheng et al. (2003) have shown in experiments that designed composite mate-
rials can indeed have frequency-dependent masses. An example of such a material is
shown in Figure 5.2. The material is composed of a number of small coated balls in
a matrix. The outer matrix is made of epoxy, the balls are steel, and the coating is a
layer of silicone rubber. At certain frequencies, the steel balls can move in the direc-
tion opposite to the applied force, thus creating a composite with a negative effective
mass. Such materials are often called locally resonant sonic materials (LRSM) (Liu
et al., 2000).

In this chapter we will explore the following questions about mass density.

o Can there be situations where the relative motion of the constituents of a com-
posite leads to a frequency-dependent effective dynamic density that is differ-
ent from the static density?

e Are there situations where the effective mass can be negative and/or complex?

e Are there situations where the effective mass density is an anisotropic, tensor
quantity?
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FIGURE 5.2

A composite material with frequency-dependent mass. The composite consists of steel balls
coated with a layer of silicone in an epoxy matrix.

We will also show that an apparently rigid body can have a frequency-dependent
mass moment of inertia if it contains hidden gyroscopic elements.

A similar set of questions arises in the theory of elastic composites. Elastic stabil-
ity is guaranteed if the elastic bulk and shear moduli are positive. After the discovery
that stable isotropic materials with negative Poisson’s ratios can be designed (Lakes,
1993), an important question in elasticity has been

Are there stable elastic materials with negative moduli?

Also, the Willis equations for the elastodynamics of composites Willis (1997) sug-
gest that the stress in certain composite materials is a function not only of the strain
but also of the velocity. A question that is of interest in this regard is

Can we design materials that are described by the Willis equations?

We will discuss the Willis equations and their extension to materials with voids and
show that structures can indeed be designed to exhibit Willis-like behavior.

Another important class of unusual composites, called extremal composites, will
also be examined in this chapter. We will focus on pentamode extremal materials
because of their potential use as cloaking materials and also because these models
may be used to describe certain granular materials.
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5.1 Dynamic mass density

Let us start by exploring the difference between “dynamic” mass density and the
“static” mass density.” The static mass density is defined as the mass per unit volume.
In contrast, the dynamic density is defined as the inertial mass density that appears
in Newton’s law f = ma where f is the force, m is the inertial mass, and a is the
acceleration.

Is the dynamic mass density the same as the static mass density? Interest in this
question was re-ignited after the discovery of an elastic material with local reso-
nances by Sheng and coworkers (Sheng et al., 2003, Liu et al., 2005). A mathemat-
ical analysis of the problem was provided by Avila et al. (2005). Several models
of composites with differing dynamic and static mass densities have been explored
since 2003. A number of these were proposed by Milton and Willis (2007). We dis-
cuss some of these models in this section. We then explore a model where the mass
density is complex. The model is then extended so that we get a composite for which
the dynamic mass density is anisotropic.

5.1.1 A simple model with negative mass

Consider a rigid bar with n voids each of width d as shown in Figure 5.3.7 Each
cavity contains a spherical ball of mass m and radius r. The ball is attached to the
walls of the cavity by springs with spring constant K. A force F (), where ¢ is the
time, is applied on the left side of the rigid bar. Our aim is to find the response of the
bar as a function of time.

Let us consider a balance of linear momentum in the composite system. We as-
sume that all quantities depend harmonically on time and that a one-dimensional
approximation of the problem is adequate. The spring attached to the left wall of
the cavity exerts a force f1(¢) on the wall while the spring attached to the right wall
exerts a force of f(¢) on the wall. Then the internal and external forces acting on a
unit cell of the bar are given by

F(t)=Re(F e™™); fi(1) =Re(fi e ™) fo(t) =Re(fr ™)

where the amplitudes F, fAl, and fz are generally complex. Let the time-dependent
position of the left side of each cavity be given by

X(t)=Xo+Us(t) =X +Re(l70 eiiml)

*Recent work on the subject has focused on the possibility of a “negative” dynamic mass density. Note
that, for some applications in acoustics, it is often the difference between the static and the dynamic mass
that is more important than the possibility of a negative dynamic mass.

fQur discussion is based on Milton and Willis (2007). A similar model was proposed earlier by May-
senholder (2003). The spring constant may be complex valued to allow for materials with viscous damp-
ing.
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FIGURE 5.3
A rigid bar containing n voids. Each void contains a spherical ball that is attached to the bar
by springs.

where X)) is the initial position and l70 is the complex valued displacement of the bar.
Then the velocity of the rigid bar is

dX

= - =Re(~iv Up ) =:Re(Vy e ™) .

Vo(t)

Assume that the rigid bar has mass M. Therefore, the linear momentum of the rigid
bar is o
Poar(t) = My Vo(t) = Mp Re(Vp e—m)z) .

If U(¢) is the relative displacement of the ball, the position of the ball is given by

x(t)=X(t)+ §+U(t) =Xo+ §+ [Uo(t) +U(2)] ::Xo+§+u(t) )

For harmonic motions, we can write
d ~ it
x(t) :X0+§+Re(ue ) (5.1

where u is the complex valued displacement of each ball. Therefore, the velocity of
each ball is

dx . )
v(t) = o =Re(—iwue ") =:Re(ve ™).
If there are n balls, the total linear momentum of the balls is

dx )
Poai(t) =nm S nm Re(ve ™).
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Then the total linear momentum of the system is
P(t) = Pyar + Poait = Mo Re(% e L nmRe(Ve ) = Re(P ooy

Therefore, R R
P=MyVo+nmv. (5.2)

From Newton’s second law, the applied force equals the rate of change of linear
momentum,

= —|P
(1) = Z[P(0)
Hence, for harmonic forces, we have
F=—io P = —io(MyVy +nmy) . (5.3)

Note that v is unobservable since it is in the hidden part of the bar and we need to
relate P directly to the observable velocity Vo

Let us now consider the free-body diagram of each spring inside a cavity as shown
in Figure 5.4.

}_> u()
K
— - -+ —
£, — f(0) f,® f,(t)

FIGURE 54

Free-body diagrams for the spring-mass system and for each spring.

Hooke’s law for each spring implies that (note that u(¢) is positive in the positive
x-direction)

—fi(t) =K u(t) = f2(t)

where K is the complex spring constant. Recall (from equation 5.1) that the displace-
ment of the spring is given by

U(t) =Re(it e ™) —Re(Up e ™) .
Using the assumed harmonic forms of fi(¢), f2(z) and U(z), we then have
Re(fi e ™) = —Re(fr e ™) =K [Re(Upe ™) —Re(ii e ™)

or

o~

fi=—h=KUy—0). (5.4)
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Next, considering the free body diagram of the spring-mass system (see Figure 5.4
and equation (5.1)), the balance of linear momentum for the spring-mass system
implies that

d’x

fl(f)—fz(f)ZmW

Therefore, substituting in the harmonic forms of f>(¢) and f(¢), we get

=mRe(—* Te ).

fi—fh=-moi. (5.5)
From equations (5.4) and (5.5), we have
fi—fr=—-mo? u=2K (Uy—0n)

or
R 2K 0
M_ZKfm(Dz 0

Now Vp = —ioUy and v = —imu. Hence,

"2k —ma? (56)
Plugging equation (5.6) into equation (5.2), we get
[ VAL S Ve

= 0+ SK—ma ) 07 0-

M is the effective dynamic mass of the model and is given by
M) = Mo+ 25"y 1 8 5.7)

0) = —_——= - .
0T 2K —m ? 0 > — 07

where , is the resonance frequency,

The effective mass depends on the frequency ® and is different from the static mass.
At o = 0, the effective mass is equal to the rest mass My + nm. Close the resonance
frequency, the effective mass can take high positive values or negative values. This
observation is important in the design of acoustic metamaterials where the high ab-
solute value of the effective mass can be exploited. We can think of such materials
being considerably heavier close to resonance and therefore having a higher trans-
mission loss than materials that have a larger static density. A normalized plot of the
effective mass versus the frequency in shown in Figure 5.5.
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FIGURE 5.5

The effective mass of the bar as a function of the frequency. ®, is the resonance frequency.

5.1.2 Complex mass density

In the previous section we have considered springs with a real spring constant. Let us
now consider the situation where there is a small amount of dissipation in the system,
i.e., the springs have an imaginary part. To achieve springs with an imaginary part
to the spring constant, let us use the one-dimensional Maxwell model depicted in
Figure 5.6. A complex spring constant can be obtained if we replace the springs in
Figure 5.3 with an elastic spring (with real spring constant k) in series with a dashpot
(with a real viscosity ).

—J0IJ e o .
; 1
(Ki ff{,'n?gex) Elastic Spring  Viscous Dashpot
(kisreal) (n isreal)
FIGURE 5.6

The Maxwell model for a spring with complex spring constant.

Let u; be the displacement of the elastic spring and let u, be that of the dashpot
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under the action of a force f. For the elastic spring, we have

(1)

up(t) = E (5.8)
For the dashpot,
duy  f(1)
—_——, 5~
dt n (5-9)

Once again, assuming that f(¢), u; (¢), and uy(¢) can be expressed as harmonic func-
tions of ¢, we have

wi(t) =01 e wp(t) =t e ft)=fe . (5.10)

Plugging equations (5.10) into equations (5.8) and (5.9), we get

and — i ==. (5.11)

3 )

Recall that the displacement u(#) of the sphere of mass m inside the cavity is related
to the applied force f(¢) by the relation

) __f
=L =
K K
Since u = uj + iz, we have L
f_r 1/
K k ion
or
1 1 n i
¥k on
So, if the springs behave like Maxwell elements, the effective mass of the system is
2nm 2nm
M(m):Mo+17:MO+ 1
i
2——mw? 2—%mm2 m ?
or
M(w) = Mo+ ——"* Mo |1 0w (5.12)
)= _— = -—— .
0T 2k , ok 0 ®? — 02 + iY®
—_— (l) —_—
m Ul

where ®? := 2k/m, y:= k/M, and o := nm/Mjy. This model is remarkably similar
to a simple model for the frequency dependent permittivity €(®) that has inspired
the design of negative permittivity and negative magnetic permittivity materials (see
Section 4.1 for details). Clearly, the effective mass of the system can be a complex
quantity if dissipation is introduced into the system via a dashpot.
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If the damping constant /7 is small compared to 2k/m, then M(®) is approx-
imately real for reasonably low values of ®. This is true for a spring with a small
amount of damping. If, in addition, W < 2k/m, then the effective mass is positive.
This is usually true for low frequencies. However, if ®* > 2k /m, the effective mass
becomes negative. We can therefore choose the ratio of the spring stiffness to the
mass of the ball in such a way that the effective mass becomes negative even at low
frequencies.

A plot of the magnitude and phase of the complex effective mass is shown in
Figure 5.7. The effect of the resonance is that the absolute dynamic mass of the
bar appears to be much large than the static mass and there is a change of phase.
However, for a range of frequencies larger than the resonance frequency, the dynamic
mass is actually smaller than the static mass. The amount of phase change, and hence

the region where the dynamic mass appears to be negative, depends quite strongly
on the amount of damping in the spring.

20,
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FIGURE 5.7

Magnitude and phase of the complex effective mass of the bar as a function of frequency; ®,
is the resonance frequency for when the springs are not dissipative.

A Lagrangian-based approach

Spring-mass systems can be quite a convenient way to analyze the expected response
of acoustic and elastodynamic systems. The method we have used to calculate the
effective mass in the previous section can be quite cumbersome if multiple springs
and masses are involved. Instead, the dynamic response of the bar to a harmonic
forcing can be calculated in a straightforward way by starting with the Lagrangian
of the motion. For the hidden spring-mass system in Figure 5.3 the Lagrangian is

L:lkl (M]*U)er%kz (Uful)zf%ml u%
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where u; is the displacement of the mass m, U is the displacement of the bar, and k;
and k> are the spring stiffnesses of the two springs in the cavity. The Euler-Lagrange
equations of the system are given by*

oL _d (L) _,
au,‘ dt abli o

For a cavity with a single mass,
ki (u1 —U)—k (U—u1)+m1 iip =0.

Let us assume that the displacements vary harmonically due to the applied harmonic
force, i.e.,
u; = Re[d; exp(—i @1)].

This assumption leads, after dropping the hats for simplicity, to the equation

ki +ky

= (k] —|—k2) —? mp

The momentum of a representative element of the bar in harmonic space is given by

ki +ko

P=MyU+ =\ Mo+ 55—
0 my uj 0+0)$—c02

U=MuxU (5.13)

where M is the mass of the bar excluding the ball and the resonance frequency is
®, = (k1 + k2)/m,. Note that this expression is identical to that in equation (5.7).
The effective mass is negative for higher frequencies and tends to My as the ratio
ki / o — 0.

To compare our model with results from impedance tube experiments, we use the
effective mass to calculate the displacement of the bar as a function of the applied
force. In Fourier space, the displacement of the bar () and its velocity (v) are given
by

f :
U=——"——= and v=—iou.
Megr 02

The impedance of the system is given by

Z= %: —i Mg O. (5.14)

“The Lagrangian used above assumes that the system is conservative, i.e., there is not dissipation. Dissi-
pation can be included after deriving the equation of motion by adding a damping term to the equation.
Alternatively, one can add a Rayleigh dissipation term to the Lagrangian and use modified Euler-Lagrange
equations,
o M4 9L dfaL\ oD
=73 {E(H”i*“ju)} v E(a?,) =T
Alternatively we could start with an appropriate Hamiltonian. See Ostoja-Starzewski (2002) for a review
of lattice models in elasticity and for examples of Lagrangians and Hamiltonians.
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We can then calculate the transmission loss in the system by using the relation

1+

R =120 log,, . (5.15)

2 po co

The single mass and two springs give us a flavor of what to expect when there are
multiple masses and springs in series. Let us now consider the situation where there
are n masses connected in series with n+ 1 springs as shown in Figure 5.8.

F(®)

5
%

FIGURE 5.8

A rigid bar containing cavities with a number of springs and masses.

In this case the Lagrangian of the system is given by

L=tk -UP+ ko (w—w)+ Lk (w3 —w)*+ -+ L ky (uy—p1)?
+%kn+1 (U—u,,)z—%ml L't%—%n’lz u%—%mnuﬁ

The Euler-Lagrange equations of the system, in matrix form, are given by

(k1+k2)—m10)2 —ky 0o ... 0 uj kU
—ky (]Q + k3) — m20.)2 —k3 ... 0 1753 0
0 0 —ky (ky+kni1) —m,@?||un| |kni1 U

Note that this system of equations may be written as
(K—o*M)u =f (5.16)

where K is a tridiagonal matrix and M is a diagonal matrix. The system of equations
can be inverted to find u. Following the approach used for the single mass system,
we can write the total momentum as

n n u;
P=MyU+ )Y miuj= Mo+ ) mi— | U=: Mz U 5.17)
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We can calculate the impedance of the system and the transmission loss using equa-
tions (5.14) and (5.15).

Let us now replace the rigid material of the bar with an elastic material. In that
case, one possible spring-mass model for the bar is of the form shown in Figure 5.9.

Un

B |" |" et

y @%

FIGURE 5.9

Representation of an elastic bar containing cavities with a number of springs and masses.

The Lagrangian of the system is

L:%kl (”1_“0)2+%k2 (ug—u1)2—|—%k3 (u3—u2)2+--~+%k,, (U — 1y —1)?

| 2 1 2 1 2 1 2
+5 knt1 (Uny1 —Up)” — 5 my U — 5 Mo U5 — -+ — 5 My 1y,

1 2 1My 2 1M, Ko W2
"ijo (I/ln+1_u0) —3 3 Uy—75 5 btn+1—F1 up — Fuyqq + 21/!0—‘1- D) Upi1

The Euler-Lagrange equations of the system are given by

Kouo —ky (11 —uo) — Ko (un1 — o) — ¢ &% ug = Fy
ki (w1 —uo) —ky (up —uy) —my o u =0

kz (uz—ul)—k3 (u3—u2)—m2 (,02 u2:O

kn (un - unfl) _krz+1 (unJrl - urz) —my (Dz u, =0

M
Koty r1+knt1 (un+l - ”n) + Ko (“n+1 - MO) - 70 w2 Upy1 =
In matrix form, we get an equation equivalent to (5.16),

(K-’ M)u=f



160

An Introduction to Metamaterials and Waves in Composites

where
-(ZK() +k) 0 0 0 0 0 —Ky |
—kj (k] —l—kz) —ky 0o ... 0 0 0
0 —ko (kz +k3) —ksz ... 0O 0 0
K = .
0 0 0 0 ... —ky (kn+knt1) —knp+1
| Ko 0 0 0 0 —kpp1  (2Ko+kny1)]
and ) ) ) ) -
% 0...0 uop Fl
0 mi 0...0 uj 0
0 m O 0 1753 0
M= ;ou= ; f=
0 ...... 0 m, O Up 0
L0 ... ... 00 @_ | Un+1] L F2 ]

The systems of equations can be inverted directly to obtain u for a given F. Alterna-
tively, we can calculate the eigenvalues and eigenvectors of the system

(K—0*M)u=0

and determine the solution using modal superposition. Let A ; be the eigenvalues and
n; be corresponding eigenvectors. Then

(K-=A;M)n;j=0 = anKnj:anJTMnj

where j = 1...n+2. Normalizing the mass so that nJTMn ;=1 gives
T — .
n;Kn; =};.
Since the eigenvectors form a basis for the system, the solution vector u can be
expressed as
n+2
u= Z ujn;.
j=1
Plugging this back into the original system of equations gives
K Zujnj —0)2 M Zujnj =F.

Premultiplying by nJT leads to a system of n 4 2 equations

Ty o2 T N T
u.,(ann., ) ann])fnjF

or
Uuj (7\.1 — 032) = IIJT~F.
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FIGURE 5.10

Schematic of a material with an anisotropic mass density. In this case the springs in each cavity
are parallel to each other.

Solving for u; gives
T
n;F
7»]' —0?

We can calculate u given u; and ®,A;,n j.§ Given an applied force f at the ‘0’ loca-
tion, we can calculate the displacement u,, 1. The velocity of the bar at that point is
then given by v = —i ® u,,11. The impedance, effective mass, and transmission loss
of the system can then be calculated using the usual procedure.

uj:

5.1.3 Anisotropic mass

Another material behavior that is of considerable interest is the possibility of materi-
als with anisotropic mass densities. Let us first examine a two-dimensional extension
of the model in Figure 5.3 and then examine an older version of the idea.l

Consider the rigid body containing cavities shown in Figure 5.10. Here K and
L are complex spring constants in the x- and y-directions. From equation (5.7), the
effective mass along the x-direction is given by

M () = Mo+ —2 ™ 5.18)
) = — .
x( 0+ YK —m w2 (
while that along the y-direction is given by
M, (@) = Mo+ —="" 5.19)
W)= — . .
y "2 L—me? (

$Note that standard eigenvalue solvers may not be accurate when complex spring stiffnesses are involved
and a direct solve is often preferable for small systems.

IThe spring-mass models discussed in this section were first developed by Milton and Willis (2007).
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In matrix form, we then have

2K 0
M(w) = Mol +nm |2K=me* (5.20)
0 2 L—mo?

where | is the 2 x 2 identity matrix. Hence, the effective mass is clearly anisotropic.

Note that from a macroscopic perspective it is not the volume averaged velocity in
the composite which is important. In fact, such a quantity does not even make sense
because the velocity is not defined in the void phase. Rather it is the velocity of the
matrix that is the relevant quantity in this model.

One can generalize the model one step further by having the springs be oriented
at different angles to each other as shown in Figure 5.11. Let R be the rotation that
is needed to orient each set of springs with the x- and y-axes. Also, let the springs
in each cavity have different spring constants and let the masses in each cavity be
different. In matrix form, if R is the rotation matrix for cavity j containing a mass

FIGURE 5.11

Schematic of a material in which the springs in each cavity are oriented at various angles to
each other.

mj, and if K; and L; are the complex spring constants for that cavity, the effective
mass for a system with n cavities can be written as

Zij]'
2Kj—mj ?

0

0

20ym gj . (5.21)

n
M(w) =Mol+ Y R”

j=1 —
2Lj —m; ?
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Observe that the eigenvalues of M(®) can depend on ®. The effective dynamic mass

density in the presence of resonances and the dynamic homogenization of composites
in general continues to be an area of active research. Some approaches that have been
explored can be found in Torrent and Sdnchez-Dehesa (2006), Mei et al. (2007),
Torrent and Sanchez-Dehesa (2008b), Farhat et al. (2009), and Craster et al. (2010).

5.1.4 General expression for frequency-dependent mass

Consider a body containing deformable internal structures and a rigid matrix. Instead
of applying velocities that vary harmonically in time, let us apply a time varying
velocity v(¢) to the body and observe the relation between the velocity and the mo-
mentum p(¢). If we assume a linear response of the system there will be some linear
constitutive relation of the form

p(t) = [ ZH(t—r) v(t) dr. (5.22)

The kernel H(t — ) is second-order tensor valued and may possibly be singular,
i.e., delta functions are allowed. Also, since both p and v are physical and real, H
must be real. Causality implies that H(s) = 0 when s =¢ — 1 < 0 (or ¢ < 1) since the
inertial force cannot depend on velocities in the future. Taking the Fourier transform
of equation (5.22) and using the convolution theorem, we get

P(0) = M(0)-¥(0) (5.23)

where .
M(0) = H(o) = / H(s) ¢ ds . (5.24)

The quantity M(®) can be shown to satisfy the Cauchy-Riemann analyticity equa-
tions only if Im(®) > 0. This is a consequence of causality, s > 0, and the fact that
the integral in equation (5.24) only converges in the upper half of the complex ®
plane. Hence, M(®) is analytic in ® when Im(®) > 0. The quantity H(s) is real. The
complex conjugate of M(w) is given by

M(o) = [ iH(s) e ds = M(—®) (5.25)

where 7 denotes the complex conjugate of a complex number z. Assume that, for
large enough frequencies, the dynamic mass tends toward the static mass, i.e.,
lim M(0) =M, 1. (5.26)
W—oo
The real and imaginary parts of M are not independent and can be related through
Kramers-Kronig relations. Equation (5.24) can be used to establish the Kramers-
Kronig equations for the material. To do that, recall Cauchy’s formula for a function
f which is analytic on a domain that is enclosed in a piecewise smooth curve C:

1 1 f(©)
f(Z)ZZTU?iGd .
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Since the function M() is analytic on the upper-half ® plane, for any point z in a
closed contour C in the upper-half ® plane, we have

M(z)—My1

| M(&)— Mo 1
jé.de’. (5.27)
C

T omi o —z
Let us now choose the contour C such that it consists of the real m-axis and a great
semicircle at infinity in the upper-half plane (see Figure 5.12).

Im()
C
L Re(w)
™ > z +00
B D
——— —p— = — o~
el z +00 °
— ? + oo —co + o

FIGURE 5.12

The closed curve C that is used to evaluate the integral in equation (5.27).

Also, from equation (5.26) we observe that
Mo)-My1=0 as W — oo,

Hence, there is no contribution to the integral in equation (5.27) due to the semicir-
cular part of the contour and we just have to perform an integration only over the real
line:

M(x) =M1+ ! /wMi(m/)fM"ld / (5.28)
- — o . .
< 0 21— o —z
Now, let us consider the integral
 M(o') —My 1
I= / M) =M1,y (5.29)
Y W —z

From Figure 5.12 we observe that this integral can be expressed as the integral over
the path A minus the sum of the integrals over the paths B and D. There is a pole
at the point @ = z (in the figure, the contour is shown as a semicircle of radius €
centered at the pole). In the limit € — 0, this integral may be interpreted to mean
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the Cauchy principal value. From the Cauchy-Goursat theorem, the integral over the
closed path A is zero and we can write

—-My1 My 1 My 1
o—p [ M) M1y M) My M) M1
-z -z
where
> M(w')—My1 —eM()—-My1 —-My1
P/ 7(0)2 0 du)’—/ ( ) 0% 4w +/ TP e
— oo —Z — oo

We have seen that since M(®) — My1 — 0 as @ — oo, the integral over B is zero. The
integral over the path D around the pole is obtained from the residue theorem (where
the value is divided by two because the integral is over a semicircle), i.e.,

FHO I ).

o —z
Therefore,
° M(o)—My1 .
P\/_mw/i—zdw/:nl [M(Z)—M()l]
or
My 1
M(z) =M1+ — P/ # ‘.
o—z

Letting z = @+ i€ and taking the limit as € — 0, we get

) Mo 1

do . (5.30)
—@®

M(0)=Mo1+— P/

Note that, in the above equation, both ® and ®’ are real. Expanding equation (5.30)
into real and imaginary parts and collecting terms, we get the first form of the
Kramers-Kronig relations

Re[M()] = Mo 1+%P/m %dm’
Py (5.31)
Im[M ()] = —%P[m Re[Mi)"fz];Mo Lo |

Therefore, the real part of the frequency dependent mass can be determined if we
know the imaginary part and vice versa. We can also eliminate the negative frequen-
cies from equations (5.31). Recall from equation (5.25) that M(®) = M(—®). Since,
in equations (5.31), ® and ' are real, we have M(®) = M(—). This implies that

Re[M(0)] =Re[M(~®)] and  Im[M(0)] = —ImM(-w)] .
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Consider the first of equations (5.31). We can write this relation as

Re[M(m)]MOIJrTlE{P/_iIm[ P/ Im{M }
_MO1+1 {P/mlm_[M P/mlm ’}
—Mo1+ -~ {P/ — ImiM P/wlm '}

1 1 ,
w’+w+w’—w do

— Mo+ % P/Ow Im[M ()]

o Im[M(co’)]
P

/

=My1l+— P/

Similarly, the second of equations (5.31) may be written as

(M (@) = —— {p / ? RIM@)[—Mo1 0 p I RelM(w)] — Mo 1 d(o’}

T oo o - o -

1 ~ Re[M(—w')] —My 1 = Re[M(®')] —My 1
L ReMedl ot M@0

T 0 o+ 0 o -

_ 1 {p/ow(Re[M(_(o’)]—Mo 1) —m,lﬂﬁm,l_w] dm/}

2 « Re[M(—o)] —My 1
2o fy) M) -Mo1 |
T 0 (,0’27(1)2

Therefore, the alternative form of the Kramers-Kronig relations is

Re[M(0)] = Mo 1+ - P/ %Mfo‘;’/)]dml
w Re[M(—a)] — (5.32)
Im[M((,))]:_zT“) {P/o Re[Miﬂoi)i)z M01dm,} |

Dissipation and frequency-dependent mass
Consider harmonically varying force (f(¢)) and velocity (v(z)) given by
£(f) =Re(fe ™) and v(r) =Re(Ve ).

Then, R
f=—ioM(0)-v
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which implies that

Re(f) = o [Re(M) - Im(V) + Im(M) - Re (V)]

Im(f) = ® [Im(M) - Im(V) —Re(M) -Re(V)] .
The average rate of work done on the system in a cycle of oscillation will be
® [2n/o
- /0 £(1) (1) dr
_ Re(f)-Re(¥) + Im(f) - Im(¥)
B 2
= o [Re(V) - Im[M ()] -Re(V) +Im(V) - Im[M ()] - Im(V)].

This quadratic form will be non-negative for all choices of V if and only if Im(M(®))
is positive semidefinite for all real ® > 0. Note that the quadratic form does not
contain Re[M(®)]. Since the work done in a cycle should be zero in the absence
of dissipation, this implies that the imaginary part of the mass is connected to the
energy dissipation (for instance, into heat). Therefore, a physical restriction on the
behavior of such materials is that

Im[M(0)] > 0. (5.33)

5.2 Frequency-dependent moment of inertia

Another model which achieves a frequency-dependent inertia is the rotating ring
shown in Figure 5.13. The model was developed by Milton and Willis (2007) and is
related to gyrocontinua and micromorphic elasticity (see D’Eleuterio and Hughes
(1984), Brocato and Capriz (2001), Grekova and Maugin (2005), and Erofeyev
(2003)). The ring has mass m and is contained in a spherical cavity inside a rigid
body. A point mass m; may be attached to the ring. We assume that m; = 0 in the
following discussion. Let us also assume that the rotating top spins without friction
on its axis with frequency ,.

Let the point O on the rigid body be subject to a harmonic linear velocity, v,, and
a harmonic angular velocity, Q,, given by

Vo(t) =€Re(Vo e ™) and Qo(t) =eRe(Q, e ')

where € is a small real parameter, i.e, the amplitude of oscillations of the system is
small. The linear velocity is caused by an external force and the angular velocity by
an external torque. Let C be the center of the top (which is also the center of the
spherical cavity) and let P be a point in the rigid body. Then, the velocities of the two
points are given by

Ve(t) =Vo(t) +Qo(t) x X and (1) = vo(r) + Qo(t) X Xp (5.34)
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FIGURE 5.13

A spherical cavity inside a rigid body containing a rotating wheel.

where X. is the initial position of point C and X, is the initial position of point P.
Therefore, ignoring other possible rigid body motions, the displacements of these
points are

uc(t) =€Re (Uoe ™) +eRe (60 e*iwt) x X

A o (5.35)
up(r) =€Re (Uoe ™) +€Re (90 e”“”) x Xp .
where N N
U, :=iVo/® and 0,:=iQ,/®.
Then the positions of points C and P at time ¢ are given by
Xe(t) = Xc +€Re (doe ™) +€Re (60 e’im’) x X
(5.36)

Xp(t) = Xp +€Re (doe ™) +€Re (60 e*i‘*”) x Xp .-
Let us define u,(t) := eRe(tye ') and 0, (t) := eRe(éo e'"), We can then write
equations (5.36) as

Xc(t) =X +uo(r) +0o(r) x X and  xp(1) = Xp +uo(r) +0,(1) X X,
If we now move the origin to the point C, the displacements are

Xc(t) =uo(t) and xp(t) =Xp +uo(r) +0,(1) x X, (5.37)
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FIGURE 5.14

Displacements of points inside the rigid body relative to the center of the cavity.

and we have the situation shown in Figure 5.14.
Let X; be the initial position of a point R on the ring. If the angular velocity of the
ring is ®,, in the absence of other motions, the position of the point is given by

where the rotation matrix Q(¢) has components (with respect to a basis (e, e;) in the
plane of the ring and e3 out-of-plane)

cos(w,t) sin(wyt) 0
0(t)=Q= | —sin(o,) cos(w,7) 0 . (5.38)
0 0 1

Equation (5.38) assumes that the axis of rotation of the ring is aligned with the e3-
axis. Let us keep the basis (e, ez, e3) fixed and allow the axis of the ring to rotate
around a fixed axis b (see Figure 5.15), i.e., the axis of the ring wobbles around the
b-axis.

Allowing only infinitesimal rigid body rotations around b, the rotation of point R
can be expressed as

R(t)=Q(1)+B(1)-Q(t) = [1+B(1)]- Q(1) (5.39)

where the B(¢) is the skew-symmetric matrix corresponding to the axial vector b,
defined as B-a = b x a for all vectors a. Let the infinitesimal rotation vector b be
subject to small perturbations (i.e., changes in the spin velocity) and let us assume
that it has the harmonic form

b=¢eRe(be ™) = B=¢Re(Be )
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FIGURE 5.15

Rotation of the axis of the ring around an axis b.

where b and B are complex amplitudes. If the point of contact between the spindle
and the cavity wall is frictionless, points on the ring experience only the translations
of the body directly. Rigid body rotations are not transferred in the form of the small
wobbles described above. Therefore, the position of point R is given by

Xe(t) =uo(t) +R(t) - X;. (5.40)

Let W be the location of the top of the spindle and let its initial position be Xy,. Then,
at time ¢, the position vector of W is (from the second of equations (5.37)

X (1) = Xog + o (£) + 00 (1) X Xy . (5.41)

Looking at the position of the same point from the point of view of the ring-spindle
structure inside the cavity, due to the rotation of the spindle about the vector b, the
vector Xy, takes the position

Xw(t) =uo(t) + Xw + B(t) - Xw = Xow +uo(t) + b(#) x Xy - (5.42)

Since the motion of point W must match, comparing equations (5.41) and (5.42), we
have
6,=D.

If X; is the initial position of the center of mass (S) of the rigid body (excluding the
ring), the position of location S at time # is

Xs(t) =X +uo(f) +0,(2) x Xs . (5.43)

Let us now calculate the linear momentum of the ring. Let the initial position of point
R on the ring be parametrized by the angle ¢ such that

X (@) =rocos@e; +rosinge;
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where ry is the radius of the ring. Then the momentum of an element of the ring of

arc length do is
mdo\ d _
dp:(9,1) = (M ) 7 %(@.0)] (5.44)
From equation (5.40) we have
dx; du, dR . dR
T= 2 X () = eRe(—iot, e ) + — - X (@).

dr - dr U dr dt
Integrating equation (5.44) and using the above relation we have
2n .
p:(t) = dp:(9,1) = emRe(Voe ™). (5.45)
0

The linear momentum of the rigid body (excluding the ring) can be calculated from
the motion of its center of mass, S, i.e.,

dxg du, do,
PS(I)_Msdt_Msldt T XX

where M; is the mass of the rigid body. Using the definitions of u, and 6,, we have
pu(r) = €M, Re [(60 £ % Xs) e—"“”} . (5.46)
Therefore the total linear momentum of the system is

p(t) = p:(t) +ps(t) =€Re (ﬁeim}

where

P i= (My+m)Vo+M; Qo x Xy . (5.47)

The angular momentum of the ring is given by

21
a(0)= [ %(0.0) % dp(@.1).

If ignore terms of order €2, we can express this relation in the form

() =5 [ 710 X.(0)] % [0 Xe(oldo + [ 710 X(0)] x A- X, (o)l
2n ~
+ [T (o] x @ Xewo)
420 710 X0) x [Re(-i0) - X,()ldg

21t Jo
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where Q := Q(w,t+1/2),A:=B-Qand A := B- Q. Also, since Q3 = 8;3, Qi3 = 0,

and
27

| Xp (@)X, (@)dp = rim(8yy —8)38;3)
we can express the angular momentum of the ring in the form

mr(% ~ ~ ~
qr(t) = Teijk wr(ijQkp +Bkaijmp +Bijmekp)

- iw(Bkaijmp - 8]'3Bk3) €i.

Recall that the skew-symmetric matrix B corresponding to an axial vector b can be
expressed as

0 b3 —b
B= B,‘j = —b3 0 bl
by —b; O
The angular momentum of the ring can then be written as
by 3iwb; /2
q:(t) = mr(z)o.)r —by +mr(2) 3iob, /2
-1 i0b3

Assuming that there is no friction between the spindle and the walls of the cavity
inside the rigid body, b3 must be equal to zero. Using the relation b = 0,, we find
that the angular momentum of the ring is given by

7imt)

q:(t) = qo +Re(qre

where qo = —mr%mre3 and

2im, QA 2im, Q) ~
— +3Q; | e+ —3Q, | ex
) )

where (AZO = SAZlel + ﬁzez + ﬁg e3. The angular momentum of the rigid body is given
by

2
q :8m}’0
! 2

(5.48)

dx,
o) = Myxg (1) x —.
qs(?) Xs (1) X 7

If we substitute the expression for x from equation (5.43), use the fact that d0, /dr =
Q,, and ignore terms containing €2, we have

Qs (1) = M [Xs X Vo + X X (Qo % Xs)] -

If we express the second term above in the form Ky - Q,, where K| is the moment of
inertia, we have

qs(t) = Ko- Qo+ M;Xs X vo = €Re KKO'ﬁo-i-MsXs % go) e—iwt]



Acoustic and Elastodynamic Metamaterials 173

or )
qs(t) =Re(qse ")
where .
qs = Ko - Qo + M X x V. (5.49)

Therefore the total angular momentum of the system is

q=q:+9s =qo+Re(qe )
with N
q4=0qr+qs = M; X, x Vo +K(0) - Q, (5.50)
and
em2 | —3 —2i0/00
K(0) =Ko+ 5 2iw,/o -3 0] . (5.51)
0 0 0

Thus we have an apparently rigid body with a frequency-dependent moment of iner-
tia.

The stability of such structures and their nonlinear dynamics, particularly when
the rotating ring has nonuniform mass could lead to even richer behavior. We can
imagine, following D’Eleuterio and Hughes (1984), a long and thin elastic composite
with a microstructure consisting of elements with frequency-dependent inertia. The
dynamics of such a structure could be controlled by controlling the motion of the
ring. For other applications of gyroelastic media see Peck and Cavender (2004).

5.3 Negative elastic moduli

Early work on negative elastic moduli in the context of extremely dissipative vis-
coelastic materials can be found in Lakes et al. (2001). More recent work on ultra-
sonic metamaterials can be found in Fang et al. (2006). The aim of much recent work
on elastodynamic metamaterials has been to design materials with negative moduli
and thus extend the range of material behaviors available to the designer.

5.3.1 A Helmbholtz resonator model

Consider the array of Helmholtz resonators shown in Figure 5.16 (an example of
such a resonator in everyday life is a soda bottle which resonates when you blow
over the top of the neck.) The resonator can be thought of as a spring-mass system
where the air inside the cavity acts as a spring and the water in the narrow neck acts
as a mass. There is some frequency at which the spring-mass system resonates.

A model of the Helmholtz resonator is shown in Figure 5.17. For simplicity,
we assume that each cavity has a square cross-section as do the piston arms. The
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An array of Helmholtz resonators.
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A mechanical realization of a Helmholtz resonator. One can devise similar models using elec-
trical circuit theory (see, for instance, Morse and Ingard (1986)).

cross-sectional area is assumed to be d”. The air in each cavity is modeled with a
spring of complex spring constant K and the water in the neck is modeled as a rigid
body of mass m. The piston is filled with a compressible fluid with complex bulk
modulus x.

Let the force applied on the pistons be F (7). Then the pressure in the fluid is

p(t) = % . (5.52)

Since the fluid transmits the pressure to the mass and the area of cross-section of the
cavity is d?, the force applied by the fluid on the mass is also F (). Let f(t) be the
force that the spring applies on the mass. By symmetry, the same force is applied to
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both cavities shown in Figure 5.17. Let x(¢) denote the position of the piston and let
y(t) be the position of the mass.
Assume harmonic time dependence of the quantities F(¢), f(¢), x(¢), and y(z),

F(1)=Re(Fe ™), f(t)=Re(fe ™)

x(1) =Re(Xe ™); y(t) =Re(ye ™). 623
Also assume that p = 0 at ¢ = 0 which leads to
. 1 . _F
p(t)=Re(pe™) = ﬁRe(Fe 0y = p= ok (5.54)
Newton’s law implies that
m ig =F()—f(2). (5.55)
Substituting equations (5.53) into equation (5.55), we get
—m’y=F—f. (5.56)
From Hooke’s law
[ =Ky = J=KJ. (5.57)
Combining equations (5.56), (5.57), and (5.54) gives
F=(K-mo?)j = po Kom@) o (5.58)

d?
The change in volume of the fluid due to the motions of the pistons and the masses
is given by AV (1) = 2 d? [y(t) — x(t)]. From the constitutive relation for the fluid,

AV(t 2d% [y(t) —x(t

o) — e VO 2 Do) —xte)
Vo Vo

where ¥ is the complex bulk modulus of the fluid and Vj is the initial volume. Sub-

stituting equations (5.53) and (5.54) into equation (5.59), we get

(5.59)

2xd> (x—3y
p= M . (5.60)
Vo

Eliminating ¥ from equations (5.58) and (5.60) leads to

. 2xd? d? N
P T k—mer) P
Solving for p, we have
. 2xd? 2xd* R
T VoK —me?)|
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Therefore,
2xd*
=

F=d’p

2xd* - R
(5.61)

Vo(K —m ?)

By definition, the Young’s modulus relates the stress to the strain. For our model this
means that R -
F/d*=E AL/Lg

where E is a complex Young’s modulus, AL(¢) is the change in length, and Ly is the
initial length of the region between the two pistons. Since AL(¢) = 2x(¢), we have

F =2d°Ex/Ly . (5.62)

From equations (5.61) and (5.62) we can deduce an expression for the Young’s mod-
ulus of the form

B Kd2L0

E(@) =5

2xd* ] -
(5.63)

Vo(K— m (,02)

If ¥ and K are real (purely elastic springs with no damping) and positive, then a
plot of E as a function of ® has the form shown in Figure 5.18. So it will appear
that the system will have a negative Young’s modulus for frequencies higher than
®, = /K/m. Several other negative modulus materials can be envisaged using a
similar analogy.

Equation (5.63) can also be written as

Eo(w? — o
o2 —0*+P
where
kd*Ly 2Eyd®  2Epd®
Ey:= an = = ) .
Vo Lom LoK

Alternatively, we can write the equation in terms of a characteristic time ©:= \/m/K,

E()(l — 0)2‘52)

HO T e

Let us now consider a damped system where Newton’s law (5.55) takes the form

2
m<i§vg>:Fm—ﬂn

where v is a damping factor. The Fourier transformed version of the above equation
is

~

—m(0* +ioy)y=F—f.
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FIGURE 5.18

Effective Young’s modulus of Helmholtz resonator as a function of frequency. The modulus
has been normalized by the value of E at ® = 0 while the frequency has been normalized by the
resonance frequency ;. For this particular plot we have assumed Kqyiq = 2.2 GPa, ppision =
8100 kg/m>, dplslon = 1 cm, hpison = 5 mm, Egpring = 70 GPa, rpring = 5 mm, Lgpring = 1 cm,
K = 0.001 Eqpring % ying /Lspring: Lo = 5 cm, and Vo = Lod™.

Comparing the above equation with (5.56), and after a small amount of algebra, we
see that the effective Young’s modulus in this case has the form

-1
aw?

E(w) =E - -r
(@) =Eo ©? — 02 + iy

(5.64)

-1
B
l+—— | =E
+0)270327i0)y 0

where o, := 2Eod?/(LoK). For the situation where the cavity and the pipe contain the
same fluid, the bulk modulus of the fluid (k) and the spring constant (K) are related
and o becomes a purely geometrical factor.

For a system containing a number of Helmholtz resonators along the length of the
pipe, we can use the analogy of a number of springs in series. If the j-th Helmholtz
resonator has a piston mass m;, spring stiffness K;, damping factor Y;, and geomet-
rical factors dj,L;,V;, the effective Young’s modulus of the system is

) -1
J
u)2 + iy,

0)
(5.65)

EOZ

where ®; is the resonance frequency of the j-th resonator. This function is analytic
over the entire complex ®-plane except for isolated poles in the Im(®) < 0 part of
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the complex plane. We can also show that E(—®) = E(®), where (o) indicates the
complex conjugate. If we were to use a time-dependent form of Hooke’s law and
rewrite equation (5.57) as

0= [ _Ke=ryha = fe) = K@) 5

then causality requires that £ () is analytic only if Im(®) > 0 (see the discussion in
Section 1.2.5, p. 10).

5.3.2 Negative moduli and viscoelasticity

Since linear viscoelasticity also deals with frequency dependent moduli, it is natu-
ral at this stage to ask whether negative moduli are allowed in viscoelastic materi-
als. A generalized Maxwell model is commonly used in linear viscoelasticity (see
Figure 5.19). Let us examine the relation between the applied force () and the dis-
placement () for such a model. Recall that for a single Maxwell element (), the

F
Lo Sl o
| 3
u 2 1 0
K K3Sf% <
e oo KO
n
n n n

fily

FIGURE 5.19

A generalized Maxwell model of viscoelasticity.

displacements in the spring and the dashpot are given by
Kjuy(t) = fj(t) ~ and  mjia(2) = fj(t) .
Fourier transforming these equations gives
(o) =fi0)/K and o @) =Fi®)/m;.
The total displacement of the Maxwell element is

0j(0) =iy + i = [1/K;+i/(0n))] fi(w).
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From a balance of forces for the generalized Maxwell model we have (after dropping
the hats for convenience),

-1
F=fo+Y fi= Ko+z< - 007]) u=:Keru .
K; j

If we define the relaxation time as T; :=1;/K;, the effective spring constant of the
model can be expressed as

N i\
Ko = Ko+ +— =Ko+
¢ ;(1{/ mn,) Zl—s—z/((msj)
A continuum version can be derived from the discrete Maxwell model by taking
the limit as N — oo (see, for instance, Christensen (2003)). Then, the frequency-
dependent Young’s modulus (E) can be expressed as

Eenr(@) =Eo+ | 1+z§() dr _EO+/ 1+11/_ul)é(r(;)r]dT

where H(t) > 0 is the relaxation spectrum, and Ep > 0. If we discretize the spectrum
we get

i/ (01)]

Eetr(0) = Ep +Z—1+1/ (@)

(5.66)

where H; > 0, t; > 0, and Ep > 0. This implies that Re(Ecr(®)) > 0 and
Im(E.s(®)) < 0 for all . Therefore, linear viscoelastic models cannot represent
negative elastic moduli and can fail badly when used to model materials that are
better represented by Helmholtz resonator models. In fact, for viscoelastic material
models, we find that E () is analytic in the entire complex plane except for isolated
poles (at intervals of 1) in the negative imaginary axis located at ® = —i/7;.

On the other hand, for the frequency-dependent model that we have discussed in
the previous section, the effective modulus is generally analytic only in the upper-
half ®-plane (see Figure 5.20). Also, for such materials, E(®) = E(—®), where (o)
indicates the complex conjugate. Note that we did not consider the mass when we
derived the modulus of the Maxwell model. The relation between viscoelastic models
of the Maxwell type and general frequency-dependent materials continues to be an
open question.

Fading memory and frequency dependent mass

A justification of the Maxwell model can be provided by considering the behavior of
viscoelastic materials.!l Consider an experiment where a bar of viscoelastic material

IThe model that is discussed here is based on the description given in Christensen (2003). The incon-
sistency between the fading memory description of materials and general frequency-dependent materials
was pointed out by G. W. Milton.



180 An Introduction to Metamaterials and Waves in Composites

E(w) E(w)

general model Maxwell model
X X )
\ /x X ) > Poles
Poles )

FIGURE 5.20

Poles for a general frequency-dependent material versus poles for a generalized Maxwell
model.

of length / is deformed by a fixed amount. We want to see how the stress changes
with time. Recall, that if the bar is extended by an amount u(x) where x = 0 at one
end of the bar, then the one-dimensional strain is defined as

du
£€=—.
dx
Therefore, the displacement in the bar can be expressed in terms of the strain as
ull) A
u(x)=¢ex = 8:%:7.

Also, if F is the applied force on the bar and A is its cross-sectional area, then the
stress is given by

o= 1
Let us now apply a strain to the bar at time r = 0 and hold the strain fixed. Due to
the initial application of the strain, the stress reaches a value Kj and then relaxes as
time increases (due to the relaxation of polymer chains for instance). If the strain is
applied by the superposition of two stepped strains as shown in Figure 5.21, we have

de
—=ad(t—1t)+bd(t—1) .
5 = adt—1n)+b8(r—n)
The stress is then given by
c=aK(t—t1))+bK(t—1).

If the strain is applied by a series of infinitesimal steps, then we get a more general

form for the stress:

de(t')
!

7 dr’ (5.67)

o(t) = [ K1)
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One-dimensional stress relaxation curves for a viscoelastic material and the linear superposi-
tion of strains.

where the integral should be interpreted in the distributional sense. Integrating by
parts (and assuming that € = 0 at t = —o0), we get

olr) = Ko e(t) + /_’ K1) e() ar

Now, o(z) clearly depends on past values of de/dr. We expect 6(¢) should have
a stronger dependence on de/dt in the recent past than in the distant past. More
precisely, the dependence should decrease monotonically as T =t —¢’ increases. This
implies that K(t) should decrease as T increases, i.e.,

dK(t)
dr

<0 Vt>0 and K(1)>0.
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This is the assumption of fading memory. From equation (5.67) the rate of change of
G is given by
de(t))

- dr’ .

do(r) t dK(7)
dr _/ﬂm dr

T=t—1'

Again, we expect do/dt to have a stronger dependence on de(¢')/dt’ in the recent
past than in the far past, i.e.,

dK(7)
dt

Now, for all T > 0, the requirement of fading memory implies that

should decrease as T increases.

dK(7) 0 d’K (%) . d*K(7) . d*K(7)
drt < dt? > dt3 < dtt

Such functions are said to be completely monotonic. An example is

/ dK(7) d’K (%)
K(t)=e /" 0
(t)=e = yr <0, yrs
More generally,
K(t) = Kw +/ H(t) e /7 dt’ (5.68)
0

is completely monotonic if H(t') > 0 for all T and K. > 0. The function H(7') is
called the relaxation spectrum. Conversely, any completely monotonic function can
be written in the form given in equation (5.68) (Bernstein, 1928). Let us consider the
situation where

~ de(t ~
g(t)=Re(ge ™) =— %:Re(—iwsf"”’).

Then, from (5.67), we have
~ ! st
o(t) =Re (—im € / K(t—t)e ™ dt’) .
The substitution T =t — ¢’ in the above equation gives
o(t) =Re (—imgei‘”’ / K(t) e 0" d’C) .
0

If we define -
E(0) = —io / K(1) e dt (5.69)
0

we have
o(t) =Re(E(w) Ee ™) =Re (G e ') (5.70)
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where 6 := E(®) €. Now, let K(1) be a completely monotonic function of the form
given in (5.68). Then from equation (5.69) we get

E(co):—iw/ K., e 0" dr—im/ dr/H(r’)/ dr Hio—1/7)
0 0 0

Assume that ® has a very small positive imaginary part (which implies that €(r)
increases very slowly as ¢ goes to o). Then

E(®) = —io <_l§°°> —io /Owdr’H(r’) (lw_ll/r,> .

Making the substitution T = 1’ and Eg = K.. gives us

= H(1)

(5.71)

This is the generalized Maxwell model that we had used to derive equation (5.66). Is
the assumption of fading memory always correct? Recall the model of the Helmholtz
resonator shown in Figure 5.17. If we apply a strain in the form of a step function to
this model, the resulting stress response is not a monotonically decreasing function
of time. Rather it oscillates around a certain value and may damp out over time. A
similar oscillatory behavior is expected in other spring-mass systems and K (1) will,
in general, not be monotonic. Hence fading memory is only applicable to a subset of
possible frequency-dependent models for the elastic modulus.

5.4 Band gaps, negative index and lenses

The similarity between the equations of TE- and TM-wave equations in electrody-
namics and the SH-wave equation in elastodynamics (antiplane shear) and acoustic
wave equation suggests that we should be able to observe similar phenomena in
these disparate fields. Recall the split-ring resonator geometry shown in Figure 4.6
(p- 136). This structure has a frequency-dependent magnetic permeability the real
part of which can be negative at certain frequencies when subjected to an out-of-
plane magnetic field.

For TM-mode electromagnetic waves where H3 is the out-of-plane magnetic in-
duction in the e3-direction, the governing equation is

— 1=
V-(EVH3)+0)2,uH3:O

where € is the permittivity and u is the magnetic permeability. If the value of 1/€ in
the region of the ring is small and hence € is large (which implies that the conductivity
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¢ is large), then the effective permeability ,uggf can be negative for this material. Now
consider the equivalent SH-wave (or antiplane shear wave) propagation problem. The
governing equation for this problem is

V~(qu3)+m2pu3 =0

where u is the shear modulus, p is the mass density, and u3 is the out-of-plane dis-
placement field. The similarity between the two equations suggests that the shear
modulus (u) and the inverse of the permittivity (1/€) are analogous, and the den-
sity (p) is analogous to the magnetic permeability (u). Therefore, we can reasonably
expect an elastic composite structure containing split rings to exhibit a negative ef-
fective mass density at certain frequencies.

Recall that if a material has a negative density but a positive shear modulus, shear
waves cannot propagate through the material. Hence, at the frequencies where the ef-
fective mass density becomes negative we expect to see a band gap. In fact, Movchan
and Guenneau (2004) showed numerically and using asymptotic homogenization
that an array of double split rings does exhibit a strong band gap.

We can compare the behavior of elastic split-ring resonators with the simple
spring-mass model that we discussed earlier. Consider the periodic geometry shown
in Figure 5.22. The matrix material has a high value of shear modulus (u) while the
split-ring-shaped region has a low shear modulus or is a void. The material inside the
ring has the same shear modulus as the matrix material and is connected to the matrix
by a thin ligament. The system is subjected to an antiplane shear displacement u3 in
the x3-direction (parallel to the axis of each cylindrical split ring).

Void (small py X e

oolier  Thin ligament

FIGURE 5.22

A periodic geometry containing split hollow cylinders of soft material in a matrix of stiff
material. The x3-direction is parallel to the axis of each cylinder.
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Clearly, each periodic component of the system behaves like a mass attached to a
spring. This is a resonant structure and the effective density p%f(co) can be negative.
Therefore, we can expect to create elastic band-gap materials with such microstruc-
tures. However, for transmission through the material at the resonant frequencies
we also need a negative shear modulus. But materials with negative shear modulus
have been found to be unstable (see Jaglinski et al. (2007) and references cited in
that paper) and therefore negative refractive index elastic materials are unlikely to be
found.

On the other had, we have seen that effective negative bulk moduli can actually
be achieved using Helmholtz resonator structures. This suggests that materials with
simultaneously negative mass density and bulk modulus may actually be manufac-
tured. The obvious candidate for such materials is in the context of acoustic waves
and these unusual composites have been called acoustic metamaterials.

Recall that the acoustic wave equation at fixed frequency ® can be written as

v 1V o’ =0

where p is the mass density, k is the bulk modulus, and p is the pressure. If p =
p(x1,x2) and kK = k(x1,x;) only depend on x| and x, and p is independent of x3, then
the three-dimensional gradient operator V can be replaced with the two-dimensional
gradient operator V, and we get

K(0) o p(w)

where we have explicitly shown the dependence of the material parameters on the
frequency. Therefore, by analogy with the results from antiplane shear elasticity and
TM (or TE) electromagnetism, if p(®) and k() are both negative, we get a negative
refractive index material for acoustics. The speed of sound in an acoustic medium is
given by ¢ = 1/k/p and is imaginary if either k or p is negative. A material with these
properties appears opaque to sound waves. However, if Kk and p are both positive or
both negative, the sound speed is real and acoustic waves can propagate through the
medium. Such a material is a negative refractive index acoustic medium. Recall the
situation shown in Figure 2.9. Since this situation is analogous to the one we observe
for electromagnetism, the effect of a slab of negative x, p material will be to translate
a source of acoustic waves and the slab will act like a perfect lens.

In 2004, Zhang and Liu (2004) showed simulations that indicated that negative
acoustic refraction was possible with an array of regularly spaced cylinders. This
negative refraction effect was based on Bragg diffraction and was therefore lim-
ited to wavelengths of the order of the radii of the cylinders. Experimental evidence
for focusing of ultrasound using negative refraction (at approximately 1.6 MHz fre-
quency) was demonstrated by Yang et al. (2004) using a ~8 mm thick phononic
crystal consisting of 0.8 mm diameter tungsten beads in water. The problem with
such an approach is that, as the frequency decreases, the size of the crystal needed

(L 9) s po0 wd uwe =V
|l —— — P = an uw) =—m—--——
p(w) p p p
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to achieve the same effect increases. For example, for kHz waves one would need
a crystal of the order of 1 meter thick. This makes such structures too large to be
of practical use in many applications. Metamaterials that use local resonances in the
microstructure to create effective negative mass and bulk modulus are not subject
to such constraints. However, the needed effective properties in metamaterials occur
only over narrow frequency ranges and are accompanied by large losses.

The possibility of materials with simultaneously negative density and bulk mod-
ulus appears unlikely at first glance. However, Li and Chan (2004) showed, using
a coherent potential approximation estimate of the effective properties of a rubber-
water composite, that a negative refractive index acoustic metamaterial was possi-
ble. Another possible architecture, proposed by Ding et al. (2007), consists of two
lattices in a zinc blende matrix; one lattice containing water-in-air spheres and the
other shifted lattice containing gold-in-rubber spheres. The first demonstration of
focusing of acoustic waves with negative refractive index locally resonant structure
was by Zhang et al. (2009) who used an array of Helmholtz resonators with period
~3.2 mm to focus a ~60 kHz acoustic wave generated from a localized source. The
sample periodicity was approximately 1/8th the incident wavelength. A transmission
line model of the system was used to explain the frequency-dependent behavior of
the mass density and the bulk modulus (see Zhang (2010) for details). However, the
quality of the focus was not found to be of a high quality.

An alternative approach to achieving focusing and magnification has been exper-
imentally demonstrated by Li et al. (2009). Instead of using resonances to achieve
negative density and bulk modulus, a highly anisotropic dynamic mass density was
used to achieve focus.

5.5 Anisotropic density

We have seen in Section 5.1.3 that a frequency-dependent anisotropic dynamic mass
density can be observed in composites that can be approximated by spring-mass
architectures. Geometries of such composites were suggested in Milton and Willis
(2007) and one such model can be seen in Figure 5.11 (p. 162). In fact, the idea
of tensorial anisotropic densities was discussed considerably earlier in a paper by
Schoenberg and Sen (1983) in the context of layered media. In this section we will
review some models of materials with anisotropic density and examine the status of
experimental verification of these ideas.

The Schoenberg-Sen model is discussed in detail in Section 8.5.1. The primary
observation of this model is that, for a periodic layered acoustic medium, the low-
frequency effective response of the medium is indistinguishable for a homogeneous
medium with a scalar bulk modulus and a transversely isotropic density. The effective
bulk modulus (x°) and the effective density p°' for such a layered medium are given
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by
SIS | PR h W=y
"= and p%' = wit X) = X
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where x; is the value of the quantity x in layer j and the volume fraction occupied by
layer j in a period containing N layers is f;.

Structures made of layered fluids can be difficult to manufacture, even when the
layers are separated by thin membranes similar to biological cell walls.** Recently,
Mei et al. (2006) and Torrent and Sanchez-Dehesa (2008b) have shown that we need
not limit ourselves to layered media. They show, using multiple scattering calcula-
tions, that periodic structures can also be designed to exhibit anisotropic density in
the low-frequency limit.

In the approach taken by Torrent and Sdnchez-Dehesa (2008b), the medium is
taken to consist of a periodic array of isotropic circular cylinders embedded in an
isotropic fluid. The circular cylinders can be rigid or elastic. The effective acoustic
medium is assumed to be governed by the acoustic equations:

Pt Vp+v=0 and V-v4+ky,ip=0.

Taking the divergence of the first equation, and plugging in the time derivative of the
second equation into the result, gives

Pt V(Vp)—x,ip=0.

If we look for time harmonic plane wave solutions of the form p(x,#) = pexp[i(k -
X — 0t)] we have
o3t (kek) Pl =0.

If k = ||k|| k we can write

KenPot (koK) =?/[[k|? = |(Cer)’: (koK) =c?

where Ce is the effective sound speed tensor and we have used ®/ || k|| = ¢ with ¢
being the phase speed. The above relation is matched with solutions derived using
multiple scattering to determine the effective anisotropic density tensor. The bulk
modulus can be calculated using Hashin’s relation (7.24) (p. 262) discussed in Sec-
tion 7.2.2.

**The effective density of such a fluid-membrane structure has not been calculated yet.
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5.6 Willis materials in elastodynamics

Many of the ideas discussed so far can be interpreted as special cases of a general the-
ory for the dynamics of elastic composites developed in the early 1980s in a series of
papers by Willis (Willis, 1980, 1981a,b). A summary was provided in 1997 (Willis,
1997) and further developments and implications for metamaterials were presented
in Milton and Willis (2007). These developments have led to the Willis equations
discussed in this section. These equations hint at some unusual dynamic properties
of certain classes of composite materials which we call Willis materials.

5.6.1 Ensemble averaging

At present, the Willis equations depend crucially on the assumption that an ensemble
average is a good descriptor of behavior of individual realizations of the microstruc-
ture of a medium. Before we proceed to describe the Willis equations, let us distin-
guish between ensemble averaging and volume averaging.

Consider a property ¢(x,¢) that varies within a body and is a function of space (x)
and time (r). We will avoid any time averages at this point and concentrate on spatial
averages. The volume average of the property ¢ is defined as

1
<¢(l vol = hm Zq) xta V/Q(Mx?t)dv

where V is the volume of the body and N is the number of points in the body. In this
case the sum is over all points in the body and such an average is quite convenient
if the geometry of the body is known. For bodies which have a microstructure that
may not be known exactly, but for which some microstructural statistics are known,
an ensemble average is often more convenient. The ensemble average of ¢ is defined
as
o0 = fim -3 o) = [ a(xia)dlp(a]
In this case 7 is the number of times that the value of ¢ is sampled at the location x.
In the integral form, A4 is the sample space of possible realizations, o is a parameter
such that o € 4, and p(a) is the probability of realizing o. For an ergodic ensemble
we get the surprising result that the volume and ensemble averages are identical.
See Zohdi and Wriggers (2008) for further discussion of these ideas in the context
of micromechanics. Another good resource is Kleinstreuer (2003) (in the context of
two-phase flows).
Some examples of ensembles are:

e Periodic media with a period & where the fields are not necessarily periodic
(see Figure 5.23). The ensembles is the material and all translations of it. Of
course, a translation that is equal to the period gives back the same material.
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. . A different realization
Periodic Medium of the same medium
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FIGURE 5.23

An example of a periodic medium and its translated version.

FIGURE 5.24

An example of a medium that can be described by a statistical process.

e Media generated by some translation invariant statistical process. This means
that a particular realization and its translations are equally likely to occur
(roughly speaking). An example is a medium generated by a Poisson process.
We can represent the ensemble by constructing a Voronoi tessellation and as-
signing constants to each cell at random (see Figure 5.24).

e Media generated by some statistical process where the statistics vary slowly
with position.

Properties of such media, if they are composed of m constituents, can be expressed
in terms of characteristic functions ) ; where

1 if x € constituent j for realization o
xj(x;o) = . .
0 otherwise
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Only one constituent is present at each point, hence

s

xj(xo)=1.

j=1

Because of the above property, the probability of finding constituent j at point x (for
all realizations) is

pilx) = [ 2000 dlp(e)] = (1;09)

where, in accordance with linear elasticity, we have assumed that x is the position in
the reference configuration of the body. For ensembles that are translation invariant
(or for those in which the statistics vary sufficiently slowly), p j(x) = pj, i.e,, the
dependence on x is lost and p; = f;, where f; is the volume fraction of phase j.

With the above definitions we can proceed to find ensemble averages of quantities
that are of interest in elastodynamics. Thus, the stiffness tensor of an m-component
composite, with homogeneous individual phases, is given by

Cix;a)= ) xj(x;a)C;

™=

1

J

where C; is the stiffness tensor of the j-th phase. The ensemble averaged stiffness
tensor in this case is

() = <i%f<x;°°>> Ci— ilp,(x)c,- .

Similarly, if the displacement field is u(x,#; o), the ensemble average at a location x
at time ¢ is defined via

pi¥) ulx,0); = [ (X ulx.r:a) dip(oo).

We will have more to say about the ensemble averaged displacement later.

5.6.2 The Willis equations

Recall that the equations governing the balance of momentum of a linear elastic body
are

0
V.o+f=p where p:= a—]; (5.72)
and o is the Cauchy stress, f is the body force, and p is the momentum. We assume
that the body force is independent of the realization. The microscopic constitutive
relations are assumed to be

t
c= / C(r—1):e(t)dt and p=pu where w:= du (5.73)

ot
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and C is the stiffness tensor, € is the strain tensor, p is the mass density, and u is the
displacement vector. Note that the spatial dependence on x is implicit in the above
equations. We will simplify the notation in the following discussion by defining

t
Cxe= / Clt—7): e(t) dr.
In particular, the convolutions of tensors of equal order are defined as
t t
axb :/ a(t—1)-b(t)drt; A*B:/ A(t—1):B(t) dt

where a, b are vectors and A, B are second-order tensors.
By ensemble averaging (5.72) we get
V-(o)+f=(p). (5.74)
Recall that in linear elasticity the strain-displacement relation is
g=1 [Vu+ (Vu)’] (5.75)
An ensemble average of the above equation gives
(€) =7 [V(w)+ (V)] (5.76)

However, we cannot ensemble average (5.73) since a product of averages is not in
the general equation for the average of the product, i.e.,

(6) #(C)x(e) and (p)# (p) (W) .

We therefore need some effective constitutive relation. These are the Willis equations
and can be written as

(6) = Cefi % (€) + Sefr+ (1)
(P) = Sigp* (€) +Pesr ()

where the operator * represents a convolution over time, i.e.,

(5.77)

C*EE/_t Clt—1):e(x) dr: S*ﬁz/_t S(t—7)-u(7) de

ST*SE[ St —1)-g(t) dr; p*ﬁz/j p(r—1)-u(t)dr.

These operators are non-local in time and, in general, also non-local in space. The
adjoint operator (represented by the superscript 1) is defined via

[ax(SigxA) dx= [ Ax(Surra) dx

for all vector fields a and second-order tensor fields A and at time 7. The coupling
terms Sefr and S éff are third-order tensors.
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5.6.3 Derivation of the Willis equations

Let us introduce a homogeneous reference medium with properties Cy and py. Let
us define polarization fields

S(x,1) :=[C(x,1) — Co] x&(x,1) = 6(x,1) — Co*&(X,1)

m(x,1) = [p(x,1) —pol u(x,1) = p(x.1) — po(x,1) . G
Then, dropping the explicit dependence on x and ¢ for convenience, we have
6=8+Cp*¢e and p=m-+pou. (5.79)
Taking the divergence of the first of equations (5.79), we get
V.6=V-§+V.(Cyxe). (5.80)
Also, taking the time derivative of the second of equations (5.79), we have
p=m-+pgi. (5.81)
Recall that the equation of motion is
V.o+f=p. (5.82)
Plugging (5.80) and (5.81) into (5.82), and rearranging, gives
V- (Coxe)+f+V-S—m=ppi. (5.83)

In the reference medium, § = 0 and m = 0. Let ug be the solution in the reference
medium in the presence of the body force f and with the same boundary conditions
and initial conditions as in the actual body. For example, if the actual body hasu — 0
ast — —oo, then ug — 0 as t — —oo in the reference medium. Then, in the reference
medium, we have

V- (Coxgp)+£f=ppiip where &) = %[Vuo + (Vuo)T] . (5.84)

If we want our effective stress-strain relations to be independent of the body force f,
all we have to do is subtract (5.84) from (5.83) to get

V- [Cox(e—&9)]+V-S—m=pg[iL—iig] .

or,

|~V (Cox€) +poii =h| (5.85)

where we have defined
ui=u-uy; €:=4Vu+(Vu) |=e-g; h:=V.S—m.
If we assume that h is independent of u’, then (5.85) can be written as

Lu =h (5.86)
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where L is a linear operator. The solution of this equation is
u' =Gxh (5.87)

where G is the Green’s function associated with the operator £. Plugging back our
definitions of u’ and h, we get the solution

u=up+G*(V-S—1h) =+ G(V-S)— G+ | (5.88)

Plugging the solution (5.88) into the strain-displacement relation (5.75) gives

=€)+ 1V[Gx(V-8)]+ 1 [V{Gx(V-8$)}]" (5.89)
~1v(Gxm) -1 [V(Gxm)]" .
Define the fourth-order tensor S, and the third-order tensor M , via
S, xS=—1 {V[Gx(V-8)]+[V[G*(V-85)]]"}
Mxm=1 {V(Gxm)+ 1 [V(Gxm)]"} .

Then we can write (5.89) as

le=g)—S, xS~ M, xm | (5.90)

Also, taking the time derivative of (5.88), we get

1= d Gx(V-S§ d Gxn 591

u—uo+E[ * (V- )]—E[ *1m] . (5.91)
Define the third-order tensor S; and the second-order tensor M, via

d
S xS = —E[G*(VS)]
d .
M, xm= E[G*m] .

Then we can write (5.91) as

[a=19—5,«S—M,xm | (5.92)

Willis (1981b) has shown that S, and M, are formal adjoints, i.e., §; = .‘MI, in the
sense that

/m*(.S,*S) dx:/S*(fo*m) dx VYm,S,t.

If we eliminate € and u from equations (5.78) using (5.90) and (5.92), we get

(C—Co)il*S+Sx*S+Mx*m=£o

— o)l . (5.93)
(P—po) M+S5*S+M,xm=muy.
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Also, ensemble averaging equations (5.90) and (5.92), we have

(&) =80 — Sy *(S) — M, x (m)

() =1p— S, *(S) — M; x (m) . (54
From (5.93) and (5.94), eliminating &y and 1g, we get
(C—Co) ' %8+S,%(S—(8)) + M, x(m— (m)) = (€) (5.95)
(P—po) ' m+8;%(8S—(S))+M;*(m— (m)) = (a) .

Equations (5.95) are linear in § and m. Therefore, formally these equations have the

form™™
S
[m} — T [éﬁq . (5.96)
From the definition of S and m, taking the ensemble average gives us
(8) = (6) =Co*(g) ; (m)=(p)—po (). (5.97)
Also, from (5.96), taking the ensemble average leads to
)] _ oy, [®
) =+ [(8]
Plugging in the relations (5.97) in these equations gives us
(0) ~Cox(&)] _ 1, [(8)
) = @)]
or
©] _m. [®].[C 0], [@®
ool = @]+ (% o] )
(0)]  [Cett Sett . (€)
{<P>} - [Sfo peff] {«‘J . 59%)

These are the Willis equations.

5.6.4 Extension to composites with voids

Sometimes the quantity (u) is not an appropriate macroscopic variable. For example,
in materials with voids the displacement (and therefore the velocity) is undefined
inside the voids. Even if the voids are filled with an elastic material with modulus
tending to zero, the value of (u) will depend on the way this limit is taken. Also,
for materials such as the rigid matrix filled with rubber and lead (see Figure 5.25), it
makes senses to average u only over the deformable material phase.

" That such an argument can be made has been rigorously shown for low-contrast media but not for
high-contrast media. Hence, these ideas work for composites that are close to homogeneous.
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Rubber
Lead

FIGURE 5.25

A composite consisting of a rigid matrix and deformable phases.

Therefore it makes sense to look for equations for (u,,) where
u,(x,1) = w(x) u(x,1) (5.99)

where w(x) is a weight which could be zero in the region where there are voids.
Also, the weights could vary from realization to realization. Also, if we have u we
can recover u by integrating over time, i.e.,

u(t) = /_;u(z) dr = /:QW(t—’c) a(t) de

where

1 f 0
W(v): or v> .
0 for v<O

Hence we can write
u=Wxu. (5.100)

So, from the definitions of § and m and using the relation (5.100), we have

S B

From the Willis equations (5.96) we have
[S} =T % [<8>} .
m ()

[fl] - {(C_(?O)l W*(ngo)_l} *T*[@J : (5.101)

Therefore,
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Now, if the weighted strain is defined as
g, =1 [Vu, +(Vu,)"]
then, taking the ensemble average, we have
(&) = % ([Vu,+ (Vu,)]) .
Using equation (5.99) we can show that
(&)= (We)+ 1 (Vwou+ua Vw) . (5.102)

Using (5.101) we can express (5.102) in terms of (€) and u, and hence also in terms
of u,,. After some algebra (see Milton and Willis (2007) for details), we can show

that
o)) =G

where R,, = 1 when w(x) = 1. Taking the inverse, we can express the Willis equations
(5.98) in terms of (g,,) and (u,,) as

o= om0

o] = (28 vk« o]

These equations have the same form as the Willis equations. However, Dl # (S ;fo)T.
We now have a means of using the Willis equations even in the case where there are
voids.

or

5.6.5 Willis equations for electromagnetism

For electromagnetism, we can use similar arguments to obtain
(D) = &t x (E) + Olegr * (B)
(H) = ey * (E) + (Mepr) ' % (B)

where O is a coupling term. In particular, if the fields are time harmonic with non-
local operators being approximated by local ones, then

(5) e (8) 2 (1)
(5) = (8) - ().

If the operators are local, then €egr, Aefr, Mo Will just be matrices that depend on
the frequency ®. A medium that has these properties is called bi-anisotropic. If the
composite material is isotropic, then

€eff = €eff 15 Aefr = Aefr 15 Mogp = Mefr 1 .
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Under reflection, <ﬁ> reflects like a normal vector. However, <ﬁ reflects like an

axial vector (i.e., it changes direction). Hence Aegr would have to change sign under
a reflection. Therefore, with A.s fixed, the constitutive relations are not invariant
with respect to reflections! This means that if Aegr 7 O the medium has a certain
handedness and is called a chiral medium.

5.7 A Milton-Willis model material

Milton has devised a number of microstructures that exhibited coupling between the
stress and the momentum and, in some cases, an unsymmetric stress (Milton, 2007).
These microstructures do not require the assumption of ensemble averaging that the
original Willis equations require. We discuss one of these microstructures in this
section.

Consider the two-dimensional spring-mass model shown in Figure 5.26. This is a
unit cell in an infinite network of springs and masses. The springs have stiffnesses
hk where 2h is the length of a diagonal of the unit cell. The spring stiffnesses are
scaled by & so that they have the correct behavior as 4 — 0. The masses ms and mg
are connected to nodes 2 and 4 by rigid bars.

Let us first find the equation of motion of the model. To do that it is convenient
to focus on a particular node and take advantage of the periodicity of the structure.
Let us choose node 4 as the point of interest. Figure 5.27 shows the nodes required

?ez

FIGURE 5.26

A unit cell (left) of a two-dimensional Milton-Willis spring-mass network (right).
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3

10 5

FIGURE 5.27

Elements needed to find equation of motion of spring model with rigid bars.

to find the equation of motion. The origin is chosen to be at node 4.

Equation of motion

The Lagrangian for the spring-mass system around node 4 can be written as

£ = = [l = sl +ffuz = s+ [fus = wa
oty = g + g — g |2+ o — ] (5.103)

50 . . . mer, . . . .
= s =] fno — il = 5 [fltg — a1y — i
where u; is the displacement of node i. We will express the Lagrangian in terms of
the displacement at node 4 by taking advantage of the rigid rods and the periodicity
of the structure. The coordinates of the points 2, 5, 6, 9, 10, and 11 are
Xy =—2hey; xs =—che;—(1+d)hey; x¢=che;—(1—d)hey
X9 =2hey; Xj90=—che|+ (1 —d)hez 5 X11 =che; + (1 +d)he2 .

The lengths of the rigid bars are
h=|xs—x4f =[x6 =%z ; L= |[xs—x = [|x6 — x4

where we have used the fact that x, = —X9, X;0 = —Xg, and X;; = —X5. Because the
bars are rigid, their lengths must remain constant during any deformation. Consider
the bars connecting nodes 4 — 5 — 2. After deformation, the new positions of the
nodes are x, = X4 + u4, X5 = X5 +us and X, = x» + uy. Since the lengths of the bar
remain constant, we must have

I =[x =% = (x5 = x4) + (us — )|

b= ||xs — %] = || (x5 —x2) + (us — wa)]| -
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For small displacements we can ignore quadratic displacement terms, and we are left
with

= \/(X5—X4)-(X5—X4)+(U5—114)-(X5—X4)
h=1/(xs—x2) - (xs —x2) + (us —u2) - (x5 = x2) .

This implies that (us —uy4) -xs =0 and (us —uz) - (x5 —X2) = 0. Similarly, we can
show that (116 — U4) -xg =0, (u6 — uz) . (X6 — X2) =0, (1110 — 114) -Xg =0, (um —
u)-(xg—x2) =0, (uj; —ug)-xs =0, and (u;; —ug) - (xs —x2) = 0. Solving for us,
ug, ujg, and uyp in terms of uy, uy, and ug, we get relations of the form (in matrix
notation)

L fe(1+d) —(1—d?) c(1—a) (1—d?)
Qs_% -2 c(1-d) ¢ c(ler)}

We can express these relations in direct notation as

us=Bi-w+Br-us; ug=Br - uy+B;-uy (5.104)
up=B1-ws+Br-ug; uyy =Br-us+By-ug. '

The periodicity of the unit cell indicates that we can use Bloch-Floquet theory to
relate the displacements at certain nodes for plane-wave propagation through the
structure. Without going into specifics at this stage, let us assume that

u =Ajus; up =Axuy; uz =Azuy
O i O (5.105)
W =A; ug; ug=A; ug; ww=4, wy

where A; is a constant that depends on the location of node j. Plugging equations
(5.104) and (5.105) into (5.103) gives

fhk —1 -1 -1 2
ij(A1+A1 +Ar+Ay + A3+ A —6) [|ug]"+

m
775{|\(A2B1+8271)~u4\|2+||(A2‘182+B171)-1'14“2}
m
—76[|‘(A232+B] —1)-(14“24-”(142_181 +Bz—1)-l’l4H2} .
In abbreviated form,
ko ms L2 . 2] Me L2 L2
£ = o |* = S [1By -l 1By a1 = 57118 -l 1By -]

(5.106)
The Euler-Lagrange equations for the system are given by

9L _d oLy _,
ouy dt \ duy -
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Plugging (5.106) into the Euler-Lagrange equations leads to**

ko + {ms (51T B, +B; - Bz) +me (BsT By +B; - 54)} iy =0.|  (5.107)

This is the equation of motion of the system. For time harmonic uy4, using the stan-
dard approach, we get

kot = {ms (BT -B, +BF B, ) +m (BT -Bs+BF By ) }| -we = 0.

This is an eigenvalue problem and a solution exists if

det [ka1 — o {ms (BT -B, + B} B, ) +mq (B} -Bs+ B -By) }| =0. (5.108)

For plane waves, the above is a dispersion relation.

Forces

Let us now look at the forces in the system. For time harmonic motions, using
(5.104), the inertial forces at nodes 5, 6, 10, and 11 are given by

fs = —msw’(Bi-wy+By-wg) ; fo = —meo’(By-uy+ By -uy) (5.109)
fio = —ms@’(B1 vy + By uo) 5 i1 =—mew’(By-ug+Byowo).

These inertial forces will generate loads at node 4 which will need to be balanced.
The components of the forces at nodes 5, 6, 10, and 11 along the bars are

fs =fso+1s54; fo="fso+f6a; f10="Fioa+fi00; f11=F114+f110.

Since the resolved components of force are aligned along the bars we have f;.; =
o j (x i —X;) where o;.; are scaling factors. Using (5.109) and the above relations
we can solve for o;; in terms of the displacements. Ignoring the springs for now, the
forces f5 and fg will be balanced by fjy and f;;. Hence we only need to know the
factors Ots.4 and Og.4,

m 2

a5;474z§; {(chrdzl)[—c (1—d)]%—{c2+(1—d)2}[c (1+d)]gj
m 2

doa = 4 |-@+ - 1)fe (+ay~{E+A+aP} e -y

In direct notation,
o’ o’

m,
Os5.4 = _m(clcl ‘W +Cocr-u4) 5 Olga = _giTh(C'CZ ‘U +C3¢1 - u4).

#Note that 3
E» (AkeueAmttm) = AreAin (m O + uedmi) = 2AkiAju; .

i
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The inertial force at node 4 for a unit cell is
firertial — £o )+ foy = —Ols.aXs — Ole:aXe -

We can use the periodicity of the structure to express the forces in term of uy. Using
the relation up = A,u4 we can write

m50)2

5.4 = _m(A2C1CI +Cacr) - uy
m6(,02

Og:4 = —W(QQ +AxCic2) - uy.

Therefore the inertial force can be expressed as

m5(x)2
4c2h
2

1+ O (Caxe @ 1 + A2Ci X6 €2)
2] 3 X6 X C1 201X C2)-Uyg.

ﬂnertial _ (A2Cix5®@¢1 +Crxs®¢2) - Uy

(5.110)

Let us now look at the elastic forces at node 4 due to the springs. Once again, we con-
centrate on the contribution from the unit cell. For equilibrium at node 4, the inertial
forces must be balanced by the forces in the springs. For the model in Figure 5.27
we have

£5°59 = hk Dyy - (us — 1) + hk Dyp - (ug —uz) + hk Dys - (s — u13)

where the transformation D;; is needed to orient the forces and the displacements
along the springs and has the form (in matrix notation)

[ cos?6;;  cos®;;sin®;;
=ij cos 0;;sin6;; sinzeij

where 9;; is the angle made by the line from point i to point j with the ej-axis. We
also have Dy; + D43 = 1. Using these relations and the periodicity conditions that we
had introduced earlier, we get

felastic — _pr[(1—A3)1+ (A3 —A)Dy1 + (1 —A2)Dys] - uy. (5.111)

Bloch wave solutions

Earlier we had proposed that we could take advantage of the periodicity of the struc-
ture to express the displacements in the form

u =Aw; w=Au; u3=Azuy

-1 . —1 . —1
w=A; ug; ug=A] uy; ug=A4, uy.
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FIGURE 5.28

Lattice vectors for the unit cell of the Milton-Willis model.

Bloch-Floquet theory indicates that, for an infinite periodic structure, we can look
for quasi-periodic Bloch wave solutions of the form

w;(X) = uy T
where k is a plane-wave wave vector, and r is a lattice parameter. We will say more
about Bloch waves in Chapter 7.

Let the lattice vectors of the model be a; (oriented from node 1 to node 2) and a,
(oriented from node 1 to node 4) as shown in Figure 5.28. Then we have

7ik-a2 — ik~(a17a2) k»al —

uy =uy e A|u4; U =uy e :A2u4; u3=u4ei A3u4.
(5.112)
We can see from the geometry of the structure that the expressions for uz, ug, and
ug in terms of us must also hold and hence the relations in equations (5.110) and
(5.111) must hold under Bloch wave conditions. For our choice of basis (e, e;) and
origin in this problem we have x; = —he| — he;. Recalling that x, = —2he;, we can

express the lattice vectors of the unit cell as
aj=xp—Xx; =he;—he; and a)=x4—x| =he;+he,.
If the wave vector k = ke + kre,, we have

A] — e—ik-az — e—ih(k1+k2) : A2 :e—ik(al—az) — eihkz : A3 — e—ik-al — e—ih(k]—kz) )

We can use these factors to solve the equation of motion and find the inertial and
elastic forces for particular choices of the wave vector k.

A simpler model

Let us now consider the situation (Milton, 2007) where ms = hm, mg = —hm + Sh2,
and d = 0. The quantity 8 is possibly complex with a non-negative imaginary part.



Acoustic and Elastodynamic Metamaterials 203

LT e —1 Ic1
B =— ; B =— .
=1 2c [—02 c } =2 2c Lz c}
Using the above and the expressions for A; from the previous section in the dispersion
relations (5.108) gives

In that case

—2k[~3+ {1 +2cos(hky)} cos(hka)] [6k + 8h*@* — 2kcos{h(ky — k2)}
—2(k + 8h*@?) cos(hka) + 8h*@* cos(2hky) — 2kcos{h(ki +k2)}]| = 0.

Notice that if 8 = 0 the two masses cancel each other and the dispersion relation is
degenerate. The inertial force for this situation has the form

o @*h .
ﬂ‘ncrtlal :Tc {—66/1{(1 —|—C2) + (1 —Cz)e’hkz}lmx
+{(14+6) (S —2m) — (1= ) (Bh —2m)e™ fuy) | e

2

h .
+ % [{c(l +¢2)(8h —2m) +c(1 — ¢*)(8h — 2m)e™™> } s

+M{4Lm%+u—&w%}m4g
where we have used ug = us e + usyes. A force titerial = finertial /() peeds to act

on node 4 to balance the inertial forces. Dividing the above expression by 24 and
taking the limit as 72 — O (the continuum limit) gives us the traction,

2
N moy u
t:‘_nertlal = —T (Cu4yEI + j‘Xe2> . (51 13)

This expression differs by a factor of 1/2 from that derived using a simpler approach
by Milton (2007). Similarly, using

D41 =D = |:1/2 1/2:| and D42 EQ = |:O 0:|
= (01

| 1/2 1/2

we can express the elastic force due to the springs at node 4 as
folastic —pj [{1 — e K1 cos(hky) Yugy + {1 — R cos(hkz)}my} el

+ hk {(l — e ™ cos(hky) Yuay + {2 — €2 — ek cos(hkz)}ué;y} e.

The traction at node 4 due to these elastic forces, f31¢ /(2h), goes to zero as h — 0.

Momentum and stress

To find the momentum density and inertial and elastic stress-strain relations it is
convenient to follow Milton (2007) and express the displacements at the nodes to
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first order in / in terms of the displacement, u(xg), at the center of the unit cell (xo)
as

u=u(xg)—hq; w=ux)—hw; uwus=u(x)+hq; w=u(xg)+hw
(5.114)
where

T B L and we lim M2 _. ou
= 20 T om T2

X=Xq

X=X

In the above u(x) is a sufficiently smooth displacement field that can represent the
displacements in the unit cell.
The momentum density in the unit cell for time harmonic motions is
1 ) ) i
pP= ﬁ(—zmm5u5 — lCOm(,ll()) = —W[l’l’g(AzB] +B2) ‘U4 —|—m(,(Asz +Bl) '114] .

For the simple model from the previous section,

o . .

p= 4:? [c(e’hk2 + 1)8hugy + (¢™™2 —1)(8h— Zm)u4y} e
107 ik ihk

—|—ﬂ[c(6 2—1)(8h—2m)ugy + (e 2—|—1)5hu4y} e.

In the limit 7 — 0 we have us — u(Xo) and we can write the momentum density as

i® ) 5 ) )
p= % (cd uy —ikom up) ey + ¢~ | —ikom M1+;M2 e (5.115)

where we have used uy — u(xg) = uje; + upe,. At this stage it is worth recalling
that the displacement field has been assumed to be plane harmonic in the preceding
discussion, i.e., u(x,7) = u exp|i(k - x — @r)]. Therefore,

i(k-x—or) i(k-x—ot)

upp = ikouy e and uxp = ikolize

and we can write equation (5.115) as

o )
p= Zic l(cﬁ uy—m u272) e +62 (—m upp+ E u2>] er.

Using the relation v = —iu between velocity and displacement, we can write the
above equation in the form

1 im 1
pzi —Tuzﬁz—avl e1+§(—1m0)cu172—8v2)e2. (5.116)
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In matrix form,

ui 1

ui2

] [0 0 0—imwc' =3 0] |uz,
E“[ ] - L)—hnmco 0 0 =8| |u
Vi

2

(5.117)

Let us now examine the Cauchy stress in the system in the continuum limit, 2 — 0.
The total homogeneous stress in a unit cell is the superposition of the elastic compo-
nent (6%, due to the springs) and the inertial component (67, due to the masses) and
is given by

c=of 106

Recall that the inertial component of the traction at node 4 is given by equation
(5.113). There is an equal and opposite traction at node 2, and nodes 1 and 3 do
not have any inertial traction components. Let us define the effective stress in terms
of the boundary tractions using the relation t = n - 6, where n is the normal to the
boundary. Then,

t=(n1011 +n2021)e; + (11612 +n262)es.

Atnode 4,n; =0and n, = 1. Hence t4 = G31e1 + Gx2e2 = —t,. Similarly, at node 3,
n; = 1 and np = 0 which implies that t; = 611e; + G12e; = —ty. From the expression
in equation (5.113) and noting that tg“em"‘l = tiznertial =0, we have 6111 =0, ('5112 =0,
oh, = —mo*cusy /2, and 65, = —m®*us,/(2c). In the limit of small &, ug — up =
u(xp) and the inertial component of stress is given by

1
l=g/ = - 0 0 ] (5.118)

(¢}
2 | —mw?c uy —mo? uy/c

where u(x) = u;(x)e; + ua(x)ez. We can express the above relation for the inertial
stress in the alternative form

(5111 0 0 0
o — (5{2 _ 1 0 - 1 0 0 V1
=" ol | T 2| —moicu ) 0 -
21 > iomc| (v
(552 —mo?c u; —iom ¢! 0
where vi = —iou; and vp = —iMuy.

Next, we need a relationship for the elastic part of the stress of the form
of =C: [Vu+ (Vu)].

To get this relation we can ignore the masses and the rigid bars and look only at the
spring network in our model. The relations between forces and displacements in the
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individual springs are

3! = hk(Dy1 -uy — Dy -uy) ; £ = hk(—Dy1 -uy + Dy -uy)
£33 = hk(Dp3 -uy — Doz -u3) ; f23 hk(—Ds3 -y + D)3 - u3)
1! = hk(Dyy -ug — Dyy -uy) 5 £} = hk(—Dyy -ug + Dy -uy)
3 = hk(Dyy-uy — Dy -u3) ; f42_hk( Dy -ug+ Dy - uz)
£ = hk(Dy3 -ug — Dy3 -u3) ; 3 = hk(—Dy3 -ug +Dy3 -u3).

Adding force contributions from each spring at each node gives

= hk[(D21 +Da41) -u; — Dy -uy — Dy - uy]

= hk[—Dj1 -u; + (D21 + D3+ Dap) -uy — D3 -uz — Dy - uy]

= hk[—D73 -uz + (D23 + Dy3) - u3 — D43 - uy]

= hk[—Dasj -u; — Day - up — D3 -uz + (Daj + Dag + Du3) - u4].

In terms of the expressions for the nodal displacements from equation (5.114) we

have
f, = —h2 [D21 . (q—W)+D41 (q+w)]

f, = h’k[(D21 — D23) - q— (D21 + Dy3 +2Ds2) - W]
3 =n? k[D43 (q—wW)+D3-(q+w)]
f4 = h*k (D41 — Da3) - q+ (D41 +2Dar + Da3) - W] .

From the geometry of the unit cell,

IT1 —1 1711
DZIZ[—] 1 :| and D232|:1 1:|
and we have already seen the matrix form of D4y, D4y, and D43. Using these we find

that )
f1 = —n*k[(q1 +w2)er + (g2 +wi)ex] = —f3

f, = —hzk[(qz —|—W])el + (CI1 +3W2)ez] = —f4.

If we express the components of q and w in terms of the smooth displacement field
u(x), we have

1 = —R*k[(ur 1 +uzn)er + (uzg +uin)er] = —f3
f, = —hzk[(u;l —&—um)el + (ul,l +3u272)e2] = —f4.

If we tile the plane with these unit cells, the only non-zero forces will be on the edges
where nodes are shared by two springs. Let us consider the edges of such a tile. If
there are n nodes along and edge, the line containing these nodes has length 2nh and
the total force is nfs (right side) and nf; (top side). The two-dimensional tractions
are given by

580 — £3/(2h) and €U = £, /(2h).
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If we assume that the stress in the unit cell is homogeneous in the limit 2 — 0, the
relation t =n-© gives us 6§, = (hk/2) (u11 +uz2), o5, = (hk/2) (uz1 +u12) = ok,
and o5, = (hk/2)(u1,1 +3uz2). In matrix notation,

hk [uy 1 +u ur1+u
E _ ~E 1,1 22 U] 1,2
6"=0"=—| " ’ ’ 5.119
= 2 |up+urp uy g +3up ( )
Alternatively, we can write the above equation as
Gfl 1001 Uil
E 61152 hk 0110 Ui
g = E = — ’
= 05 2 (0110 fuz
01252 1003 Uz
Therefore, the total stress (6 = 6! 4+ 6%) is
up1
o1 hk 0 0 hk 0 0 up o
c— o2 _1 0 hk hk O 0 0 Uz 1
=" |oy| 2|0 hkhk O 0 —iome | |uzp
02 hk 0 0 3hk —iomc™' 0 vy
V2
Combining the above relation with the momentum relation (5.117) gives us
011 hk 0 0 hk 0 0 Uil
021 0 hk  hk 0 0 —iomc U2
ci2| _ l 0 hk hk 0 0 0 u |
on| 2|k 0 0 3k —iome' 0 | |uwn (5.120)
P1 0 0 0 —imoc! =3 0 Vi
D2 0 —imwc 0 0 0 ) V)

Note that we have switched the rows corresponding to 617 and G>; in the above
equation to bring out the symmetries that we seek. Also note that we have retained
the spring stiffnesses in the above equation because though 4 — 0, hk is never equal
to zero for composites of this nature. The above equation can be written in compact

form as
o Ccs
Pl (s e |y

These are similar to the Willis equations. However, the additional momentum terms
that contribute to the stress make the stress unsymmetric. Milton has proposed a
microstructure that has the characteristics of the Milton model. The physical realiza-
tion of such a composite and a more rigorous justification of the approach are open
questions.

< liew
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5.8 Extremal materials

In this section we will discuss the class of extremal materials introduced by Milton
and Cherkaev (1995) in the context of linear elasticity. Though these extremal ma-
terials are not strictly metamaterials, in the sense that resonances are not exploited,
they have potentially important applications in acoustic cloaking and in linear elastic
composite design in general. In fact, hierarchical laminates made of these materials
can be used to realize almost any positive definite fourth-order elastic stiffness tensor
C.* Alternative extremal material designs are discussed in Sigmund (2000).

The first extremal materials to be designed were materials with negative Poisson’s
ratio (also called auxetic materials) such as foams (Lakes, 1987) (v ~ —0.7), de-
signed structures that unfold when compressed (Larsen et al., 2002), or structures
that exhibit a negative Poisson’s ratio due to internal buckling (Bertoldi et al., 2010).
Milton (2002) found, surprisingly, that negative Poisson’s ratio materials could be
built using hierarchical lamination. Here, we focus on pentamode materials, compos-
ites which can behave like fluids (in the sense that they cannot support shear) even
though they have solid components. These materials can form the building blocks
of hierarchical laminates which can be used to realize a large range of composite
behaviors. Unfortunately, we are not aware of any experimental confirmation of the
properties of these proposed structures.

The starting point in the design of pentamode and other extremal materials of this
class is the assumption that we can find two isotropic materials; one perfectly rigid
and the other perfectly compliant. Since an isotropic elastic modulus can be char-
acterized by its bulk and shear moduli, we need one material with bulk modulus
K = K and shear modulus y = yji where \y — oo. This is the stiff material. The com-
pliant material has a bulk modulus ¥ = 8 and a shear modulus u = &g where 8 — 0.
In practice, one can only hope to find materials that approximate these requirements.
But the richness of the possible range of composite behaviors, even though imperfect
from the standpoint of theory, is worth exploring.

5.8.1 Pentamode materials

A rigorous definition of pentamode and other extremal materials of that class can be
found in Milton and Cherkaev (1995). We will instead work with the definition that
these are composites for which the eigenvalues of the effective stiffness tensor (C)
are either very large or very small. Of course, the same composite can have some
eigenvalues that are very large and others that are very small. Detailed discussions
of the eigenvalues and the associated spectral decomposition of fourth-order tensors
can be found in Itskov (2000) and Moakher (2008) and the references cited there.

*A brief description of hierarchical laminates is given in Section 8.6.5 (p. 331).
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The eigenvalues of a fourth-order tensor C can be found by solving the eigenvalue
problem
C:N=)N

where N is a second-order tensor. For a general fourth-order tensor we can find nine
eigenvalues and nine principal invariants. For a symmetric fourth-order tensor such
as the stiffness tensor of elasticity, the number of eigenvalues reduces to six, which
means that at least three eigenvalues and three invariants are zero. Important invari-
ants of a fourth-order tensor are its trace and its determinant which are defined as

tr(C) = i A; and det(C)= H?»j.
j=1

j=1

The spectral decomposition of C is’
6
C=) AN;®N; with |[N;||=1.
j=1

The eigenvalues in the above decomposition are also called the Kelvin moduli. The
positive definiteness of C implies that A; > 0. Special treatment is needed when the
eigenvalues are not distinct and the spectral decomposition may not be convenient in
those situations.

Any n-dimensional symmetric fourth-order tensor can also be viewed as a %n(n +
1)-dimensional second-order tensor. This leads to the Voigt notation representation
of the stress-strain relations for a linear elastic material:

(9 Ciiii Ciiza Ciizs V2C1123 V2C113 V2Cinn €11

022 Cax Caozz V2C203 V2C013 V2Ca012 €22

G33 | _ C3333 V2C3323 V2C3313 V2C3312 €33
\/5(523 o 2C303  2Cr313  2Cx312 \5823
V2013 symm. 2C;313 201312 | | V2813
V2612 2Co12 | [V2e12

In compact form
c=Ce.

We can use the eigen decomposition theorem to write

C=VAV"'

where A is a diagonal matrix whose diagonal elements are the eigenvalues A; of C,

and V is the matrix whose ¢-th column is the eigenvector n’ that corresponds to the

In a Cartesian basis the tensor product ® of two second-order tensors has the form A ® B = A; iBrie; ®
e; ® ey ®ey. The inner product of two second-order tensors is given by A : B = A;;B;;. The norm of the
tensor N is [|[N|| = VN : N.
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eigenvalue Ay. Since C is symmetric and positive definite, we have !71 = !T and
A¢ > 0. Let Q be the orthogonalized form of V. Then,

=QAQ".

Notice that, in general, the stress-strain relation can be expressed as

=(QAQ")Ee = Q'oc=AQ'e) = o=A:t.

For an isotropic material, the matrix ;Q has the form

K—|—%,UK—%/JK—§/JO 00
K+§,u1<f§,u0 00
= 2u0 0
symm. 2u 0
2u
The eigen decomposition of C then has the form
(1 /2 | L L L oooo
V3 0 000][3c00000]|VE V3 V3
1 1 1 2 _ 1 1
_ L -1 L pgo00 0 02«0 00 O—LLOOO
C=|B"V ¥~ 0002000 V2 V2 :
0 0 0 100 000 020 0 0 0 100
0 0 0 010, g, [0 0 0010
(0 0 0 001 1o o o0 oo01]

The A matrices for stiff and soft isotropic materials can then be expressed in the form

r800000
60000
06000
00600
00030
000039

[\S]ION)
=,
<
cococoo<€ o
coco o€ oo
ocoo€ oo o

stiff soft __
A = and A" =

coococo
o€ cocoo
€ ococococo
coc oo o™

where r := K/u > 0. Extremally stiff isotropic materials are those where Yy — oo
while r is fixed. On the other hand, extremally soft isotropic materials are those for
which 8 — 0 while r is fixed. A large class of composite materials can be obtained
by mixing only these two soft and stiff isotropic phases.
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For anisotropic materials, we get more complicated expressions for the eigenval-
ues of C. However, the general form is

A 00000
0A% 0000
A_|0 0% 000
271000Mm00
000O0RMAO
0000 0 A

Extremal anisotropic composite materials are those where the As are either ex-
tremally stiff or extremally soft. A pentamode material is one for which A, is large
while the other values of A, j =2...6 are small. In that case the stress-strain relation
can be written in matrix form as

()] WOOOOO €1
7 080000] |&
83 008000 €3
Oy 000800 €4
85 0000860 €5
86 00000d €6

)
Q

Therefore, there are five strains for which the material is compliant and one for which
the material is stiff. These five strains are called the “easy strains” and since there are
five easy strains the material is called pentamode. A unimodal material, in contrast,
will have only one easy strain. Clearly, the stress field in a pentamode material is
dominated by the single mode in which the material remains stiff. This stress is
called the “supporting stress.”

For the special case where the five easy modes correspond to the shear moduli and
the stiff mode corresponds to the bulk modulus, we get a pentamode material that
behaves like a fluid. Then the stiffness matrix can be expressed as

01, 011021 01031 011041 C11Q51 Q11061
01021 03 Q212Q31 021041 Q21051 021061
o T 01031 021031 037 031041 031051 931061
=QAQ =M 011041 021041 031041 03; 041051 041Q61 | (5-121)
011051 021051 031051 041051 03, 051061
011061 021061 031061 Q41061 051061 0%

o

In compact form,

o

=Mnn’ =:3xnn”

[}

where QT = [011 Q21 Q31 Q41 Os1 Q1] and we have identified the non-zero eigen-

value with a “bulk modulus,” ¥, in analogy with an isotropic material. Notice that the
vector N is an eigenvector of C. Also, since the trace of the matrix C is invariant, we

have

M =3K =tr(C) = Ci111 + Cazz + C3333 + 2Ca323 + 2C1313 + 2C1212 -
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Following Norris (2008), we can define a suitably normalized vector N0 to express [9]
as

where n'n=3. (5.122)

Therefore,
§:E8ﬁ:0ﬁ (5.123)

~T ~ . .
where € :=N" € and 6 := K¢. In direct tensor notation,

~

6=C:e=R(NoN):e=ReN=0N where N :N=u(N)=3 (5.124)

where € = N : £. Note that there is no unique inverse relation between € and 6 because
the tensor C is rank deficient. For the situation where Q41 = Qs; = Qg1 = 0, equation
(5.121) gives

0} 011021 011031000

011021 03, 021031000

C—n 011031 021031 @3, 000

= 0 0 0 000

0 0 0 000

0 0 0 000

This is an example on an orthotropic pentamode material with Cy323 = Ci313 =
Ci212 = 0. For a given strain g, the shear stress components in this case are zero.

Hence the 3 x 3 stress matrix must be diagonal in the chosen Cartesian coordinate
system, i.e.,

c 0 0 30
~ ~ 1 1
6=|00, 0|, K=1(Ci111+C22+C3333) and N=X 22Cj?jjjej®ej.
0 0 o3 J=1

A pentamode structure that meets these requirements in shown in Figure 5.29. How-
ever, the material may not be very stable unless there are additional stiffeners. A
more stable structure will have imperfect pentamode behavior. Details of the design
of similar structures can be found in Milton and Cherkaev (1995) and Milton (2002).

Using equation (5.124) as the basis, for an inhomogeneous pentamode material,
we have

C(x)=xk(x)Nx)®N(x) = o(x)=x(x)[N(x)N(x)]:€&(x)

where we have chosen not to normalize the tensor N. Since the components of the
strain tensor that are not oriented along the eigenvector Q do not have any effect on
the stress, we can write €(x) = €(x)N(x) where €(x) is a scalar function. Then we
have

6(x) = k(x)e(x) [N(x) @ N(x)] : N(x) = k(x)e(x)[N(x) : N(x)|N(x) =: 6(x)N(x).
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FIGURE 5.29

A pentamode structure containing stiff and compliant regions. The shaded regions are stiff
while the blank regions are compliant. The light gray lines show the boundaries of the unit
cell. This structure is based on an example in Milton and Cherkaev (1995).

If we define S := 6N, we observe that

K
C:KN®N=?S®S::KS®S - 6=K(S:€)S (5.125)

and
V.e=0 — |V.§=0] (5.126)

Equations (5.125) are a convenient form of the stiffness tensor of a pentamode mate-
rial and equation (5.126) provides a constraint on the values that the tensor can take.
Note that S is a symmetric second-order tensor. The “easy” strains in a pentamode
material can be identified using a spectral decomposition of S. Let

3
S=Y Ajs;@s; (5.127)
j=1

where A ; are the eigenvalues and s; are the corresponding orthonormal eigenvectors.
We assume that there are no repeated eigenvalues. The strain energy in a pentamode
material is given by

W=0c:£=K(S:¢€)>. (5.128)

The strain energy is zero for the five easy strains. Plugging in the spectral decom-
position for § into the expression for W and equating the result to zero gives us an
equation that can be used to determine the strains that are “easy.” Let us examine the
case of pure shear to see whether such strains are “easy.” In the basis (s, s2,53), pure
shear strains can be expressed in the form (see, for example, Ogden (1997))

e1? —y(s; @s,+5,®s1), €2 =v(s,0s3+83®87), €3V =7(s3®5] 45, ®s))
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where 7Y is the magnitude of the strain. If we plug these strains into (5.128) we see
that W = 0 because s; -s; = 0,i # j. Therefore, these shear strains are easy strains.
If we use the same approach for normal strains of the form

€=¢2151®81 +8&S)R8Sr+€353R83
we find two other independent easy strains (Norris, 2009) of the form
E=MA35 0S8 —AS3®s3 and €=2A1S) XSy —AS1 ®S].

All other easy strains are linear combinations of the above five easy strains.

Norris (2008, 2009) has discovered several relations pertaining to the static and
dynamic behavior of pentamode materials and the related acoustic metafluids. An
interesting feature of pentamode materials with V- § = 0 is that the traction-free
surface of such a material is not horizontal when it is at rest under gravity. To examine
the dynamic dynamic behavior of such materials let us define a pseudo-pressure, p,
such that

p:=—K(S:€)=—-K(§:Vu) = o=-pS (5.129)

where u is the displacement. Then, if v is the velocity, we have
p=—K(S:Vv). (5.130)

This equation is the pentamode equivalent of the pressure constitutive relation in
linear acoustics. The balance of momentum in the absence of body forces is given by

V.czp.v (5131)

where p is an anisotropic density. Taking the time derivative of (5.130), plugging the
result into (5.131), assuming that condition (5.126) holds, and noting that § is sym-
metric gives us the wave equation for the pseudo-pressure in pentamode materials:

KS:V[p~ ' (8-Vp)]—-p=0. (5.132)

For a plane harmonic wave displacement with amplitude U and wave vector k inci-
dent upon a pentamode material, we can show that (5.131) implies that

[KA—0’p]-u=0 where A:=(S-k)®(S k). (5.133)

Comparison with equation (2.2) shows that the quantity A is the acoustic tensor k -
C - k. Since C is rank 1, the tensor A must also be rank 1, i.e., only one of the three
solutions of the generalized eigenvalue problem in (5.133) is non-zero. Therefore,

o’ =Kp ':A=K(Kk-S)-(p7'-8-k)=K(k-S)-u.

Notice that the above is also an expression for the phase velocity (¢) in the pentamode
material because ¢ = ®/||k||. This implies that the slowness surface is an ellipsoid.
An excellent exploration of elastic waves in anisotropic solids can be found in Mus-
grave (1970) and we direct the interested reader to that book for further information
on waves in various types of anisotropic media.
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Exercises

Problem 5.1 Plot the effective mass and transmission loss for a bar of mass My = 2 kg with a
cavity containing a mass m; = 2 kg and two springs with k; = ky = 107 (1 +0.5{) N/m.
Compare the transmission loss with the mass law for the system. The impedance used
to calculate the mass law is Z =i @ (Mo +my).

What happens when the mass m in the system is also frequency dependent and has the

form

of my 2G
myp=my+-—5——; 0 :=1{/—
Wy — @ my
with m; = my = 1 kg and G = 10* N/m?

Problem 5.2 Consider the modified rigid bar with voids shown in the figure below.

F(t)

_@
_@
’_@

I—“ X(t) X
L coodoooe
| X(t) Rig/i d soid

Each ball is attached to the bar by a massless beam with a circular cross-section and
radius h. Calculate the effective dynamic mass of the system. Plot the effective mass as
a function of frequency. Are there regions where the effective mass is negative?

Hidden

Problem 5.3 Consider the model of an elastic bar containing hidden springs and masses. Plot
the effective mass of the bar as a function of frequency and compare the result to the
rigid case. Can you think of other representations of an elastic bar with hidden springs
and masses?

Extend the the model of the elastic bar containing springs and masses to two dimensions
and plot the effective mass of the system in polar coordinates as a function of angle.

Problem 5.4 Show that the effective Young’s modulus function in equation (5.65) is analytic
in the entire complex plane except for isolated singularities in the negative Im(w) part
of the plane. Draw a schematic of the locations of the singularities. Also show that
E(m) = E(—®) for this model, where () indicates the complex conjugate.

Problem 5.5 Examine the effective mass as a function of frequency when there is dissipa-
tion in the system. What is the predominant effect that you observe as the amount of
dissipation increases?

Problem 5.6 Starting from equation (5.22) show that
P(0) = M()- V(o)

where
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Problem 5.7 Starting from the relation

27
a:(1) = [ %) % dpe(.1)

show that the angular momentum of the ring in Figure 5.13 can be expressed in the

form
q:(1) = qo +Re(qre ™)
where
qo = —mr%mre3
and

N _Smr(z) 2iw, 0y B 2iw,Q, B
qr—27m+191+m7282

Problem 5.8 Using the Helmholtz model as an analogy, come up with another model system
that can have a negative effective elastic modulus.

Problem 5.9 Verify that the ensemble averaged equations (5.94) are correct, i.e., the quanti-
ties Cy, My, S, and M, can be taken outside the integrals during averaging.

Problem 5.10 Given what you know about the Willis equations, develop a simple model that
exhibits coupling between the elastic response and density.

Problem 5.11 Find the relation between the stress-momentum vector and the displacement
gradient-velocity vector for the Milton-Willis model for the case where ¢ = 1/2 and
d = 1/4. Comment on your findings.

Problem 5.12 Show that the wave equation for pentamode materials can be expressed as
KS:V[p~'.(S-Vp)-j=0.

For a plane harmonic wave with wave vector k incident upon a pentamode material,

show that )

[(S~k)®(S-k)}-u—%p-u:0.
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Transformation-based Methods and Cloaking

Facts which at first seem improbable will, even on scant explanation, drop the
cloak which has hidden them and stand forth in naked and simple beauty.

GALILEO GALILEI, Dialogues concerning two new sciences, 1638.

We are able to hear and see objects in our environment when these objects interact
with elastic, sound, and light waves. Even if our senses are not quite up to the task,
we have ultrasonic sensors or infrared sensors that can be used to identify objects.
Elastic waves are used routinely in seismic exploration and to determine whether
complicated machine parts are in working order. But our senses, natural or artificial,
can be tricked into making the wrong identification of an object because different
material properties in an object can lead to the same behavior at a detection point.

Cloaking is the latest of many attempts to hide an object from prying waves. Sev-
eral approaches can be used to cloak objects and coatings that reduce the radar cross-
section of fighter jets have been in use for many years. However, the choice of cloak-
ing material has always been difficult. A new approach for designing materials that
can cloak an object arose following a discovery by Greenleaf et al. in 2003 (Green-
leaf et al., 2003b).

The new idea was that certain singular spatial transformations, if chosen appro-
priately, could lead to cloaking for electrical conductivity. Leonhardt (Leonhardt,
2006b) and Pendry et al. (Pendry et al., 2006) soon showed that Greenleaf’s idea
could be applied to general electromagnetic fields by taking advantage of the invari-
ance of Maxwell’s electromagnetic wave equations under spatial transformations.
Acoustic cloaks were described in 2007 by Chen and Chan (Chen and Chan, 2007a)
and Cummer and Schurig (Cummer and Schurig, 2007).

The transformation-based cloaking idea provides a straightforward formula for
designing cloak materials. There is an extensive literature on the application of the
idea to electromagnetic problems and a growing literature on acoustic cloaking.

In this chapter we will explore the transformation-based approach to the design
of materials that can be used to guide waves around an object. The invariance of
Maxwell’s equations under coordinate transformations means that cloaks for elec-
tromagnetic waves can be designed quite readily. Experimental observation of elec-
tromagnetic cloaking effects have been observed both in two dimensions (see, for
example, Schurig et al. (2006a), Liu et al. (2009)) and in three dimensions (Ergin
et al., 2010).

217
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Acoustic cloaks can be designed either by analogy with TE-waves, the electrical
conductivity equations, or by direct manipulation of the acoustic wave equation. Iner-
tial cloaks have anisotropic density and isotropic bulk modulus. Such cloaks are lim-
ited by the requirement of infinite mass if the transformation is singular. Also, acous-
tic cloaking experiments are more difficult to design than electromagnetic cloaks be-
cause of the requirement of anisotropic density. Acoustic cloaking has been demon-
strated experimentally by Zhang et al. (2010) who showed that a layered structure
could cloak ultrasonic waves in water. Other experiments using pentamode materials
can be envisaged.

Elastodynamic cloaking is more difficult than electromagnetic or acoustic cloak-
ing because the governing equations change into the Willis equations under coordi-
nate transformations. However, the elastodynamic equations retain their form when
the reference material is a pentamode material. Transformation elastodynamics is an
active area of research and has the potential for a broad range of applications, not
limited to cloaking.

Instead of the passive cloaking methods discussed in this chapter we may also seek
to create active cloaking devices. The interested reader can find examples of active
cloaking in Miller (2006) for cloaking of the interior of a region and Vasquez et al.
(2009) for cloaking of part of the exterior of a region.

6.1 Transformations

Let us first examine the transformation of a vector u from an orthonormal basis (e;)
to another (e}) as shown in Figure 6.1. We want to find the relation between the
components of the vector in the two bases. The vector can be expressed as

_ o. — s X /' N\ — 4,/
u=uje; =ue; = uj(e;-ej) =u;.
If we define A;; := e} - e;, we can write

wp=Aijuj = uj=AG up= ALl = Ajju;. 6.1)
This is the coordinate transformation rule for vectors.

A second-order tensor maps a vector u to another vector v. Let us examine how
the components of such a tensor transform under change of basis. Let v=S-u. We
can write this relation in component form as

_ _ VAN l PN o
vie; = (S,'jei ® Ej) - (urer) = Sijuje; and vie; = (Sijei ® ej) . (ukek) = S,»juje,» .
Using the vector transformation rule (6.1) in the second of the above relations gives
us
/]

) /! T ./
Apvi = Sl/ul — ApSu; = Sijuj - AikSklAljuj = Sijuj .
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FIGURE 6.1

Components of a vector in two different Cartesian coordinate systems. The transformation
rule for vectors gives us a relation between these components.

Therefore the second-order tensor transformation rule is
T
Sl{j :A,-kSklA,j. (6.2)

Similar relations can be derived for higher-order tensors. What about curvilinear
coordinate systems?
Let us consider two curvilinear coordinate systems 6' and 8" which are related to
each other by
0=0706'6%06% and 6 =6(0"070"7).

The Jacobian matrix of the transformation and its inverse are

T X
i _ -1\
Fy= FTY and (F); 7
The natural basis vectors at the point x are (see Figure 6.2)
ox ,  Ox
8= M &= gg0

Therefore, the transformation rules for the basis vectors are

00/ ox 00"/ , 08/
8= 9 o0 p & M 8T gi8
A vector u can be expressed in these bases as
; . 00/
u=ilg =g =i
Therefore,
. .06/ - 00*
Mlgi'gk:u/ligj'gk — uk:u/l

ae/i
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FIGURE 6.2

Transformation between two sets of curvilinear coordinates for the same region.

Similarly, we can show that,

. 00'i o
i joY i
u'=u ae/.—F'/u . (6.3)
This is the transformation rule for vectors in curvilinear coordinates. For second-
order tensor fields, a similar process leads to the relation
00" 90’/ o
lij k _ k
SJ—WWS”—F",(F_JI,S”. (6.4)
Now consider the mapping shown in Figure 6.3. This mapping takes points X in the
region Q to points x in Q.. In elastodynamics, such a mapping is expressed in the
form x = % (X). The mapping is one to one and invertible except, possibly, for a small
number of points. If the points X are mapped to x by a linear transformation F, we
can write
x=F-X.

The quantity F is called the deformation gradient and, for sufficiently smooth trans-
formations, is given by

0x
= o = Vyx.
F aX XX

The Jacobian of the transformation X — x relates infinitesimal volume elements
in Q to volume elements in Q, and is written as

J:=detF == dQ, =JdQ.

*See Ogden (1997) for more details on such transformations in the context of nonlinear elasticity. Keep
in mind that in this section €, represents a configuration of the body and not the frequency.
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| [

FIGURE 6.3

Transformation from a reference to a deformed configuration.

In terms of components in rectangular Cartesian coordinates, we can write

ax i

xi =FyXy; EJ:TX,

=xig; J=eijpFiFpFs.

The special situation detF = 1 corresponds to volume preserving motions which
include shear and rigid body rotations and translations. If we also have FT = F~!
then motion is an orthogonal transformation and is usually written as Q. The form of
the transformation also suggests that such deformations may be treated in a manner
analogous to curvilinear deformations, i.e., equations (6.3) and (6.4) hold.

6.2 Cloaking of electrical conductivity

The problem of cloaking in electrical conductivity derives from the inverse problem
of trying to find the internal structure of a body using electrical impedance tomogra-
phy (Greenleaf et al., 2003a). One finds that the anisotropic conductivity of a medium
cannot be found uniquely from measurements of voltages and currents at the bound-
ary. This is because any smooth spatial transformation that changes the geometry of
the interior without changing the boundary cannot be distinguished from another that
similarly preserves the boundary. In this section we describe how such a transforma-
tion works.
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6.2.1 Coordinate transformation for electrical conductivity

Let us consider a mapping that takes a reference configuration of a body (X) to a
deformed configuration (x). The Jacobian of the transformation X — x is given by

Bxl-
J=det(F); F;; = — .
€ ( ) J axj
Recall from equation (1.108) (p. 42) that the power dissipated by an electrically
conducting body Q in the reference configuration can be expressed as

W(CID):/QVXQDE-VXQDdQ

where the electrical field is derived from the potential ® via E = —Vx ®, X is the
second-order electrical conductivity tensor, and Vx (e) denotes a gradient with re-
spect to the X-coordinates. In terms of components with respect to a rectangular

Cartesian basis,
od oD
WP)= [ =—— %;; — dQ.
(@) dX; 7 0X;
To get the expression for W in the deformation configuration we use the chain rule
and the relation dQ2, = JdQ to get

(P ()
W(q))_/gx <8xm axi) Zij (axj ax,> g

_ [ 90 90
W(q)) - o gm Gl aixl de

or

where

1 ox, ox; 1
O :7721"7:*,”,'2,“]7'.
VAP ) SR

Hence, in the transformed coordinates, the functional W (¢) takes the form
W (o) :/Q Vx0-6-Vx0dQ, (6.5)

where V (o) denotes a gradient with respect to the x-coordinates. In direct notation
we can write the transformation rule for the conductivity tensor as

6(x) = ;F(X) Z(X)-FT(X). (6.6)

The form of equation (6.5) suggests that the function ¢(x) minimizes W in a body
Q, containing material with conductivity 6(x)." Therefore, for W to remain positive

"Note that an isotropic material transforms to an anisotropic material via the transformation equation (6.6)
for conductivity.
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(see Section 1.4.9), we must have

[F(X)-Z(X) - FT(X)]- Vx0(x) .

() =600 V009 = |

Now, in Cartesian coordinates,

0P ox,, o 0
Vx@(X) = T&ei - BLXI %e" = Fni %ei = FT(X) -Vid(x) .
Hence,
1 1
j(x) = jF(X) Z(X)-Vx®(X) = 7F(X) J(X).
or,

F-J(X)

j(x) = @et(F) 6.7)

This is the transformation rule for currents. Using the same arguments as e used in
Section 1.4.9, we can show that

Vy-j(x)=0. (6.8)

Also, since the electric field E is derived from the potential ®, the fields E(X) =
Vx ®(X) and e(x) = Vx0(x) are related via

e(x)=(FT)"".E(X) . (6.9)

The two transformation rules (for the current and for the electric field) are equiv-
alent. We can show that identical relations are obtained if we work in curvilinear
coordinates rather than Cartesian coordinates.

6.2.2 Electrical tomography

Consider the body Q with boundary I" shown in Figure 6.4. Let the conductivity of
the body be 6(x) and let us require that V- (6- V) = 0 inside the body. In electrical
tomography one measures the current flux n - J(x) at the surface for all choices of the
potential ¢g.

Suppose one knows the Dirchlet to Neumann map (@)

¢:90—n-J(x) =g(x) .

Can one find 6(x) uniquely if one knows the boundary conditions at all points on
the boundary? Greenleaf et al. (2003a) showed, using a counterexample, that even
though there were cases in which it was possible to find the conductivity of the
interior, in general 6(x) could not be determined uniquely. Figure 6.5 illustrates why
that is the case. For the body in the figure, the transformation is x = X outside the gray
region while inside the gray region x # X. Also, outside the gray region, Q, =Q,j =
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FIGURE 6.4
A region Q that has a boundary I" and a specified potential ¢ = ¢y on the boundary.
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FIGURE 6.5

Illustration of why the Dirchlet to Neumann map on the surface may not, in general, be used
to determine the conductivity inside a body.

J, and ¢ = ®. Inside the gray region Q, # Q and j is obtained via the transformation
rule.

From the figure we can see that the Dirichlet-Neumman map will remain un-
changed on the boundary I'". Hence, the body appears to be exactly the same in
x-space as in X-space, but has a different conductivity. Even though this fact has
been known for a while, there was still hope that you could determine 6(x) uniquely,
modulo a coordinate transformation. However, such hopes were dashed when Green-
leaf, Lassas, and Uhlmann provided their counterexample in 2003.
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6.2.3 Examples of transformation-based cloaking

Greenleaf et al. (Greenleaf et al., 2003b) provided the first example of
transformation-based cloaking. They considered a singular transformation

X)X X| <2
xX) =42 x| (6.10)
X if1X| > 2.

The effect of this mapping is shown in the schematic in Figure 6.6(a). An epsilon
ball at the center of Q is mapped into a sphere of radius 1 in Q.. The value of 6(x) is
singular at the boundary of this sphere. Inside the sphere of radius 1, the transformed
conductivity has the form 6(x) = h(x). Therefore we can put a small body inside and
the potential outside will be undisturbed by the presence of the body in the cloaking
region.

Another unusual mapping that can be used to achieve cloaking is to fold back
space upon itself (Leonhardt and Philbin, 2006, Milton et al., 2008). An example of
such a mapping is

X if X3 <0
x=< (-X1,X2,X3) ifd>X;>0 (6.11)
X—(2d,0,0) if X;>d.

The effect of this folding transformation is shown in Figure 6.6(b). Note that there
is a sharp (discontinuous) fold and the separation shown in the thickness direction is
simply for the purpose of illustration. In reality, space is folded upon itself and the
determination of the Jacobian inside the fold is —1.

6.3 Cloaking for electromagnetism

Pendry, Schurig, and Smith (Pendry et al., 2006) were the first to show that cloaking
could be achieved for electromagnetic waves. Their concept of cloaking follows from
the observation that Maxwell’s equations keep their form under coordinate transfor-
mations. This observation, and the extended range of permittivity and permeability
made possible by the development of metamaterials, has led to the creation of a new
field of study called transformation optics. A review of recent developments in the
field can be found in Chen et al. (2010).
The Maxwell’s equations at fixed frequency () are

VxxE+iouy-H=0 and VxxH-ine-E=0

where the spatial variable has been assumed to be X and the gradient operator is to be
interpreted accordingly. A coordinate transformation (X — x) gives us the equivalent
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(a) Greenleaf-Lassas-Uhlman map.
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(b) A space folding map.

FIGURE 6.6

Examples of transformations that can be used for cloaking and lensing.

relations
Vixe+iog -h=0 and Vyxh—iog-e=0

with x = x(X). The vector fields E and H transform as*

e(x)= (F")"“E(X), h(x)=(F")""-H(X)

#Notice that these are pull-back transformations. See Marsden and Ratiu (1999) (p.71) for a concise
definition of pull-back and push-forward operations and the conditions under which such transformations
are valid operations.
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where F = dx/dX and F~! = 9X/dx. The material properties transform as

F-u(X)-F' | F-g(X)-FT

When the reference permittivity and magnetic permeability are isotropic, i.e., u(X) =
u(X)1 and £(X) = &(X)1, the transformation relations are®

To see that the invariance of form of Maxwell’s equations under coordinate transfor-

mations does indeed hold, observe that

—ioF -p-H F-(VxxE)
det(F)  det(F)

—ioy -h= (6.13)
Let us work in rectangular Cartesian coordinates to show that equation (6.13) equals
Vi« x e. In index notation with respect to a Cartesian basis (e, ey, e3) (not to be
confused with the transformed electric field, e), equation (6.13) can be written as

iou h = 1 axp aEk 1 axp oxy %e
O Get(F) ax; ™ X, P T det(F) " 9X; X, oxy P

where e; j, is the permutation symbol. On the other hand,

d [0dX
T\—1 g — k
Vixe=Vx[(F")" -E|=epm o (BXm Ek> e,
0

82 0X; OF

For the first term above, [Vx x (F T)’l] - E is zero because of an important identity
which states that if a second-order tensor is derived from the gradient of a vector, X,
then V x (Vx) = 0. Note that the curl of a second-order tensor is also a second-order
tensor.

Now we have to show that

. Xy aEk 1 ax,, dx; JEy
P O Oxe  det(F) ™ 9X; 90X, oxy
or that
an axp axg
det(F) eptm ~— ax, €jmk 5o aX aX (6.14)

8The simpler form of the transformation relations has been used widely because it is easier to begin a
design with an isotropic material.
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Multiplying both sides of (6.14) by F and summing over k gives

ox; axq dxp dxg 0xg
det(F)epzma 9X, €jmk 33~ 0X; 0X,, 0X;
or dx, Ox; O
Xp O0Xyp OX,
det(F) epim Sqm = det(F)epéq € jmk aXp aX aXIZ .
Therefore,

det(F) eplg = ejmkangquk . (6.15)

But, from the expression for the determinant of a second-order tensor (see Ogden
(1997)),
detF = e;y i jFs = ejjiFin FioFi3

we can deduce directly that
eijkFpiFyjFr = det(F) epgr .
Therefore, equation (6.15) is an identity, i.e.,
Vyxe= —iO)[.l/ -h.

This means that the first of the transformed Maxwell equations holds. We can follow
the same procedure to show that the second Maxwell’s equation also maintains its
form under coordinate transformations. Therefore, Maxwell’s equations are invariant
with respect to coordinate transformations. It can be shown that the same invariance
holds in spatial curvilinear coordinates or space-time coordinates (see Leonhardt and
Philbin (2006)).

Pendry et al. (2006) observed that a material with spatially varying permittivity
and magnetic permeability could be designed using equations (6.12) as the basis. A
judicious choice of the transformation F could then be chosen such that the resulting
material would guide incident electromagnetic waves around a region in space. An
example of such a cloak is shown in Figure 6.7. The original Pendry et al. cloaking
transformation, where a concentric spherical (or cylindrical) cloaking region with ra-
dially varying properties is mapped to the surface of a sphere, has been quite popular
because of its simplicity. The situation is similar to that shown in Figure 6.7. The
transformation is, in spherical coordinates (R — r,® — 0,P — 0),

r=R/+tR, 0=0, == (6.16)

where ¢ := (R — R1)/R». Ry is the internal radius of the cloak and R; is the external
radius of the cloak.

Let us use curvilinear coordinates to find out the expression for F for this situation.
A similar approach can be used for more complicated maps. The relation between
Cartesian and spherical coordinates is assumed to be

=x(0',0%,0°) where (0',62,6%) = (r,0,0).
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FIGURE 6.7

Schematic of the path of rays in a cloak around an object. Notice that to achieve a perfect
cloak we will need to bend the rays significantly around the object. This implies that we will
need a composite with a refractive index that varies strongly with spatial position. Notice
also that the difference in the lengths of ray paths around the object implies that there will
be phase differences in the observed field. For certain frequencies, a conformal map reduces
those differences (Leonhardt, 2006a). Schematic adapted from Pendry et al. (2006).

In explicit form,

x1 =rcosBsing , xp =rsinOsing, x3 =rcosd.

If (e, ez, e3) is a background Cartesian frame, the orthogonal basis vectors for the
spherical coordinate system are determined from

)
gl = ﬁ =cosOsinde; +sinBsinPpe, +-coshpe; =e,
ox Do . .
g = 36 = —rsinBsinde; 4+ rcosOsindpe, = rsindeg
ox . .
g3 = % =rcosBcosde; +rsinBcoshpe; —rsinhe; =rey.

We have normalized the covariant basis vectors to get the spherical basis vectors
(e, eg,ey). Using g; - g/ = 8{ and solving for the components of gf , we have

g1 =cosOsinde; +sinBsindpe, +-coshpes =e,

,  1sin® . lcos® 1
§=75 sinq)el r sind €= rsin([)ee (6.17)
, 1 1 1 1

g = ;cosecosq)el + ;smecos(])ez — ;smq)eg = ;eq).

From the definition of the gradient of a scalar function and using the above relations
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between g’ and (e, e, ey) we get

o ;o Loof,  1of

368 = 3%t rsino30 % T rag &

The above expression gives us a definition of the gradient operator in spherical co-
ordinates which we can now use to calculate the gradient of x with respect to X.
Therefore, we have (see Bower (2010) for further details)

Vf=

0 1 9 19
F=Vx= (xrer + Xxg€p +x¢e¢)® <eRaR +e®RSinfba® —I-EquacI)) (6.18)

where the uppercase letters represent quantities in the “reference” configuration
while the lowercase letters represent the “deformed” configuration. Notice from
equations (6.17) that

de, deg dey Oey de, e dey .

—_—— = — = —— = , = = q) , =— — —€

aar or or 00 o0 20 (6.19)
%€r _ % _ %€ _ _ _

% =sindeyp , 30 =cosfeg , 50 singe, —cosdey.

Let us now look at the case where e, = eg, eg = eg, €y = e, and
x=f(R)eg and X =Reg.
Then, using (6.18) and (6.19), we have

d d d
FRRZﬁ(feR)Q@eR:*feR@eR; Fre = =—(fer) ®e@ = £e®®e®

dR Rsin¢0®©

(fer)Reqp = ze<1>®eqp.

Fre = R

ROD

In matrix formT

af
700
F=|01o0
00%
For the radial map in equation (6.16), we have
df
R)=r=R|+tR — ——=t.
FR)=r=Ri+ IR
Therefore,
2
;o BRE C e
F.F' = B e | = |0 TRz O (6.20)
0O O 7 0 0 2,2

(r—R1)?

ISeveral other maps are discussed in Ogden (1997), pp. 98—118.
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and
t(Ry+1R)* £

R2 (r—R)¥
Using the transformation rules in equation (6.12) gives us the material properties

of the cloak as a function of the radius, ». Thus we have, for a homogeneous and
isotropic reference medium with permittivity € and permittivity u,

J=det(F) = (6.21)

% (r*:jl)z 00 % (”*51)2 00
() =p 0 lo| and €(r)=e 0o lof. (6.22)
0 01 0 01

Anisotropy of the cloak region appears to be a necessity for perfect cloaking. For
r < Rj, the medium can have any value of permittivity and permeability because
the fields are guided around the region. At r = R; we need a material with u.. =
€. ~0. At r = Ry we have u,, =t and €, = re. Recall that the impedance is given
by the ratio of the tangential components of the electrical and magnetic fields, i.e.,
Z = \/[199/899 = \/[J¢¢/8¢¢. If u=pp and € = gy we have Z = \/,UO/S(), i.e., the
cloak is perfectly impedance matched with vacuum and there are no reflections from
the cloak. The effectiveness of an electromagnetic cloak is limited by considerations
of causality. However, such concerns are of less importance in the acoustic cloaks
which we will discuss later. Numerical simulations of cylindrical cloaks that use the
same type of transformation can be found in Cummer et al. (2006). Detailed single
scattering calculations for a coated sphere (see, for example, Meng et al. (2009))
show that the scattered field intensity increases as the amount of loss in the material
increases but can be reduced by making the coating thin.

Several other types of cloak based on the transformation of coordinates have been
suggested since the initial proposal by Pendry et al. (2006). Examples include a “car-
pet cloak” (Li and Pendry, 2008), concentrators (Rahm et al., 2008, Luo et al., 2008),
rotators (Chen and Chan, 2007b), and absorbers (Ng et al. (2009)). Many other ap-
plications of the transformation method can be envisaged.

6.3.1 The perfect lens

Let us now consider the effect on Maxwell’s equations of the fold-back transforma-
tion shown in Figure 6.6(b). Recall that this transformation has the form

X if X;<0
X = (—X17X27X3) if d>X; >0
X —(2d,0,0) if X; >d.

Now, let us suppose that & = g’ = 1 everywhere in the region. Let us continue to
work with components in a Cartesian basis. Since the Jacobian of the transformation
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is F;j = 0x;/0X;, we have

-100
F=1 if X;<0or X;>d and F=|010[ifd>X;>0.
001

This implies that in the region d > X; > 0 we have F - F’ =1 and det(F) = —1.
Since the materials in the region are isotropic, i.e., u = ul and € = €1, then from
equation (6.12) we see that in the region d > X; > 0,

W)= —u: €(x) = —¢.

If u = € = 1, the fold-back transformation is realized in a geometry that is equivalent
to the perfect lens that we discussed in Section 4.4 (p. 139). Figure 6.8 shows the
geometry involved.

Interface 1 Interface 2
X
S:u:l l 2 E:u:l
e=p=-1
E E E
| S

0 Resonance ¢

FIGURE 6.8

The “perfect” lens corresponds to a transformation that causes folding over of space. Compare
this figure with Figure 6.6(b) to see the similarity between the two.

For a source that is less than a distance d from the first interface, the fields blow
up to infinity and there is no solution. Recall that for a solution to exist, we need to
regularize the problem and add a small loss 0, i.e., € = y = —1 +id in the lens. In
that case, the fields go to infinity in two strips of length d — dy, where dj is the dis-
tance of the source from the first interface. The is the region of localized anomalous
resonance. Outside this region, the fields converge to that expected by the Pendry
solution (see Figure 4.10, p. 142, for a schematic.)

If d — dy > do, i.e., dy < d/2, then the sources will be in a region of enormous
fields. In fact, the source produces infinite energy per unit time in such regions as the
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loss 8 — 0. This is clearly unphysical. So any realistic point or line source with finite
energy such as a polarizable particle must have an amplitude which goes to zero as
& — 0. This means that the particle will have become cloaked!

Several examples of this anomalous cloaking behavior can be found in Milton
and Nicorovici (2006) and Milton et al. (2008) for polarizable dipoles close to a
cylindrical negative index lens with a small loss. When the polarizable dipole is
located close to the lens, the field is barely perturbed. However, when the dipole is at
a distance from the lens, the field shows significant perturbations.

6.3.2 Magnification

So far we have not dealt with the issue of magnification. Is there a coordinate trans-
formation that leads to magnification? One such possible transformation is illustrated
in Figure 6.9.

Dilated object Outer Sphere
e

Object X —space X—spac

Inner sphere

Identity map

\ / Space has been

\ v folded back upon
Outer sphere Region where space - itself in this region

folds back upon itself

FIGURE 6.9

Magnification due to a folding-type coordinate transformation. This particular transformation
was introduced by G. W. Milton.

In this case, in the region of dilation, the transformation is
x=BX; B>1.
Therefore, the Jacobian of the transformation is
F=B1; det(F)=8".

Hence the material tensors in the region of dilation transform as

d:f;ﬂzg. (6.23)
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However, in the folded region, the & and u tensors are anisotropic and negative. Such
a transformation acts like a magnifying lens. Similar transformations are discussed
in Leonhardt and Philbin (2006), Schurig et al. (2007), Tsang and Psaltis (2008), and
Milton et al. (2008).

6.4 Inertial acoustic cloaking

The acoustic cloaks discussed in this section involve anisotropic densities but
isotropic bulk moduli. Norris (Norris, 2008) calls such cloaks inertial cloaks. A re-
view of the developments in the field can be found in Chen and Chan (2010). We
will now examine the basic theory behind transformation-based acoustics.

Recall from (1.50) (p. 21) that the acoustic wave equation can be expressed as

(o v+
V-(p Vp)+Kp_0 (6.24)

where p is a tensorial mass density, K is a scalar bulk modulus, p is the acoustic
pressure, and  is the frequency. For two-dimensional problems in the x-x3 plane,
i.e., with x| invariance, we can express the above relation in the form

V.(p—l-Vp)+%2p:0 (6.25)

where V is the two-dimensional gradient operator. The quantity p in the above equa-
tion is two dimensional. Also recall from (1.95) (p. 38) that the TE-wave equation
can be expressed as

v. [(RL-M*VRD-VEJ +a’e Ey =0 (6.26)

where R is a reflection operator and M is the two-dimensional tensor of magnetic
permeability in the x,-x3 plane. We can see that (6.25) and (6.26) have identical
forms with
p—E, p'oR -M"R , xol/e.
Since equation (6.26) is derived from Maxwell’s equations, it must be invariant under
coordinate transformations. The equivalence of (6.25) and (6.26) imply that the two-
dimensional acoustic wave equation must also be invariant with respect to coordinate
transformations and the material properties in the acoustic cloak also transform as
F-p(X)-FT 1 1 F.-FT
()= - .
det(F) Ke(x)  ®(X)det(F)
This observation was used by Cummer and Schurig (2007) to explore a cylindrical
acoustic cloak using the properties

6.27)

L 0 1 r—R
p = |:r ORI rR1:| and E = [27]‘ (628)
r
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(b) Cummer-Schurig coating (Left: p(x) Right: |p(x)|).

FIGURE 6.10

Acoustic pressure fields for two different coatings around a cylinder. In (a) the density varies
according to (6.28) while the bulk modulus is constant. In (b) the full cloaking transformation
given in (6.28) has been used. Simulations were performed by Bryan Smith using Comsol™.

where the quantities Ry and ¢ are equivalent to those discussed earlier in equation
(6.16) for spherical electromagnetic cloaks.

Plots of the pressure field from finite element simulations of the above cloak is
shown in Figure 6.10. If we look at the pressure fields on the images on the left,
we see that the Cummer-Schurig cloak appears to distort the field far less than the
constant bulk modulus coat. However, such plots can be deceptive and we also need
to check the pressure amplitudes. For a perfect cloak we should see a constant value
of the pressure amplitude in the region outside the cloak. Instead we observe a sig-
nificant amount of back scatter from both coatings. The Cummer-Schurig cloak has
a smaller shadow zone but the simulation does not indicate perfect cloaking. One
of the reasons is that the cloaking transformation requires point-to-point variation
for perfect cloaking. Therefore we need a large number of radial layers in the finite
element model of the cloak. Numerical errors are also introduced by the boundary
conditions. For instance, the incident plane wave is uniform and special consider-
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ations are needed in the absorbing layers around the boundary of the domain. The
infinite mass that is needed as » — R (see Section 6.4.1) is also an issue. A discus-
sion of some of these issues can be found in Cai and Sdnchez-Dehesa (2007). From
a practical point of view, Figure 6.10 indicates that the effectiveness of the cloak is
quite sensitive to the material parameters.

Soon after Cummer and Schurig, Chen and Chan (2007a) showed that acoustic
cloaking was not necessarily limited to two dimensions by appealing to the invari-
ance of the three-dimensional electrical conductivity equations which have the form
(see equation (1.106), p. 42)

V. (6-Vo)—5s=0.

where © is the electrical conductivity tensor, ¢ is the potential, and s is a current
source. Comparing the above to the acoustic wave equation,

(ot vp) s Y
V-(p Vp)—l—Kp—O

gives us the correspondence p ! < 6, p < 0, 0 p /K < —s. Since the conductivity
equations are invariant under the transformations

o(x) = ;F-Z(X) -FT and s(x)= ;S(X)

we can explore an equivalent acoustic material with

. o FFT
P (x)=py (X)i and x(x) =Jxx(X). (6.29)
Compare (6.27) and (6.29) to see the difference between the two transformations.
For the Pendry et al. linear radial map, we have the relations (6.20) and (6.21) which
can be used directly for the acoustic case. Chen and Chan (2007a) and Cummer
et al. (2008) have shown analytically that such a cloak does not scatter incident plane
waves.

An explanation of the cloaking effect in terms of the relation between material
properties and the metric tensor can be found in Greenleaf et al. (2007). Recall that
the equation for acoustic pressure in curvilinear coordinates ((1.45), p. 20), is given
by

azp C(2) d ji dp —0

o Jsow |V e ]
where g = det(g;;). For plane harmonic waves, and in the presence of a source (s),
the above equation takes the form of a Helmholtz equation with source,

1 9 L Op ?
- JZ0 N iy = ith k= —.
\/g,ael |:\/§g 861] +Kp=s w1 C(Z)
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If we compare this relation with the acoustic wave equation for spatially varying k
and p,
kV-(p ' Vp)+a@’p=0

we get the connection

! —1yij ji
— — < < .
Ko (P) = Veg", koo
Greenleaf et al. (2007) showed that cloaking could be achieved for electrostatics
problems that satisfy the Helmholtz equation in curvilinear coordinates. Therefore
we can design acoustic cloaks using the above connection if we know the metric
tensor (g;;) of the transformation (see Greenleaf et al. (2008) for an example). The
connection between the SH-wave equation and the acoustic wave equation suggests
that similar approaches can be used for cloaking elastodynamic SH-waves.

The transformations discussed so far are difficult to realize in practice and simpler
designs have been proposed, for example, a multilayered cloak consisting of alternat-
ing layers of fluids composed of two primary materials (Torrent and Sdnchez-Dehesa,
2008a). This approach requires the design of a large number (100—400) of separate
structures to achieve the distribution of density and bulk modulus needed to approxi-
mate the Cummer-Schurig cloak. Norris and Nagy (2009) have devised an approach
that reduces the number of required microstructures to three. An alternative approach
based on a periodic arrangement of plates with infinite mass has been proposed by
Pendry and Li (2008). Experimental validation of these ideas is yet to be performed.

The ideas behind the cloaking transforms discussed so far have been generalized
by Norris (2008) who devised a transformation starting with the uniform wave equa-
tion (1.43) and comparing the result to the general acoustic wave equation (6.24).
The uniform wave equation can be expressed as

Kx Vx - [pxVxp(X,;t)] — p(X;t) =0 where Xe€Q (6.30)

where Ky, px are the spatially uniform bulk modulus and mass density, respectively.
In the following discussion the units have been chosen so ky = px = 1.

The goal is to devise a coating whose properties mimic that of the homogeneous
medium that is described by (6.30). A schematic of the transformation is shown in
Figure 6.11. We start with the Laplacian term in equation (6.30). The gradient term
can be expressed in x-space by observing that

_ 9 _ 9p 9%
- BX,» o axm BX,-

Vxp EFT-VXP

and the divergence of the gradient term can be expressed in x-space using the relation

da;  da; Ox,,
VX a= ai)(l

— =V,a:FT
ox, ox, _  x°

where a is a vector field. Then we can write

Vx:[Vxp]=Vx (FT -Vyp): F'. (6.31)
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Cloaked object

FIGURE 6.11

A singular cloaking transformation in acoustics. The simply connected region Q is trans-
formed into a multiply connected region Q, with inner boundary I',_ and outer boundary
I'y+. The mapping is a diffeomorphism except for one point.

Using the identity
V-[(aa)-(BB)] = V(ca) : (BB) + (ca)- V- (BB")

where o, B are scalars, a is a vector field, and B is a second-order tensor field, we
have

Vi (FT-Vyp) . FT =J [V, (FT -Vyp)|: [J'FT] =

IV [(FT-Vyp)-(J'F)] —J (FT -Vxp) - [Vx-(J7'F)]
(6.32)
where J = detF, From Nanson’s formula (see Ogden (1997), p. 88), we have

nda=JF T.NdA = J 'FT.-nda=NdA (6.33)

where da,dA are surface areas in x- and X-space, respectively, and n, N are the corre-
sponding outward normals. For a domain dQ with boundary dI" that maps to a region
dQ, with boundary dI'y, we can write

J'FT .nda = /NdA =0.
Iy r

From the divergence theorem and the arbitrariness of €, we then have
Vi -(J7'F)=0. (6.34)
Comparing (6.31) and (6.32), and using (6.34) gives
Vx: [Vxp] =JVy [(FT -Vyp) - (J'FT)] =JVy- [J'F-FT - Vyp]. (6.35)

Plugging (6.35) into (6.30) gives us the transformed wave equation

JVx-[J7'F-FT . Vyp| —p=0. (6.36)




Transformation-based Methods and Cloaking 239

If we compare the above with the acoustic wave equation
K(x)Vx - [p_l(x) Vyp(x,1)] — p(x,1) =0 where x € Q,
we see the connections
k(x)«J and p'(x)—J'F.-FT.

This is similar to the result obtained by Greenleaf et al. (2008) and can be used to
determine the parameters of an inertial cloak. Note that from the polar decomposi-
tion theorem we have F =V - R where V is a symmetric tensor and R is a proper
orthogonal tensor with detR = +1. If the properties of the homogeneous medium
are isotropic, i.e., px and Ky, we have the relations

k(x)=Jkxy and p(x)=JpxV -V ! =JpxV 2. (6.37)

Since J = detF = detV detR = detV we have, in three dimensions, det(p/px) =
J3J72 = J =x/xx and, in two dimensions, det(p/px) = J2J 2 = 1.

For perfect cloaking, the cloak and the surrounding acoustic fluid must behave as
a continuous medium. The requirement that the boundaries of the uniform region
and the cloak must match implies that dI" = dI'; . From Nanson’s relation (6.33) we
have J-'FT .ndI'y;, = NdI". Therefore,

N=J'"Fl.n=(F'p'))n —= F-N=p'.n.

This relation and the conditions that the pressure and normal component of the ve-
locity (or acceleration) must be continuous across the boundary lead to the physical
conditions

[p]=0 and [(p~'-Vp)-n]=0

where the square brackets indicate jumps of the quantities across the interface.

6.4.1 The infinite mass requirement

It turns out that an infinite mass is needed for perfect cloaking with cloaks made
of materials with anisotropic density and isotropic bulk modulus. Norris (2008) has
shown that this is true for arbitrary geometries. Let us first examine the Cummer-
Schurig cloaking parameters from (6.28),

T = Ry — 2r
pr_rle » PL= r 7 r—R;’
The radial and circumferential phase speeds are
2.2
K K t°r
c%:—zt2 and ci:—zizzczp%.
Pr PL (r_Rl)

Note that perfect cloaking requires that the phase speed ¢, be infinite at r = R;. Since

c? is always finite, the only way ¢, can be infinite as » — Rj is if p, — oo. This is
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the infinite mass argument. Norris has pointed out that cloaking is more difficult to
achieve in two dimensions than in three.

Let us now look at the three-dimensional situation. Consider a radially symmetric
cloak with anisotropic density and isotropic bulk modulus given by

P(X) =pr(r) P +pL(r)PL: w(x)=x(r)1
where x = re, and the projection operators P, P, are given by
PH =e,®e, and P, =1—e¢,®e,
where 1= e, ® e, + eg ® eg + €y ® ey. Consider the inverse map

_ tre = 1) __r
X=f(re, = rx - X_f(r)X

Then we can show, using arguments similar to those on p. 230, that

~1
df
FZVXX:(dr) P||+fL)PL

Therefore,

—1 -2
df 2 df 2
J =detF = (m) (;) and V*=F F' = <dr> P+ <;) P, .

From the relations in (6.37), we then have
—1 —1
K df r\? p r\? |df N\ (df
— == — d —=|(-= —P = — P
K <dr> (f> " o (f> ar 1T <r> ar) Tt

Hence,
2 -1
P ()4 pr_ (4
ox <f) o and ox (dr . (6.38)

From the relation det(p/px) = k/Kx, we have p,p3 /py = k/Kkx. Then the phase
speeds ¢, and c| are given by

z x df 2 A x r\?
Cx Pr dr cx PL f

where ¢4 = Ky /px. Then the material parameters in terms of the phase speeds are

pr/px =c;'cl/ex , pL/Px =crfex , K/Kx =crcl ek
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Consider a medium with kx = 1, px = 1 containing an embedded cloak that occupies
the region Ry < r < R;. Then the requirement

F-N=p''n with N=n=e, on d'=dl,;, = f(R)=R,.
Similarly, the continuity conditions at » = R, are

-1
[P]=0 and [(p~'-Vp)-n]= (g) 3—’; =0.

For perfect cloaking we need f(R;) = 0. From (6.39) we see that for the limit r — R
we have ¢; — o and Kp, — . We could try to choose the function f so that both Kk
and p, remain bounded as » — R{. However, Norris (2008) has found that no analytic
function f leads to both quantities being bounded.

In fact, even for an imperfect cloak with f(R;) # 0 we get a blow-up in the total
mass as f(R;) — 0. This can be seen by calculating the nondimensional radial mass

1
mr:—/ p-dQ, where V::/ dQ,.
Vi, Q
Then, using (6.38), we have

3
3_p3
Ry — Ry

f(Ry) 7f(R2)+4 R %dr

Clearly the mass becomes singular as f(R;) — 0. A similar analysis shows that the
same behavior can be expected in two dimensions and for more general geometries.
This is a severe problem with inertial cloaks except for special maps where we can
choose f(R;) < A where A is the wavelength of the incident wave.

m, =

R‘l1 Ré Ry 43 ]

6.5 Transformation-based cloaking in elastodynamics

Let us now examine whether the equations of elastodynamics also transform in an in-
variant manner under spatial transformations. As before, we will look at transforma-
tions that take a body from a reference configuration Q to a transformed configura-
tion Q,. Let the Jacobian (F) and the Jacobian determinant (J) of the transformation

be 3
X
F—a—X and J=det(F).

The governing equations of elastodynamics in the reference configuration (at a fixed
frequency) can be expressed as

Vx-Z=—-w’pxU where X =Cy:VxU (6.40)
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where X is the Cauchy stress, px is the mass density, U is the displacement vector,
and Cy is the stiffness tensor. Instead, using the usual transformation rule for vectors
(6.3) for the displacement, following Milton et al. (2006), we will use a pull-back
transformation similar to that used for electromagnetism, i.e.,

ux)=F 1. UX) = u(x) F=UX)

where u is the displacement in the transformed coordinates. This form of the pull-
back operation is needed to make sure that the transformed stress tensor is symmetric
and that the total power in the two configurations is the same.

Let us now find the transformed form of Vx U. Using Cartesian components for
simplicity, we have

aU,' a auk axm 8Fkl~
VxU=-— = — (wFy) = — —— Fii o)
xU=3x, = ax, bi) = 50 o, Bt gy
or
VxU=FT.V,u-F+u-VxF. (6.41)

The work done by the internal elastic forces and the inertial forces can be obtained by
integrating the first equation in (6.40) over the volume Q after multiplying the mo-
mentum equation with a vector-valued, displacement-like, test function V(X) which
has the value V = 0 on the boundary I'. Then we have

W:/(Vx-2+m2pxU)-VdQ.
Q

Using the identity
v-(V-8)=V-(§T .v)-§:Vv

where v is a vector field and S is a second-order tensor field, we have
W= /Q[Vx~(2‘.T V)~ E:VxV+alpyU-V]dQ.
From the divergence theorem and using the fact that V = 0 on the boundary, we have
W= /Q(—):: VxV+0?pxU-V)dQ
Substituting the second equation in (6.40) into the above expression gives us
W:/Q[—(CX :VxU): VxV+a?pxU-V)dQ. (6.42)

We can now transform equation (6.42) into x-space by using (6.41) and noting that
JdQ = dQ, where J = detF,

W= / [ {Cx F ~qu~F+u~VxF)}:(FT~VXV~F+V~VXF)
(6.43)
+ o’y (u-F)- (v-F)] dQ, .
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Let us expand this expression term by term. With the substitutions A := V,u and
B := Vv, the first term is

[Cx: (F"-A-F)|: (F"-B-F) = CijuuF,ApgFycFi} BysFy;
= (FiFsjCijkeFepFig)ApgBrs
If we define the product F X F as (F X F); i = FyFj¢, we can write
[Cx:(F"-A-F)|:(F"-B-F)=[{(FRF):Cx:(F'RF")}:A]:B.
For the second term, using the substitution G := Vx F, we have
[Cx:(u-G)]: (F"-B-F) = (FiFy;CijieGprett) Bys
Noting that
T T T T
we have
[Cx:(u-G): (F'-B-F)=[(FRF):Cx:(G" -u)]:B.
Similarly, the third term can be written as
[Cx : (FT ‘A-F)]:(v-G)=[G:Cx: (FTRFT): A]-v
and the fourth term is
[Cx:(u-G)]:(v-G)=[G:Cx:G" -u)-v.
The inertial term can also be expressed as
o’px(u-F)-(v-F)=o’px[(F-FT)-u]-v.

Plugging these expressions back into equation (6.43) gives

W= A [j[{(F&F):CX:(FT&FT)}:VXu] (Vv
—;[(F@F):Cx:(gT'u)]:va—;[g:Cx:(FT&FT):qu]N
1 o’px
—j[g:CX (Gl ou) v+ T[(FFT)u] v |dQ,.
Let us define
1 1
C.= 7(F&F):cx:(FT®FT), p, = pTX(F~FT)—W(g:CX:gT)

1 1
Sy = j(F&F) :Cx:G", D= jg:cx (FTRFT)=gT.
(6.44)
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Then we can write the expression for W as

W= A [ [Cy:Vxu]: Vv —[Su]: va[Q)x:qu]~V+w2[px~u]~v} dQ,

or,

W:/ [—[Cx:qu—ﬁ—Sx-u]:va—[@x:qu—msz'u}'v]de. (6.45)
Qy

If we compare (6.45) with equation (6.42), we see that the change of coordinates has
transformed the equations of elastodynamics (6.40) to

Vy-o=D,: qu—msz~u where 6=C,:Vyu+S,-u. (6.46)

Therefore, unlike Maxwell’s equations, the equations of elastodynamics change form
under a coordinate transformation. However, that does not negate the utility of trans-
formation methods for elasticity in special situations and for problems other than
cloaking, such as diversion of elastic waves.

There is one obvious situation where the equations (6.46) and (6.40) have the same
form. This is the situation where G = 0. Milton et al. (2006) show that pentamode
materials satisfy the condition G,;; = 0. However, even in this situation the mass
density transforms into a tensorial quantity. We shall explore this issue a bit further
in the next section.

Notice that equations (6.46) have a form that is similar to the Willis equations!H
This suggests that the Willis equations may be invariant with respect to coordinate
transformations. In fact, as shown in Milton et al. (2006), it turns out that the Willis
equations in elastodynamics also transform in a manner that is very similar to the
Maxwell equations in electromagnetism. If we relax the requirement that the trans-
formed stress be symmetric, e.g., the coating is a Cosserat type continuum, then
cloaking can be achieved (see Brun et al. (2009) for an example).

6.5.1 Energy considerations

Norris (2009) has pointed out that energy considerations may be used to find materi-
als that can lead to the cloaking of elastic waves. The strain energy density (W) and
the kinetic energy density (7) in a linear elastic material with anisotropic stiffness
and density can be expressed as

W=(C:Vu):Vu and T=(p-u)-u.

If we look for transformations of the form X — x and U — G” -u where G = G(x) is
a gauge transformation that is independent of time, the total energy in the reference

IThe Willis equations are discussed in Section 5.6 and the equations have the form shown in equation
(5.77) (p. 191).



Transformation-based Methods and Cloaking 245

configuration is
/QEXdQ:/Q(WX+TX)dQ=/Q[(CX:VXU):VXU+(pX-U)-U] dQ.

Transforming the above to the deformed configuration gives

1
/QEdex:/ (W +T,) Ay

/ {{cx (G -u)-F}: V(G -u)-F]
+lpx-(G"-w)]-(G"-u)| Q.
Therefore the kinetic energy density in the deformed coordinates is
I, =(p,-u)-u where p, := }pr -GT (6.47)

which has the same structure as the undeformed kinetic energy density. However, we
see that the strain energy density in the deformed configuration has the form

= [{Cx: [Vu(G" ) - F}: [V(G" -w) - (6.48)

which can be expressed in the form given in equation (6.45). Since the expression
for W, contains terms involving u in addition to terms involving Vy u, it reduces only
under special circumstances to the form

W, = (C;:Vxu): Vyxu

with C, maintaining the symmetries of Cy. If we limit ourselves to standard linear
elasticity and do not consider the possibility of Willis elasticity, the objective of
elastodynamic cloak design is to find these special transformations under which the
contributions of the u terms are zero. The design of such elastodynamic cloaks is
still at an early stage of development (see, for example, Urzhumov et al. (2010) for
the effect of shear stiffness on the effectiveness of cloaking).

6.6 Acoustic metafluids and pentamode materials

Milton et al. (2006) had indicated that a transformation with G,;; = 0 would cause
the reduced elastodynamic wave equations (in acoustic wave equation form) to trans-
form to the governing equations for a pentamode material. But the chosen transfor-
mation is only achievable for identity maps and hence not useful for cloaking. Norris
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(2008, 2009) found that such a restrictive transformation was not necessary if one
were to start with the scalar wave equation instead of the full equations of elastody-
namics.

While exploring maps from the scalar acoustic wave equation, Norris also discov-
ered that cloaks with isotropic bulk modulus would lead to singularities in the total
cloak mass if perfect cloaking was desired. This prompted his discovery of a broader
class of cloaking transformations that involve pentamode materials with anisotropic
moduli. The theory behind these ideas is detailed in Norris (2008). We shall discuss
only the main results in this section.

Recall from equations (6.31) and (6.32) that

Vx: (Vxp)=JVy (FT-Vyp): (J7'FT).

In the above equation we have chosen to multiply the right-hand term by JJ~! to get
the uniform wave equation into a form analogous to the acoustic wave equation with
spatially inhomogeneous density and bulk modulus. In fact, the above equation can
be generalized to

Vx:(Vxp) =JVx (J7'S71- V2. Vip):S with Vy-§=0 (6.49)

where S is a symmetric and nonsingular second-order tensor and V> = F - FT . Then
the uniform wave equation can be expressed as

JS:Vy (J'STHVEVyp)— =0 for x€Q.

Recall also from equation (5.132) (p. 214) that the wave equation for the pseudo-
pressure in pentamode materials has the form

KS:Vy(p 'S Vyp)—p=0 with V,-§=0and C=KS®S

where C is the stiffness tensor. A comparison of these two equations gives us the con-
nections between an acoustic fluid and a pentamode material under a transformation
of coordinates

K—J and p'leJylist.vi.st,

Therefore,

K. =JKy, C.,=JKxS®S and p,=(JS-V 2 -S)px (6.50)

where Ky and px are the pseudo bulk modulus and density in the uniform medium.
For the situation where § = 1 we recover the inertial acoustic cloaks discussed in
Section 6.4. This discovery indicates that acoustic cloaks may be constructed from
pentamode materials, thus extending the range of potential cloaking materials. Norris
calls these unusual materials acoustic metafluids.

Milton, Briane, and Willis (Milton et al., 2006) show that the “harmonic” map,
Gpjj = 0 for elastodynamics leads to transformed quantities

Kx

pXZPTXF-FTZPTXVZ and Cx:T(F-FT)®(F-FT):K7XV2®V2.
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The above relations are identical to (6.50) for § = J ~1¥2, We can also show that
for harmonic mappings V - (J~! ~V2) = 0. Therefore, the harmonic map is a special
case of (6.50). Note that, unlike in the general theory for elastodynamics, there is
no requirement that u(x) — F~7 - U(X) in the Norris theory. Also note that the
freedom to choose the quantity S implies that numerous transformations may be
used to achieve cloaking. In fact, any § — §+ Vv can be chosen, where v is a vector
field.
For a pure stretch, F =V - R = V. In that situation, with § = J ~ly we have

1
Vx-(pr):VZVX(V~VXp) - p:jpx and K=JKx.

Norris has shown that adding a layer of pentamode material with isotropic density
to the interior of the cloak (in a region R, > Rg > r > R;) can be used to remove
the infinite mass problem in inertial acoustic cloaks. However, the unstable nature of
pentamode materials has made it difficult to realize such cloaks in experiment.

6.6.1 A pentamode to pentamode transformation
Consider a reference pentamode material with

Cx =KxSx®S, with Vx-Sx=0.

Note that Sy is symmetric and positive definite. From the expression from the strain
energy density we have

Wx = (Cx : VxU) : VxU = Kx (Sx : Vx U)? (6.51)
where we have use the notation A = A : A. Also, from equation (6.48), we have

W, {(Sx ®@8x) : [Vx(G" -u)-F]} : [Vx(G" -u)-F]|. (6.52)

Note that for symmetric S
(S®8):Vu]: Vu=S;;Syuu; ;= (§: Vu)> = [S: (Vu)T]?.

Then equation (6.52) can be written as

J

A =

Sy : [VX(GT-u)-F]r [SX; [(u-VxG+G" -V u)-F|

To achieve the form W = (C : Vu) : Vu we can retain only terms containing Vy u in
the above expression, i.e.,

K 2
W, = 7)‘ [SX: [GT-qu)-Fﬂ . (6.53)
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Therefore, we need the constraint
Sx:(u-VxG-F)=8x:(u-VxG)=0 = Sx:(VxG')=0 V u.
Let us choose GT = S}l -T, where T is a second-order tensor. Then,
Sy : (VxG')=S8x: [Sy' : VxT +Vx(Sy') - T| =Vx T +Sx: [Vx(Sx') T].
Using the identity (see Norris (2009))

9
oo

where o is any parameter, we have

0A

—Z A
o 04

(4 =-a"""

(TG S =V T8y (87 56571 ) 7).

We have used the partial derivative notation to indicate that the last term is equivalent
to 7;;(9S ]Tpl /0X4)S pq. Simplifying further, we get

(VxGT):Sx =Vx-T —(Vx-S8x)-S;'-T=Vx-T
where we have used Vy - Sy = 0. Therefore, Vx - T = 0. We can now write the strain
energy density (6.53) as
_ K
o J

Z_KX

Sx:[Sx'-T-Vxu-F]| ==L[(F-T): (Vxw)']’

W

Clearly F - T has to be symmetric if we wish to get a strain energy density of the
required form. If we define

1
Sx:sz-T = T=JF .S,
we have
W, =JKx(S.-Vxu)> and V-§,=0 (6.54)

The divergence-free nature of S, can be shown with a straightforward calculation.
Equation (6.54) is of a form similar to the strain energy density in the reference
configuration (6.51). Hence, the transformation G” = JS,}] -F~1.8, gives us a ma-
terial that satisfies the requirement that the strain energy density retain its form. From
equation (6.54) we see that K, = JKy and from equation (6.47), we have

p, = }G-px GT =J(8: - FT-8;") py-(Sx' F7'-8,). (6.55)

Using the above relation, Norris (2009) has shown that for transformations of the
form F = a~'S, - R (where R is the rotation in the polar decomposition F =V -
R) with constant R, a normal acoustic fluid can be mapped to a unique pentamode
metafluid with isotropic density. For more general forms of R satisfying the condition
Vx x RT -Vx -RT = 0 we can also find unique maps from an acoustic fluid to an
pentamode acoustical metafluid (see Norris (2009) for details).
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Exercises

Problem 6.1 Use curvilinear coordinates to derive the transformation rules for electrical con-
ductivity and the current:

5(x) = ; F(X)-E(X)-F(X)
P
100 = 3aF) -

Problem 6.2 The Greenleaf-Lassas-Uhlman map has the form

X +1 X if [X| <2
— — i
x(X) = 2 1X|
X if [X|>2.
Find the expression for the electrical conductivity as a function of location for this map.

Problem 6.3 The space folding map of Leonhardt and Pendry can be expressed as

X if X; <0
X = (—X17X27X3) if d>X;>0
X—(2d,0,0) if X; >d.
Find the expression for the electrical conductivity as a function of location for this map.
Problem 6.4 Use curvilinear coordinates to verify the transformation rules for the magnetic
permeability and the permittivity:
T T
det(F) det(F)
Then show that Maxwell’s equations are invariant under these transformations.

Problem 6.5 Consider a cloak in the shape of an annulus of a circular cylinder with inner
radius R; and outer radius R,. Assume that the material properties of the cloak are
derived from the transformation

Ry —R
r=Ri+tR, 6=0, z=7Z where ¢:= R
2

Find the permittivity and magnetic permeability of the cloak as a function of 7.

Problem 6.6 The electrical conductivity equation in the presence of a current source can be
expressed as
V) =SX) with J(X) = Z(X)- Vo(X)
where L(X) is the electrical conductivity tensor, ¢(X) is a scalar potential, and S(X)
is the source term. Use the approach used to derive the transformed equations of elas-
todynamics to show that the conductivity equation is invariant under transformations
x=F -X,F;j= E)xi/an with

6(x) = }F(X) E(X)-FT(X) and s(x) = ;S(X).

Verify that Vy -j(x) = s(x) where j(x) = 6(x) - Vx ¢.
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Problem 6.7 Chen and Chan (2007a) use a separation of variables approach to show that for
a cloak based on a transformation F with

20 0 i
2,2 t
F.FT =10 (,ii,rg])z 0 and J:det(F):ﬁ.
0 0 (12r2)2 r—Ry
r—R;

The pressure inside the cloak is

i(r—Ry)cos® |@%p

6,0) =R SN e B
p(r0.0) =Re [ poexp | i

where pg is the amplitude of the incident plane wave. Verify this result.

Problem 6.8 Show that the acoustic wave equation in a medium with

PO) =p(r) =pr(r) P +pL(r)PL; x(x)=x(r) =x(r)1

can be expressed in spherical coordinates as

k(o[ r ap],  x(
2 ar[prm ar%rzm(

V2 p—p(rt)=0
r) J_p p(ra)

where Vi(-) is the second-order Laplace-Beltrami operator in spherical coordinates.
Then show that the above equation is equivalent to the uniform wave equation

Vx- [Vxp(X)] = p(X) =0

only if we have a mapping X = [f(r)/r]x such that

~1 ~1
o (r\df o (df Kirzdf
br=\7) ar " \a) *T\7) \@&r) -
Problem 6.9 Find the transformed equations of elastodynamics for harmonic maps with the

property Gp;; = 0. Show that for the special case when the equations of elastodynamics
in the reference configuration have the form

—Vx-Z=w’pxU with I=xxVx-U.
The transformed stress field has the form

o(x)=aV where o:= %tr [V . {qu+ (qu)TH

where V = F - FT. Compare the above stress-strain relation to those for pentamode
materials.

Problem 6.10 Verify the relation

Vy - (Vxp) = J Vy (rlyl -v2.vxp) 'S with Vyi-§=0.
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Waves in Periodic Media

It is known that old superficially decomposed glass presents reflected tints much
brighter, and transmitted tints much purer, than any of which a single transparent
film is capable ... and it is easy to see how the effect may be produced by the
occurrence of nearly similar laminae at nearly equal intervals.

LORD RAYLEIGH, On the maintenance of vibrations ..., 1887.

Like most of the other topics discussed in this book, the propagation of waves in
periodic composite media also has a long history. Brillouin’s book on periodic struc-
tures (Brillouin (2003)), first published in 1946, gives a concise history of early de-
velopments in the field. The phenomenon of dispersion in a medium, where different
frequency components of a wave travel at different phase velocities, was explained
by Lord Kelvin using a periodic spring-mass model. Lord Rayleigh’s early work
(Rayleigh, 1887) on the interaction of light with periodic layered media showed that
such materials can exhibit band gaps in the frequency spectrum. Wave propagation
is forbidden at these frequencies and the incident energy is usually reflected from the
medium. The related phenomena of dispersion and band gaps in periodic media are
responsible for a large range of interesting effects such as the iridescent colors in a
peacock’s plumage.

Much of the work on periodic structures until 1987 had involved lattice structures
at the atomic scale or layered periodic media. This changed dramatically when, in
1987, Eli Yablonovitch (Yablonovitch, 1987) and Sajeev John (John, 1987) showed
that two- and three-dimensional periodic structures, artificial crystals, could also be
designed to disperse waves and exhibit band gaps. Since then there has been an
explosion of research into the use of such structures to control waves, primarily
electromagnetic waves but also acoustic and elastic waves. In the field of electro-
magnetism, these two- and three-dimensional periodic structures are called photonic
crystals while in elastodynamics and acoustics they are called phononic crystals. Ex-
amples of periodic media are shown in Figure 7.1.

The study of infinite periodic media depends crucially on a theorem proved by G.
Floquet (Floquet, 1880) for time-periodic media and extended by F. Bloch (Bloch,
1929) to three-dimensional spatially periodic structures.” The crucial discovery of
Bloch was that waves could propagate through such media without scattering (unless
there were defects in the medium which broke the periodicity).

*In 1917 P. P. Ewald had published a similar result for the dispersion of waves in crystals.

251
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Unit Cell Unit Céll

L L L L L

FIGURE 7.1

Examples of periodic media showing the unit cell, lattice, and primitive lattice vectors.

In this chapter we will see how the equations of acoustics, elastodynamics, and
electrodynamics can be cast in the form of eigenvalue problems. We will examine the
Bloch periodicity condition, a consequence of the Bloch-Floquet theorem. We will
use the Bloch condition to rewrite the equations of elastodynamics and electrody-
namics for a periodic unit cell. Perturbation expansions and multiple scales analysis
will be used to derive the governing equations in the quasistatic limit. We will show
that these equations have forms similar to the equations of elastostatics and electro-
statics except that the material properties and fields are now complex. Therefore we
have a straightforward means of computing the effective properties of periodic com-
posites in the quasistatic limit; using static solutions and analytical continuation to
extend those results to the complex case.

We will derive Hashin’s relation for the effective elastic properties of coated sphere
assemblages and show how the same results may be used to find the effective behav-
ior of acoustic waves in a bubbly fluid. We will also show how the dispersion relation
in the quasistatic limit can be used to find effective properties of electromagnetic me-
dia. Finally, will use simple lattice models to explain the concepts of band gaps and
Brillouin zones.

What we will see in this chapter is a snapshot; more can be said about periodic
composites. For instance, we will not discuss finite engineering structures, damping,
complex material properties, complex wave vectors, and evanescent waves, all of
which can be of considerable practical importance (see Hussein and Frazier (2010)
and the references cited there for some examples). Another important issue is the
effect of imperfections in the periodic lattice. Designed imperfections, such as the
removal of parts of the lattice to create waveguides, are of technological importance.
Other important issues that we will not explore are homogenization at high frequen-
cies with the wave vector k — O (Craster et al., 2010), and the optimization of peri-
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odic structures to maximize or minimize band gaps (Sigmund and Jensen, 2003).

Recent applications of periodic composite media range from metamaterial design
for negative refraction and cloaking, guiding of electromagnetic and sonic waves,
focusing and lensing applications with gradually changing periodicity, controlling
vibrations of beam and plates, to blast detection. The development of nano- and
micro-scale fabrication technologies has made possible a large number of other engi-
neering uses of periodic structures. Because of the importance of the topic, the inter-
ested reader is strongly urged to explore the books by Brillouin (2003), Ashcroft and
Mermin (1976), Milton (2002), Johnson and Joannopoulos (2002), and Joannopou-
los and Winn (2008).

7.1 Periodic media and the Bloch condition

Let us first consider the problem of acoustic waves propagating in a periodic medium
made of isotropic constituents. Suppose that the medium has a density p(x) and bulk
modulus k(x) which are periodic functions of x. At fixed frequency, ®, the acoustic
wave equation has the form

@2
V-(p~'Vp)+ —~p=0
where p is the acoustic pressure. If we write the above equation in the form
kV-(p~'Vp)=-0’p

we can see that the left-hand side is a linear differential operator and the equation
can be written in the form

Lip(x)] =rp(x) (7.1)
where
L(e):=—xV. [p_IV(O)} and A:=o’.

Equation (7.1) is an eigenvalue equation where A is the eigenvalue of £ and p is the
corresponding eigenvector. Since p and k are periodic, the operator £ has the same
periodicity as the medium. The periodicity of the operator becomes more obvious as
we look at the lattice in Figure 7.2.

If a is a lattice vector, then periodicity of the medium implies that

p(x)=p(x+a) and «(x)=x(x+a).
Therefore,

Llp(x+a)] = —k(x+a)V-[p~ (x+a)Vp(x-+a)] = —k()V-[p~ (x)Vp(x+a)] .
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FIGURE 7.2

Lattice vector in a periodic medium.

Let 7, be an operator that when applied to a field @(x) shifts the argument by a vector
a. This operator is a translation operator and we may write

T[o(x)] = o(x+a). (1.2)
Notice that the operator 7, commutes because
TaTp[0(X)] = Tu[@(x+b)] = 9(x+b+2) = Ta1p[0(x)] = T [p(x+a)] = T, Ta[@(x)].
We can show that the translation operator is also unitary, i.e.,

TaT-alo(®)] = Tulo(x—a)] = ¢(x) = I[o(x)] = T, [o(x)]

where 1 is the identity operator and Z," is the adjoint operator. The operators £ and
7, also commute, i.e.,
T L=LT,

because
LX) = LIp(x+a)] = L[T[p(x)]] = —x(x)V- (p~ () Vp(x+a)) .
We can write equation (7.1) in the form
(L—1D)[p(x)] = 0.

This equation indicates that the solutions p(x) that we seek are in the null space of
the operator £L —AI." Since L and ‘7, commute, the operators £ — Al and 7, must
also commute. This implies that

To(L=M)[p(X)] = (L =AD)Ta[p(x)] = (L = MI)[p(x+a)] = 0.

It is sometimes useful to think of the operator £ — AT and the solution p(x) as vectors which are per-
pendicular to each other. Then the null space of £ —AI can be imagined as a plane perpendicular to the
vector.
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Hence the eigenstates of £ — AT and the eigenstates of T lie in the same space and
these eigenstates have the property

[T @I =0 — Tp()]=r(a)pk).] (1.3)

Since 7,7, = T;+p, we have t(a) t(b) = t(a+b) which involves just a vector addition
of the translation vectors. So if we know the primitive vectors of the lattice, a;,a,, a3,
we can find the solution for an arbitrary lattice vector a which can be expressed as

a=npa,

where 1, are integers.* Observing that for integer n, f(na) = t"(a), we can express
t(a) as

t(a) = t(npap) = t(nlal) t(nzaz)t(n3a3) =" (al)t"z (ag)t"3 (33) .

Let us assume that, with a suitable choice of o, #(a;) = exp(2mia;), j = 1,2,3.
Then, .
t(a) — e2motpn,, (74)

Define a vector k in terms of the reciprocal lattice vectors, b; such that
k:=o,b, where  b,-a, =274, . (7.5)

Then, from (7.5) and (7.4), we have

k-a=2no,n, = |t(a)=e*?]. (7.6)

Plugging this expression into (7.3), we get

T[p(x)] = & p(x)

or

p(x+a) = e*p(x). (7.7)

Equation (7.7) is called the Bloch condition. The Bloch-Floquet theorem? states that
solutions of the form (7.7) solve the eigenvalue problem (7.3) for periodic geome-
tries. Time harmonic solutions to the acoustic wave equations that satisfy the Bloch
condition for all lattice vectors a are called Bloch waves. The vector k is called the
Bloch wave vector. Note that for any vector x, the Bloch condition (7.7) implies that

efik-(x+a)p(x + a) _ e—ik.xp(x).

Therefore the quantity exp(—ik - x) p(x) is periodic.

“This is particularly useful because we usually know the periodicity of the composite in terms of the
primitive lattice vectors, i.e.,p(x) = p(x+a;) and k(x) = k(x+ a;).
$For a mathematical treatment of the Bloch-Floquet theorem see Kuchment (1993).
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We can follow the same procedure to deduce the Bloch condition for elastody-
namic waves in a periodic medium. Recall that the momentum equation at fixed
frequency (ignoring body forces) can be expressed as

V.(C:Vu)=—-w’p-u

where u(x) is the displacement field, C(x) is the stiffness tensor, and p(x) is the mass
density. Expressed in the form of an eigenvalue problem, the momentum equation
becomes

(L—A0)[u(x)] = 0

where
Lux)]:=—p ' [V-(C:Vu)] and A:=o’.

The Bloch condition then takes the form

u(x+a) =X u(x). (7.8)

For a medium in which the permittivity €(x) and the permeability u(x) are periodic,
the Maxwell equations at fixed frequency are

V.D=0; V-B=0; Vx(¢'D)+ioB=0; Vx(u 'B)—ioD=0.

These equations suggest that we should look for solutions D and B in the space of
divergence-free fields such that

(L-—wI) P]?] =0

where the operator L is given by

. 0 —iVxu!
L= [isz' 0 ] :

The Bloch condition for electromagnetism then has the form

e = ]

7.2 Elastodynamics in the quasistatic limit

In this section we will first determine the form of the equations of elastodynamics in
the quasistatic limit and then explore the determination of the effective properties of
those composites in this limit. Roughly speaking, the quasistatic limit is the situation



Waves in Periodic Media 257

Periodic Medium

Unit Cell

Rescale by 1/ n) to get y-space
X-space

FIGURE 7.3

Periodic medium showing the unit cell and x- and y-spaces.

B L L L T I
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where the wavelength of the elastic waves is much larger than the unit cell of the
periodic composite.

Consider the periodic medium with lattice spacing 1 shown in Figure 7.3. We can
think of this particular composite as one of a sequence of periodic composites with
successively smaller microstructure indexed by the label 1. Recall that the momen-
tum equation for linear elastodynamics at fixed frequency, in the absence of body
forces, is given by

V.6(x) = —o’p(x)u(x) with o(x)=C(x):&(x)
where G is the stress, p is the mass density, u is the displacement, € is the strain,
and C is the elastic stiffness tensor. The dependence of these variables on ® has once

again been kept implicit but we should keep in mind that these quantities may be
complex. For infinitesimal deformations, the strain-displacement relations are

g(x) = 1 [Vu+(Vu)'] .

Define, for a periodic medium such as the one shown in Figure 7.3, the scaled density
and stiffness tensor:

Pn(x) :=p(x/n) =p(y) and Cy(x):=C(x/n)=C(y)

where the y-space is related to the x-space by y = x/M. Because the medium is
periodic, these are periodic functions, i.e.,

p(y+a)=p(y) and C(y+a;)=pu(y)

1Our discussion of waves in the quasistatic limit is based on Milton (2002) (p. 230).



258 An Introduction to Metamaterials and Waves in Composites

where a; are the primitive lattice vectors. We may also write these periodicity condi-
tions as

Pn(x+ma;) =pn(x) and Cy(x+ma;) =Cy(x).
We can similarly define the scaled stress, strain, and displacement as
oy (x) :=0(x/n) =0(y), &(x):=¢€(x/n)=¢€(y), uy(x):=u(x/n)=u(y).
Then the governing equations can be written as
V-64(x) = —0% py(x) un(x) where 6n(x) = Cn(X) : €n(X) (7.10)

and
&n(x) = 1 [Vuy + (Vun)’] . (7.11)
Let us examine Bloch wave solutions to these equations of the form

6y (x) = e*X6n (), €n(x) = ¥ &y(x) , and uy (x) = X ¥ty (x)  (7.12)

where k is the Bloch wave vector. These variables have the same periodicity as p and

C.ie.,
o, (x) =0on(x+ma;), &n(x)=¢€q(x+ma;), and wuy(x)=uy(x+na;).

Substituting (7.12) into the first equation in (7.10), taking the derivatives, assuming
a symmetric stress tensor, and rearranging gives

V.G +i0y -k+0’pytn =0 with G, =Cp:&,. (7.13)
Similarly, the strain-displacement relation takes the form
& = 4 (U ©k+k©Uy) + L [Vig + (Viiy)] . (7.14)

If we plug (7.14) into (7.13) and express the momentum equation in terms of Uy, we
get

V- [Cy: (k®ty + Viy)] + ik [Cy : ((k®Un + Viiy)] + @*pyty =0

where we have used the symmetries of C,. The above equation can be written for-
mally in terms of a linear differential operator, £, as

L(ty) + &*pntiy = 0.

Clearly, the above equation represents an eigenvalue problemH which has solutions if
the frequency o takes one of a discrete set of values, 00{1 (k), j=1,2,..., which are

ISee Reddy (1998) for a discussion of the eigenvalue problem in the context of differential operators.
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the dispersion relations for the periodic system. Even though the operator is continu-
ous, the eigenvalues are discrete because the operator L itself depends on ® through
the frequency dependence of Cy,.

If the wavelength A = 27t/ ||k|| is much larger than the size of the unit cell, the
fields vary slowly in the unit cell and we can assume that the fields have perturba-
tion expansions in powers of 1. This approach is called the multiple scales analysis
and the limit of large wavelength is called the quasistatic limit. The perturbation
expansions of the three fields of interest are

Gn(x) =60(y)+161(y) +1° Ga(y) + ...
€(x) =€o(y)+n&i(y) +n’ &(y) +...

~

Uin(x) = uo(y) +Mn wi(y) +n* wa(y) +

where the functions G;, €;, u; are periodic. Let us also assume that the dispersion
relations can be expressed as

® = o} (k) = @} (y) +1 0] (y) +n> @(y) +....

We will plug these expansions into the governing equations and take the limitn — 0.
Plugging these expansions into (7.13); gives us

%Vy-(60+T]61+...)+i(60—|—n61—|—...)-k+

; ; 2 (7.15)
P ((0'04—110)‘1 +> (wp+mMu;+...)=0

where we have used the subscript y to indicate derivatives with respect to y and

X

V.6(x) = %Vy -0(y) because y= 0
Taking the limit  — 0 is equivalent to collecting terms of order ™' and n° = 1
from (7.15) and equating them separately to zero. If we apply that process to (7.15)
we get two equations,

V,-6p=0 and Vy-cl+i60(y)-k+pn(m6)2uo(y):O. (7.16)

This is the momentum equation of a periodic composite in the quasistatic limit. We
can follow the same procedure for the second equation in (7.13) to get

[60(y) = Caly) : €0(y)- | (7.17)

Similarly, from (7.14) we have

0=V,uo+(Vyup)" and

, (7.18)
go(y) = i[uo(y) 9k +k@ug(y)] + 3 [Vyu + (Vyu;)'].
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From (7.18); we see that up(y) must be linear in y. We also know that from our
definition that uy(y) is periodic in y. A function that is both linear and periodic must
be constant. Therefore,

uo(y) =: up = constant .

Then we can write the second strain-displacement relation in (7.18) in the form

g&(y) =5 [Vyu+(Vyu)"]  where u(y):=i(k-y)uo+u(y). (7.19)

This is the strain-displacement relation in the quasistatic limit.

7.2.1 Effective stiffness and dispersion relation

One of the first questions that arises in the homogenization of composites is whether
determining the effective behavior of the composite by some averaging process is
the right thing to do. There is a vast amount of literature on the subject and excellent
sources of information are Milton (2002), Torquato (2001), and Nemat-Nasser and
Hori (1993). A more mathematical treatment can be found in Zhikov et al. (1994).
We will assume that there is a representative volume element (RVE) over which such
an average can be obtained.
The complex effective elasticity tensor of the periodic medium in Figure 7.3 may
be defined via the relation
(60) = Cefr : (€0) - (7.20)

Since the first equation in (7.16) and equations (7.17) and (7.19) which govern these
fields have a form similar to that of the quasistatic elasticity equations in the absence
of inertial and body forces, we can use standard homogenization techniques to find
the effective properties of the composite (see Nemat-Nasser and Hori (1993) for
examples). However, the periodicity of the unit cell imposes some constraints on the
allowable strain field and analytic continuation of the real-space solution is needed
because the fields and material properties are now complex.

Taking the average of the second equation in (7.18) over the periodic cell and
keeping in mind that ug is constant, we get

<£()> = %(U() ®k+k®ﬁo) Jr% [<VyU1> + <(Vyu1)T>} .

Since the function u;(y) is periodic, the average gradient over the unit cell is zero
and we have '
(€0) = 5(uo @k +k®uy). (7.21)

Similarly, taking the average of the second equation in (7.16) we get
i(60) -k + (py) (0))?uo = 0. (7.22)
Plugging (7.21) into (7.20) gives

(60) = $Cefr : (M@ k+k@up).
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Matrix
(e, ) T | Sphere
eff "eff (Klul)
|~ Coating
(1, 1)

FIGURE 74

Elastic sphere with an elastic coating inside in an elastic matrix.

Substituting the above expression into (7.22) and rearranging gives the dispersion
relation

1

n >(k -Cefr - k) - up = (@) ug . (7.23)
n

The quantity
Acti(k) :=k-Ceir - k

is the effective acoustic tensor of the periodic composite in the quasistatic limit.
Equation (7.23) can be used to compute the dispersion relations for the periodic
composite once the effective stiffness tensor has been calculated by quasistatic ap-
proaches. Conversely, if the dispersion relation is known then equation (7.23) can be
used to compute the effective stiffness tensor.

7.2.2 Hashin’s relations

Let us now derive Hashin’s relations (Hashin, 1962, Hashin and Shtrikman, 1962)
for the effective moduli of an assemblage of coated spheres in elastostatics and see
how we can use them to find the complex dynamic moduli of a liquid containing air
bubbles. We can do this because, in the quasistatic limit, the Bloch solutions satisfy
equations which are directly analogous to the elasticity equations but with complex
fields and complex effective tensors. This implies that if we have a formula for the
effective tensor which is valid for real tensors, then, by analytic continuation, we can
use the same formula when the tensors take complex values.

Consider the coated sphere shown in Figure 7.4. Let the bulk and shear moduli of
the sphere be k; and iy, let those of the coating be K, and w5, and let the moduli of
the effective medium be K¢ and pegr, respectively. The radius of the sphere is ry and
the outer boundary of the coating has a radius r..**

**This discussion is based on Milton (2002) (p. 116) and Christensen (1984) (p. 48).
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The governing equations for the linear elastostatics of isotropic media are
V.6=0 where o=Atr(€)1+2u€¢ and €=} [Vu+(Vu)'].
The bulk modulus ¥ is related the Lamé moduli A and u by
K=A+ %,u .

Let the matrix be subject to a hydrostatic state of stress, 6 = —p 1. We will look for
a solution for the radial displacement field that does not perturb this field when the
coated sphere is added to the matrix. From the spherical symmetry of the problem,
we know that an allowable radial displacement field, u(r), has the form

u<1)(r79,¢) :uﬁl)e,:alre, in the core
u®(r,0,0) = e, = (a2r+b2/r2) e, in the coating.
If we replace the coated sphere with a homogeneous sphere made of the effective
material, the effective displacement field is

ut(r,0,0) = ue, = acgrre, .

From the continuity of displacements at the interface r = r; and r = r,, we have
ajrs = axry —|—b2/r3, and  defrr. = axre + bz/}’z .
The continuity of radial tractions 6 - e, across the interface implies that
3K1a1 = 31(2612 — 4b2,u2/r3 and 3K2a2 — 4b2,ug/rg =—p= 3Keffaeff

where we have used tr(€¢) = V-u = du,/dr+2u,/r and Vu-e, = du,/dre,. From
the displacement and traction continuity relations for the coated sphere we can find
expressions for a; and b; in terms of the applied pressure p. The traction continuity
condition for effective medium gives us an expression for a.¢r. Plugging these into
the displacement continuity condition for the effective medium leads to the following
expression for Kegr:

et — K2 (3K + 4w )rd +4up (k) — K2) 7
ff (3Kky +4u)r3 —3(k) — 1273

If we express the above in terms of volume fractions using the definition
fi=1=fa=r/r

we can show that the K¢ is given by

S
Keff = K2 + . (7.24)
1 i)

+ 4
Ki—K2 K+312
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The effective bulk modulus in equation (7.24) is Hashin’s relation and applies to an
assemblage of coated spheres. For this choice of the bulk modulus of the matrix,
a coated sphere will have no effect on the pressure field in the matrix. In such a
situation, we could continue to add spheres and completely fill space (except for a
set of measure zero) without affecting the field. A schematic of the situation is shown
in Figure 7.5. Clearly, in that case, the effective bulk modulus of the assemblage of
coated spheres is equal to that of the matrix. "

FIGURE 7.5

Assemblage of coated spheres.

For the assemblage of coated spheres, when the bulk and shear moduli of the
two phases are real, the effective bulk modulus is given by equation (7.24). Let us
use the Bloch wave solutions to show that the same result holds when the moduli
are complex. Suppose that the spheres are made of gas and the coating is liquid
so that the composite resembles bubbles in water. If we assume that the liquid is
incompressible, then K, — oo which implies that V-u(®) — 0. If we follow the Hashin
procedure again, we get an expression for the effective bulk modulus of the form

2w [(1+2f1)k1 + 5 o)
T T3 Ak + 202+ i)

A simpler expression can be obtained if we invert (7.24) and take the limit K, — oo.
In that case we have

K1+ 3 /ot
i .

Now consider a time harmonic plane shear wave with a real frequency, ®, and com-
plex wave vector, k, propagating into a fluid. Then the associated stress and strain

Keff ~ (7.25)

In determining the effective properties of an assemblage of coated spheres we have assumed that the
coated spheres do not overlap the boundary of the spherical unit cells and that tractions and displacements
at the boundary remain unaffected by the addition of coated spheres.
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fields can be expressed as
o(x,1) =Re[6e X )] and g(x,r) = Re[ge/ > )],
If the fluid is Newtonian, the stress is related to the strain by

0€
c = n'ug

where 1, is the shear viscosity of the fluid. Substituting the expressions for the stress
and the strain into the above constitutive relation gives us

o(x,) = —ionE(X,0) =: ue(X, ®)

where u is the complex shear modulus of the fluid. We have assumed that the shear
viscosity of the fluid, 1, is independent of frequency, which is reasonable for water.
If we now consider water containing air bubbles, and assume that the bulk modulus of
air is independent of frequency, we can plug p, = —iwn,, into (7.25) (after appealing
to analytic continuation arguments) to get

Kopr RS E—l(}) @ . E—l(l) eff
off ~ 7 37, Nu | = 7 M
eff

where the ng' is the effective bulk viscosity of the mixture. Since the imaginary
part of the effective bulk modulus, and hence dissipation, is determined by the shear
viscosity of water we find that sound is damped strongly in bubbly fluids. This is true
even when the volume fraction of bubbles is small, in which case, f, — 1, and we
get the Taylor estimate of effective bulk viscosity,

7.3 Electromagnetic waves in the quasistatic limit

Let us now consider the solution of Maxwell’s equation in periodic media in the qua-
sistatic limit. We will use the notation shown in Figure 7.3 and follow the procedure
used in the previous section (see Milton (2002) for further details). In this case we
define the scaled permittivity and magnetic permeability as

en(x)i=e (%) =ey) and p(x):=p (%) =uy)

where the periodicity of the composite, with lattice vector a;, requires that

en(x+Ma) = n(x) and g (x+Ma;) = iy (x).
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Similarly, we define
Dy (x) :==D(y) : Bn(x):=B(y): En(x):=E(y); Hn(x):=H(y).
Then the Maxwell equations at fixed frequency, ®, can be written as
V.-Dy=0; V.B,=0; VXE,—ioB;=0; VxH,+ioDy,=0 (7.26)

and from the constitutive relations we have

Dy (x) = &q(x)En(x) and By(x) = un(x)Hy(x) . (7.27)
For the E-field let us look for Bloch wave solutions of the form

En(x) = ¢ eq(x) and  Dy(x) = ¥ dy(x)
where ey and dn have the same periodicity as € and g, i.e.,

en(x+mna;)=e(x) and dy(x+ma;)=d(x).

Similarly, for the H-field we look for Bloch wave solutions of the form

H,(x) = ¢®*hy(x) and  By(x) = e™**by(x)
where hy, by have the periodicity

h,(x+n a;) =h(x) and by(x+ma;) =b(x).

If we substitute these solutions into equations (7.26) we get

ik-dy(x)+V-dy =0, ik-bn(x)+V-by =0,
ik x en(x) +V x ey —iwby(x) =0, ik xhy(x)+V xhy+iod,(x) =0.
(7.28)

Similarly, from (7.27) we have

Using (7.29) we can organize (7.28) into an eigenvalue problem of the form

(L—-wl) {gﬂ =0

where L is a linear differential operator. Then ® is an eigenvalue of L. However,
L depends on ® via €(®) and u(®) and therefore Bloch wave solutions do not exist
unless o takes one of a discrete set of values. As before, let these discrete values be

0= wﬁ(k)
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where the superscript j labels the solution branches. Let us see what the Bloch wave
solutions reduce to as 1 — 0. Following standard multiple scale analysis, let us as-
sume that the periodic complex fields have the expansions

en(x) = eo(y) +1nei(y) +n’ex(y) + ...
dy (x) = do(y) +ndi(y) +n°da(y) + ...
hy (x) = ho(y) +nhi(y) +n’ha(y) + ...
by (x) = bo(y) +mbi(y) +n’ba(y) +... .

Let us also assume that the dependence of ® on 1 and k has an expansion of the form

(7.30)

© = 0} (k) = o)(y) +1 0 (y) +1* 0f(y) + ... (731)

Plugging (7.31) and (7.30) into (7.28), and following the process that we had used to
derive the quasistatic elasticity equations, we find that collecting terms of order 1/m
gives

V,.dy=0, V,xeo=0,

7.32
V,-bp=0, V,xhy=0. (7.32)

These are the Maxwell equations in the quasistatic limit. Similarly, collecting terms
of order 1 gives

ik-do(y)+V,-d; =0, ikxey(y)+V,xe —io)bo(y)

=0 (1.33)
ik-bo(y) +V,y-b; =0, ikxho(y)+V,xh+io}do(y) =0. '

These are additional constrains that must be satisfied by Maxwell’s equations in the
quasistatic limit. Also, from the constitutive equations (7.29),

[doly) =&(y) eoly) and bo(y) = u(y) ho(y) .| (7.34)

These are the constitutive relations in the quasistatic limit.

7.3.1 Effective properties and dispersion relations

Let us use the approach in Milton (2002) (p. 227) to find the effective permittivity
and magnetic permeability of a periodic composite using Maxwell’s equations in the
quasistatic limit. Let €. be an effective permittivity tensor associated with the field
e(y) and let p ¢ be an effective permeability tensor associated with the field u(y).
These effective tensors are defined through

<d0> = Eeff - <e0> and <b0> = Mqfr- <h0> . (7.35)

Since d;(y),bi(y),ei(y),hi(y) are periodic, the volume average divergence and
curl over a unit cell must be zero, i.e.,

(Vy-di) =0, (Vyxep)=

0
(Vy-b1) =0, (Vyxh))=0 (7.36)



Waves in Periodic Media 267

where (e) is the volume average over the unit cell. Therefore, equations (7.33) can

be written as )
k-<d0>=0, k x <e0>—0){)(b0) =0

’ (7.37)
k- (bp) =0,  kx (hy)+ay(do)=0.
Plugging (7.35) into the two equations containing (,06 in (7.37) gives
k x <e()> — 0)(];[165~ <h0> =0 and kx <h0> + 0)6 Eoff <e0> =0. (7.38)
From the first of equations (7.38) we have
(ho) = (@) ker) " - (ko x {eo)). (739)
Plugging this expression into the second of equations (7.38) gives
€t [kox {tggr - (< {e0)) }] + ())” (e0) =0 (7.40)
Define the matrix A¢g(k) such that for all vectors v
Aci(k) - vi=g - [kx {pyd - (kxv)}] .
Then (7.40) can be written as an eigenvalue problem
[Aeff(k) + (o0))? 1} -(eg) =0. (7.41)

The matrix Aefr is 3 x 3 for three-dimensional problems and has three eigenvalues.
The eigenvalue problem (7.41) may be used to determine the dispersion relations
o) (k) and also possible values of the eigenvectors (eo) associated with each Bloch
wave mode. Once we know (ep) we can then find (hy) using equation (7.39). Note
that one trivially determined eigenvector/eigenvalue pair of the matrix A is ({eg) =

k, w{) =0). So, it is necessary to examine only the other two eigenvalues of A to
find allowable average fields (ep) and (hy).

Isotropic constituents

When the permittivity and permeability of the medium are isotropic, equation (7.41)
becomes

(£eff,ueff)7l (k x k x <e0>) + (0)6)2 <eo) =0.

Using the identity ax b x ¢ = (a- c¢)b — (a-b)c, we can write the above as

(errterr) " (k- (e0) )k — (k- k) (eo)] + (()* (eo) = 0.
Further rearrangement leads to

(eetriterr) "' k@ k— (k-K)1] - (o) + (00})* (eo) = 0.
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If we express the above relation in matrix form in a Cartesian basis, we get

IG+k3 —kiky —kiks] [(eo), (e0)y :
—kiko k% Jrk% —kok3 <e0>2 =A <eO>2 ;A= (wé)zgeffﬂeff~
—kiks —koks k%-‘rk% <eO>3 <eO>3

The eigenvalues of the matrix on the left-hand side are
M=0, =A=kl+k3+k =k k.
Ignoring the trivial eigenvalue, we have the dispersion relation
k- k= (mé)zgefﬁueff- (7.42)

We can calculate the effective phase velocity from the relation cefr = 1/+/€cfitietr and
the effective group velocity by taking a derivative of the dispersion relation. If we
assume that s = 1 and
__(2n j
k=(F+35)n
where A is the wavelength, d is the attenuation length, and n is a unit vector, equation

(7.42) gives
1

()2
Therefore, for a given frequency, the complex permittivity €. is determined by the
wavelength and attenuation length of the incident field.

Eeff =

7.4 Band gap phenomena in periodic composites

For wavelengths that are of the order of the unit cell and shorter, we can no longer use
the quasistatic approximation. Band structures are useful for examining the behavior
of periodic composites in those situations. Let us look at a few discrete systems to
understand the basic procedure used to compute band structures. Problems involving
electrodynamics are dealt with in detail by Joannopoulos and Winn (2008). We will
limit ourselves to elastodynamic problems. Problems in acoustics can be solved using
the same procedures.

The band structure of continuous systems can be quite difficult to calculate and
several methods can be applied to achieve that goal. Popular approaches are plane
wave expansions (Sigalas and Economou, 1992, Kushwaha et al., 1993, Suzuki and
Yu, 1998), finite difference time domain methods (Sigalas and Garcia, 2000), fi-
nite element methods (Axmann and Kuchment, 1999, Hussein, 2009), multiple scat-
tering theory (Liu et al., 2002), Rayleigh multipole and Green’s function methods
(Movchan et al., 1997, Poulton et al., 2000), and various other techniques. The aim
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of most of these methods is to reduce the problems into a generalized matrix eigen-
value problem of the form

[K(k) — ’Mu=0

where K and M are matrices containing information about the geometry and material
parameters, k is the wave number, @ is the frequency, and U is the vector of degrees of

freedom in the system. The differences between the various methods are essentially
in the choice of basis. Once a system of equations has been generated, standard
numerical methods can be used to solve the system for individual values of k (usually
chosen to be such that they lie along the borders of an irreducible Brillouin zone).

A discussion of the details of these techniques is beyond the scope of this book
and excellent reviews can be found in Busch et al. (2007) and Sigalas et al. (2005).
We will limit ourselves to a few simple lattice models in this section. Note that many
complex structures can be adequately represented by lattice models, particularly in
elastodynamics. These models have the advantage of reducing the number of degrees
of freedom significantly while retaining much of the important physics. An excel-
lent review of lattice models in micromechanics can be found in Ostoja-Starzewski
(2002).

7.4.1 One-dimensional lattice models

The simplest periodic structure we can think of is a lumped mass model of a homo-
geneous elastic rod as shown in Figure 7.6(a). The period of the structure is a, the
lumped masses are m and the spring stiffness is K. The displacements at the locations
x; are u; and the unit cell is repeated an infinite number of times. The equation of

|—>Uj_1 |—>UJ |—>Uj+l

@ o o e o
m KR K R K,
Unit cel
Yt Y Ui
m K K m K K m K K m
(b) ® @ o o

s M P M

-1 a ] j+1
Unit cell
FIGURE 7.6

Lumped mass models of one-dimensional periodic media. a) A model with a single mass. b)
A model with two different masses.
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motion of the j-th mass is
K(ujr—uj) = K(uj—uj1) = mii;.
If the motion is time harmonic with frequency ®, we have
K(ujrr —uj) —K(uj—uj_1)+ mo)zuj =0.

From the Bloch-Floquet theorem we have

o —ika,, . . ika,, .
uj1=e “u; and ujy =e"u;.

Therefore we can write the equation of motion as
Kuj(2—e* — ™) —me?u; =0.

Noting that exp(ika) + exp(—ika) = 2cos(ka) and 1 — cos(ka) = 2sin*(ka/2), we
have

4K
{ sin®(ka/2) wz} u;=0.
p” .

For real k, and since ® > 0, this equation has a nontrivial solution only if

w(k) = 2\/5 |sin(ka/2)| =: 2ay |sin(ka/2)| . (7.43)

This is the dispersion relation for the structure. In the quasistatic limit, £ — 0,
sin(ka/2) — ka/2, we have ®(k) = ka+/K/m. The group velocity is dw/dk =
ay/K/m. So if we know the group velocity, the lattice spacing, and the mass density,
we can calculate the stiffness of the medium. But recall that the lattice model was
meant to represent a homogeneous medium for which the wave number and the fre-
quency should have a linear relationship, i.e., there should be no dispersion in such
a medium. The reason for the discrepancy is that, to get to a homogeneous medium,
we have to take the limit a — 0. In that case we again have ®(k) = ka\/K /m, which
is linear. We have to be careful when interpreting the dispersion relations for a con-
tinuous medium that has been modeled using a lattice structure.

Let us now look at a plot of the dispersion relation (7.43). The frequency is a
periodic function of k with a period of 27t/a that falls to zero for certain values of k.
The mode where both @ and k go to zero simultaneously is called the acoustic mode.
Recall from the definition of the reciprocal lattice vectors that the spacing of the
reciprocal lattice is b := 1/a. The frequency is zero every time k becomes a integer
multiple of 2mh. The periodicity of the plot indicates that we may concentrate on a
small range of values of k and still be able to understand the behavior of the system
for all k. This irreducible set of values of k is indicated by the gray region in the
figure and is called the first Brillouin zone. We also see that at the boundaries of
the Brillouin zone ® = 2y, and the group velocity dw/dk becomes 0. Therefore we
have standing waves for values of k which are odd integer multiples of /a. Because
there is only one K and one m in the model, we see only one mode. Also, since there
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FIGURE 7.7

Dispersion plot of one-dimensional lumped-mass model of a homogeneous medium. The gray
region is the first Brillouin zone.

is only one direction of wave propagation, we see only one acoustic branch. More
modes and additional acoustic branches are observed as further details are included
in the model.

In fact, we can use a reduced range of values of k for any periodic medium. We
can see this by considering a plane wave of wavelength A propagating in the medium
with wave vector k. Then we can superpose solutions of the form

u(x) = ue™®*  where |k| =2m/A.

Let a be a lattice vector in the medium such that a = n;a; where a; are the primitive
basis vectors of the lattice and n; are integers. Now consider another wave with a
wave vector k' = k + 2nb** where b = m;b; where b; are the reciprocal lattice
vectors and m; are integers. Then b -a = myny = N where N is an integer. This
implies that

iK'a _ plka 2miN _ jika

e e

Therefore, wave vectors differing by a reciprocal lattice vector have the same effect
at the location x = a. Hence we only need to consider a small region of k-space.

Let us now look at the model in Figure 7.6(b). In this case we can write out two
separate equations of motion for the two types of mass,

K(2Uj7uj7uj+1) 7(\)2MUJ' =0 and K(Zuj—Uj,l 7Uj) —0)2muj =0.

#The quantity 27b is often written as G.
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From the Bloch-Floquet theorem, u;| = ujexp(ika) and U;_| = Ujexp(—ika).
Therefore,

KRU; —u;(1+e*)) —*MU; =0 and K[2u; —U;(1+e )] — o?mu; = 0.
We can write these two equation in matrix form as

2K -Mo® —K(1+e*)] [U;] [0
—K(1+e %) 2K —me? | |u;| — |0

=
I
e

[\

=
[t

=0 or

This eigenvalue problem has a nontrivial solution if det(K — OJZM) =0,1ie.,

mMo* — 2K (m+ M)®? + 4K sin*(ka/2) = 0.

The positive eigenvalues are

_|,m+M K 5 > 172

(k) = {K oy + v \/m + M? + 2mM cos(ka)

A dispersion plot for this situation is shown in Figure 7.8. In this case we get one
extra mode, called the optical mode. If we examine the value of the displacement
at the Brillouin zone boundary we will see that one of the masses moves while the
other stands still, i.e, if U; = 0 then u; 7# 0 and vice versa. Also notice that at k =
0 the group velocity of the optical mode is zero and standing waves appear. The
appearance of a frequency band gap is also significant. This gap depends on the
difference between m and M and explains why high contrast composites are more
likely to exhibit band gaps.

7.4.2 Two-dimensional lattice models

The unit cell and the first Brillouin zone for one-dimensional lattices are quite
straightforward to visualize and compute. But when dealing with two- and three-
dimensional lattices, these structures can become quite complicated, particularly in
three dimensions. Let us revisit the concept of the reciprocal lattice and examine the
Brillouin zone in two dimensions.

Recall that the reciprocal lattice vectors b are related to the primitive lattice vec-
tors a; by the relation a; - b; = §;;.* Based on the observation of the periodicity of the
dispersion relations, it is often more convenient to define the reciprocal vectors such
that a; - b; = 2n;;. Figure 7.9 shows a two-dimensional schematic of these vectors
and the associated first Brillouin zone in reciprocal space. With the new definition
of the reciprocal basis vectors we see that, in one dimension, the Brillouin zone will
extend from —7t/a to m/a. A detailed explanation can be found in Brillouin (2003).

*Observe that the primitive lattice vectors and the reciprocal lattice vectors are similar to the covariant
and contravariant basis vectors in curvilinear coordinates.
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w

FIGURE 7.8

Dispersion plot of one-dimensional model containing two lumped masses with M = 2m and
o = /K /mM. The light gray region is the first Brillouin zone and the dark gray region is the
frequency band gap.

FIGURE 7.9

Lattice vectors, reciprocal vectors, and Brillouin zone for a two-dimensional lattice. The solid
lines represent the physical lattice. The dashed lines show the reciprocal lattice. The Brillouin
zone is the smallest closed polygon formed by the perpendicular bisectors of the unit cell
in reciprocal space. The edges of the Brillouin zone are often labeled using group theoretic
notation; the notation shown in the figure is for a hexagonal lattice.

The reciprocal lattice vectors can be calculated from

ap X az asz X aj a]p X a
b=2n———, b3=2n

b] :271: 9
a - (a3 X a1)

a1~(a2><a3)’ a3~(a1><a2)'
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For the lattice in Figure 5.28 (p. 202), the lattice vectors of the unit cell are
aj=he —he,, ay=he;+he,, ay=-ej3.

The corresponding reciprocal vectors are

b, :%el—%el , by = %el—l—%eg, bz = 2me;.

Consider a square lattice with lattice spacing a (Figure 7.10)." To keep things sim-
ple we will examine the situation where only an out-of-plane displacement w(x) is
allowed at the lattice nodes (but no in-plane displacements). The lattice nodes are
connected with strings that have a distributed mass per unit length p. We may think
of the lattice as a model of a membrane that is represented as a net of flexible strings.

If we look at the free-body diagram of an element of the string of length dx that
is stretched under a tension 7', a balance of forces in the out-of-plane direction gives
us, for small deflections,

2 2
T(E’W+a de)—TaW:pdan

ox | ox2 ox or?
or 5 5
al:lal where  ¢? ::Z.
oxz % or? p

If we look for time harmonic solutions with frequency ®, we can write the above

5 1 3 P

FIGURE 7.10

A square lattice made of strings with a mass densities p; and p».

*This example is based on Martinsson and Movchan (2003). Several other examples can be found in that
work and in Jensen (2003).
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wave equation and its solution as

82 (1)2 . . (O]
aiv;*'*zw:O = wx) =A™ +Be™, k= —.
X C

c
Using the boundary conditions w(0) = wp and w(a) = w, we have the solution

B sin(Kx)
w(x) = wocos(kx) + [w, —wp cos(Ka)] sin(ka)
and J
0(x) = d—v: = —Kwp sin(Kkx) + x [w, — wo cos(ka)] Z?;((z)) .

The situation sin(ka) = O represents the normal mode of vibration of the string. We
will consider the situation where sin(ka) # 0. The force that the string exerts at x =0
in the out-of-plane direction is

T«

F,=—T06(0) = [wocos(ka) — wg] Sn(ka)

Therefore, if we locate x = 0 at node 1 in the figure and if the densities in the two

directions are p; and p;, a balance of forces at node 1 gives us
K K
,72+[2w1 cos(Kja) — wz — ws] !
sin(xza)

0=1[2 K2a) —wy — sin(kja)
[2w) cos(Kaa) —wa — wy) 5 sin(x;a)

where x; = m/cj and c? =T/pj, j=1,2. Let k = kje| + ke, be a Bloch wave
vector. Then, from the Bloch-Floquet theorem we have
iak-ep

iak-e|

_iak
e s =wie , Wa=wie

—iak-e|

Wy =wie , Ws=wje

If we plug these back into the equilibrium equation, we find the resulting equation
has a nontrivial solution only if we satisfy the dispersion relation
cos(kja) cos(ka) cos(kja) cos(kya)

— _ =0. 7.44
! sin(Ka) 2 sin(kpa) i sin(Ka) K sin(Kya) (7.44)

For the special situation where p; = py or k; = K = K = ®/c, the above relation
simplifies to

2cos(wa/c) —cos(kja) —cos(kpa) =0.
A plot of the reciprocal lattice vector, the first Brillouin zone, and the dispersion
plot for the square lattice are shown in Figure 7.11. The calculation of the dispersion
relation can be performed using bisection or with a Newton solver. However, as we
can see from the figure, such methods can be inaccurate close to branch points.

Let us now consider the two-dimensional lattice model that we had discussed in
Section 5.7 (p. 197). We had found that the forces at a representative node can be
expressed as (see equations (5.110) and (5.111))

fitnertial _

12 (msA2Cixs +meCaxg) @ ¢; + (msCoxs + meArCiXg) @ €| - ug

flastic — _pK[(1—A3)1+ (A3 —A;)Dy1 + (1 —Ay)Dyy) -uy
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Reciprocal Lattice

= Brillouin Zone
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FIGURE 7.11

The reciprocal lattice and a dispersion plot for the square lattice in Figure 7.10. To generate a
dispersion plot, values of k are chosen along the contour I'— M — X. Along'— X, k; € [0,7t/q]
and ky = 0; along ' — M, k; = kp € [0,/a]; and along X — M, k; = 0 and k, € [0,7/a].
The dispersion plot is for the situation where the wave speeds in the two types of strings are
¢ = 5cy. A bisection method was used to compute the values of ®. A band gap can be seen
in the diagram.

where ms and mg are lumped masses, hK is the spring stiffness, and x5,xg are the

positions of the two masses. The geometric parameters Cy,C;,C3 are defined as
Ci=c+d*—1, G=+(1+d)?*, CG3=c*+(1+d)?

and the vectors ¢y, ¢, are given by

cl = —ce|+ (1 7d)ez , Cp=ce;+ (1 +d)e2
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where ¢ and d are parameters indicating the locations of the two masses. The quan-
tities Ay, A», and A3 are obtained from Bloch wave solutions (see Section 5.7):

Al _ e*ih(kﬁ*kz) , A2 _ eihkz , A3 — e*ih(klsz)
where k = kje; + ke is the Bloch wave vector. The transformations D;; are

D= cos? 9’7 cos Qiésin 0;;
cos0;;sinB;;  sin”O;;
where i and j are the end points of the springs and 0;; is the angle made by the spring
with the e; axis (in the counterclockwise direction).
A balance between the inertial and the elastic force at node 4 leads to a system of
equations of the form

[K(k) — o’M(k)]u=0.

These can be solved using a numerical eigenvalue solver to find the values of ® corre-
sponding to a particular choice of k within the first Brillouin zone. For this problem,
in addition to a normal acoustic mode, we get a shear acoustic mode because of the
extra degree of freedom in u.

7.4.3 Dispersion in continuous elastic composites

Dispersion in periodic elastic composites has been the subject of study since at least
the early 1960s (see for example Kohn et al. (1972) and the references cited there).
These studies had found that band gaps typically occurred at high frequencies. The
increased interest in elastic band gap materials since 2000 has been ignited by the
discovery by Liu et al. (2000) that band gaps can be opened up at low frequencies
by using locally resonant materials (see Chapter 5). A similar behavior is observed
if the coated balls are organized in a periodic manner and a dispersion diagram is
computed. It is often difficult to distinguish the regime of local resonance from the
Bragg scattering regime in dispersion diagrams and additional measures, such as full
wave calculations, may be needed.

Let us briefly discuss a procedure that is used to calculate dispersion curves for
elastic composites. Recall that for continuous, periodic, elastic composite media,
the momentum equation at fixed frequency in the absence of body forces can be
expressed in the form of an eigenvalue problem:

(L—A0)u(x)] = 0

where
Llux)]:=—p ' [V-(C:Vu)] and A:=o’

and u(x) is the displacement field, C(x) is the stiffness tensor, and p(x) is the mass
density. We can also write the above equation as

(K —o*M)[u(x)] =0
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where
Ku(x)]:=—-V-(C:Vu) and Mu(x)]:=p-u.
Recall from (7.8) that the Bloch condition for elastodynamics has the form

u(x+a) = e*?u(x)

where a =m;a; is a lattice vector, a; are the primitive lattice vectors, and m; are in-
tegers. If we consider the unit cell in Figure 7.12, the Bloch condition can be applied
directly to points on the boundary of the unit cell. For points inside the unit cell Q it

Periodic Medium Unit Céll

O

]

]

]

]

]

[

]
L LY EE T

]

]

]

]

]

]
L L T I I
P L L L L

FIGURE 7.12

Periodic medium showing the unit cell Q2 and periodic locations on the boundary I'.

is more convenient to use a Bloch solution of the form
un(X) = Uy (x)e** = Vuy = [V + k@] e** (7.45)

where the displacement Uy (x) is periodic in Q (see Section 7.2, p. 256, for details).
The momentum equation may then be expressed as

To find the Galerkin weak form of this equation, we multiply it with a periodic test
function wy (x) with compact support inside the unit cell (i.e., the test function is
zero on I'). Then we get

/{V{Cn:Vun]—szpnun -wydQ =0.
Q

Using the identity v- (V-8) = V- (87 -v) — S : Vv, where v is a vector field and §
is a second-order tensor field, and using the compact support of the test function w
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gives us
/Q [Vw :Cyp 1 Vuy —oozpnun -wn} dQ=0.

If the periodic test function also has the form wr (x) = W (x) X

can write the weak form as

, using (7.45) we

/Q {(an +ik®Wn) : Cp 1 (Vi + ik ® tin) — 0%pq Wy, .ﬁn] dQ=0. (7.46)

Since complex quantities are involved, special care is usually needed to make the
system Hermitian and keep the total energy real. For a finite element solution of the
above equation,§ we discretize the domain Q into ng elements and choose trial and
test functions of the form

un = Zlelj and Wn = ZNjo
J J

where N; are finite element basis functions. Substitution of these functions into the
weak form and invoking the arbitrariness of w gives us a system of equations
[K(k) — oMy = 0.

The eigenvalues of this system of equations give us the dispersion relations ®(k).
As before, the wave vectors k are chosen from the irreducible Brillouin zone for
the periodic composite. Several techniques for solving these equations can be found
in Bathe (1997) and Hughes (2000). An efficient mode superposition technique for
problems with real C and p has been discussed in Hussein (2009).

As we have seen before, the analogy between antiplane shear (SH-waves), acous-
tic waves, and transverse electromagnetic waves implies that we can use a similar
approach to find the dispersion relations for a broad range of wave phenomena in
composites. Efficient computational methods for the calculation of dispersion re-
lations can be found, for example, in Figotin and Kuchment (1996), Axmann and
Kuchment (1999), Dobson (1999), and in the book by Lourtioz et al. (2008).

Exercises

Problem 7.1 Show that for periodic composites in the quasistatic limit, the momentum equa-
tion, the stress-strain relations and the strain-displacements relations can be written as

8See Minagawa et al. (1984) and the references cited there for early calculations of elastic dispersion
curves with finite element methods.
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and
€ =4 (Gnok+k®y) + 4 [Vﬁn +(Vﬁn)7] :

Problem 7.2 Verify that the matrix A := k- (eg))k — (k- k) (eg) can be expressed as A =
[k®k—(k-k)1]- (ep). Show that the eigenvalues of A are

A =0, X2:K3:k%+k%+k§:k~k.

What do these eigenvalues imply about the quantity k- (eg)?

Problem 7.3 Show that perturbation expansions of the Bloch wave equations for elastody-
namics lead to the relations

Op = CT'I )
0= V,ug+(Vyup)”
g = s(up@k+k®ug) + 3[Vyuy + (Vyuy)’].

Problem 7.4 Show that we can express the first-order term in the perturbation expansion of
ET] in the form

eo(y) = (Vi) + V,u)")
where u(y) = i(k-y)ug +u;(y).
Problem 7.5 Show that the volume averaged gradient, divergence, and curl are zero for a

periodic vector-valued function u(x) which satisfies the relation u(y+a) = u(y) within
a unit cell with lattice vector a.

Problem 7.6 For a periodic elastic composite show that

(k- Cef - k) -up = (@) ?up.

< 5

Problem 7.7 Derive Hashin’s estimate for the effective bulk modulus of a coated sphere:

f1

Keff = K2 +
f

+ 4
Ki—K2 x+3w

after verifying the expressions for the radial displacements and the traction continuity
conditions.

Problem 7.8 Show that Maxwell’s equations for a Bloch periodic medium can be expressed
as

ik-dy(x)+V-dy =0, ik-by(x)+V-by =0
ik x en(x) +V x ey —iwby(x) =0, ik X hy(x) +V x hy +iody (x) = 0.

Problem 7.9 Show, using an approach similar to that used to obtain the effective bulk mod-
ulus, that Hashin’s estimate for the effective electrical permittivity of a coated sphere
can be expressed as

3fig2(e1 —&2)

3er+ fo(e1 —&2)

where € is the permittivity of the sphere, €, is the permittivity of the coating, and

f1 = 1 — f» is the volume fraction occupied by the sphere.

Eeff = €2+
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Problem 7.10 Consider an infinite one-dimensional lattice of circular rings connected to each
other by linear springs. The mass of each ring is M and the stiffness of each spring is
K. Each ring contains an additional mass m that is connected to the ring by a spring
that has a stiffness K. Show that the dispersion relation for the lattice is

mMa* — [(m+ M)Ky +2mK (1 — coska)] + 2K Ko (1 — coska) = 0

where a is the lattice spacing, k is the wave number, and ® is the frequency. Plot the
dispersion relation for the lattice. Hint: See Huang et al. (2009).

Problem 7.11 Plot the dispersion relation described by equation (7.44) and compare your
result to the plot shown in Figure 7.11.

Problem 7.12 Find the dispersion relations for the Milton-Willis model discussed in Chap-
ter 5, where k is the wave number. Plot the dispersion diagram for the model with
c=1/2.

Problem 7.13 The governing equation for antiplane shear (SH-waves) in an inhomogeneous
but isotropic medium can be written as

V- (u(x1,x2) Vuz (x1,32)) + 07 p (xp,x2)uz (x1,x2) = 0.

Derive the weak form of this equation as it applies to a periodic composite by taking
the product with a vector test function w(x,x;) (with compact support) and integrating
over the volume of the unit cell. Discretize the resulting equation using finite element
basis functions and comment on how Bloch periodic boundary conditions may be im-
plemented in this situation. Hint: See Guenneau et al. (2007).

Problem 7.14 The weak form of the wave equation in a periodic elastic composite can be
written as

/Q{(anﬂk@‘?vn) :Cq 1 (Viin +ik @t ) — 07 pnWy -ty | dQ = 0.

Show that the above equation can be discretized using finite elements in system of
algebraic equations of the form

[K(k) ~ oMy =0.
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Waves in Layered Media

The properties of the multilayer are not simply some combination of the prop-
erties of the bulk constituents.

S. J. LLOYD AND J. M. MOLINA-ALDAREGUIA, Multilayered materials: A
palette for the materials artist, 2003

Layered media form a large class of composites. Examples of layered materials
include sedimentary rocks, atmospheric strata, the nacre shells of crustaceans, high-
temperature copper-oxide semiconductors, martensitic twins in metals and alloys,
laminated resin-fiber composites, and numerous other materials. Waves in such me-
dia have been studied extensively. Detailed expositions can be found in Brekhovskikh
(1960) and Chew (1995). A good introduction to the elastodynamics of layered me-
dia can be found in Aki and Richards (1980) and a broader perspective can be found
in Carcione (2007). Homogenization of layered media is covered in detail in Milton
(2002) and a mathematical description with historical context can be found in Tartar
(2009).

In this chapter we discuss a few topics that are useful while navigating the vast
literature on layered media. We discuss the state vector approach to problems involv-
ing layered media, the approximate Wentzel-Kramers-Brillouin-Jeffreys method of
solving the state equations, and the widely used propagator matrix method. We then
explore the Schoenberg-Sen model that predicts an anisotropic tensorial mass den-
sity at low frequencies. We finish our discussion with the quasistatic homogenization
of layered composites and hierarchical laminates. High-frequency homogenization is
avoided because of the complexities involved.

8.1 Wave equations in layered media

Consider the layered medium shown in Figure 8.1. Let are assume that the material
properties in each layer are scalars and locally isotropic, i.e., k = k(x3), p = p(x3),
u=pu(x3), e =€(x3), and so on.

283
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FIGURE 8.1

A medium with N parallel layers.

8.1.1 Antiplane shear elastic waves

Let us first examine the case of elastic waves in layered media. For plane harmonic
waves in elastic layered media, a displacement field can be assumed to be of the form
u(xy,xp,x3) = ﬁ(x3)e’(k1x1_wt)
where k; is the component of the wave vector in the xj-direction, x| = xje; is par-
allel to the layers, and x3 = x3e3 is perpendicular to the layers. Notice that this is
a problem where the displacement is independent of x,. Recall that the balance of
momentum in the absence of body forces is given by G, ,» = pii, which reduces to
G12,1 + 6233 = piiy for antiplane shear waves. The momentum equation expressed in

terms of displacements is the wave equation for antiplane shear,*

.. ( ) 82u2 82u2 82142
i) = i\u u or == = Uj
pjlia = pj(uz 11 +us 33 Pj 72 Hj 8x% + ax%

where u; is the shear modulus and p; is the mass density of layer j. For the assumed
displacement field we have

2~ 2~ |~
—0°pjuy = pj(—kiity +233) .

*A commonly encountered type of antiplane shear wave is the Love wave. Love waves are antiplane shear
waves in a layered medium with one free surface. For an infinite layered medium with a free surface, the
boundary conditions on the displacements can be taken to be n-6 = 0 at x3 = 0 (a free surface) and u =0
at x3 = —oo,
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Rearrangement of the above equation gives

2
0)pj

i 33 +k§ﬁz =0 where kf = — k%.

Hj

The above equation has solutions of the form
i = Ajjehi™ 4 Ay je 3
Hence the plane harmonic wave has the form
up (x1,x3,1) = (Aljekfx3 +A2jefkfx3)ei<k'x17“)l) ) (8.1
If Re(kj) > 0 we must have Im(k;) < 0. Therefore, for antiplane shear waves we try

to find solutions of the form

u=u3=0, wu= ﬁz(k,(l),xﬁel(k'xli(m) .

The strain components corresponding to this displacement field are

1~

€1 =¢&n==¢€3=¢€3=0, €3=5i3 el kv —on)

ik;

kx| —ot -~
o) €= 5 uze

and the stress components are

i(k|X] 7(1)l>

iax =00 g1y = ik utiy e .

Gi1 =02 =033=013=0, O3 =pinr3e

For a layered medium in which the shear modulus y = p(x3), the momentum balance
can be expressed as

_d [ du N
—kGpity + — ('udx3> = —pw’il

dxs
or
L(L); (,u()@)jjz)] n loﬁ Zgj; —k%] h=0. 8.2)
If 523 = Gp3 ¢/ F1¥1-90) we have
~ dity
023 = u(x3) dx3

and we can express equation (8.2) as

d823

I~ [Kun) = ()] .

Thus we have reduced the second-order differential equation into two coupled first-
order equations and can write the two in matrix form as

d{ﬁz} _ { 0 1/#(353)] [ﬁz] 8.3)
dx; [G3]  |[kju(x3) —@’p(x3) 0 o) '
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The vector [iiy G23]7 is called the motion-stress vector or the state vector and equa-
tions (8.3) are called the state equations. If we define

2] e e[,
su(x3)

where k3 := 0%p(x3) /u(x3) — k3, then equations (8.3) can be written as

——(v) =Hy. (8.4)

The above state equations form the basis of the propagator matrix methods discussed
later.

8.1.2 Acoustic waves

Let us now consider the acoustic wave equation which can be expressed in the form

0% 0 (19

717 — K — 77]) =0

o2 Oxpm \ POxy
where p is the acoustic pressure, p is the mass density, and x is the bulk modulus. If
we once again we assume that p = p(xj,x3) and p = p(x3),K = K(x3) we can write

Py s @p 0 (1)
o pl) a2 Vax \plw)axs )

Let us look for solutions of the form

p(x1,x3) = plk, U),X3)ei<k1"l*mf) )

Then we have

d {1 dp
—(1)2A—|-k2K(X3)A—K — | ——] =0
P ! p()C3 )P (XS) d)C3 P (X3) dX3

[p(xg)cgs<p(;)j£>] n luﬁ igjik%]ﬁ_o. (8.5)

Notice the similarity between this equation and (8.2). Now, look at the momentum
balance equation in acoustics:

or

v  Op
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If v =V (x3) /1519 we have
dp . (53)F
— =i
dxcs 10p(x3)v3
Therefore equation (8.5) can be written in the form
@ B i [(sz()Q) —k%K()Q)] R
dxs op(x3)K(x3) '

We can write the above two equations in matrix form as

O (D1 I

We could also have expressed the above equation in terms of particle displacements.
If we define k3 := @’p(x3)/Kk(x3) — k2, then equations (8.6) can be written as

d
d7x3(¥) =Hy. (8.7)
where
{; 0 lk%
V= {3] and H:= op(x3)
B — liop(x3) O

8.1.3 Electromagnetic waves

Assume that the permittivity and permeability are scalars and locally isotropic, i.e.,
€ =¢€(x3)1 and g = p(x3)1. Let us first consider TE-waves where the electric field is
E = E;>(x1,x3)e,. Then the TE-wave equation at a fixed frequency ® is given by

0 1 9E, B
X (,u()@) axm> +0e(x3) Ea(x1,x3) =0, m=1,2.

Expanding the above equation and using our assumptions, we have

oE; 0 1 9>
u(x3)

Tx% +y(X3) Tm x}) s ) +(0 8()63) (X3)E2 =0.

As we have observed before, the above equation admits solutions of the form
Ez(xl,)C3) = Ez()@) eiik'x' .

Inserting these solutions into the TE-wave equation gives us the ODE,

d 1 dE,
M) s \ ) s

+ [0%e(x3)u(xs) — k3] E2 = 0. (8.8)
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The quantity k3 := @?€(x3)u(x3) — k3 can be less than zero, implying that k3 may be
complex. Also, at the boundary, both E; and 1/udE, /dx3 must be continuous. For a
non-magnetic medium, u is constant and we can write (8.8) as

d*E,
dx?

Similarly, for TM-waves, we have

+[0?eu—k}]Ex =0  where x=ux;. (8.9)

-~

H> (X1 ,X3) = H2(}C3) etkix

and the resulting ODE is

) d (1 dH,
8 —_— e —
s dxs 8()63) dx;
Note that the definition of k3 is the same for TE- and TM-waves. To reduce (8.10) to
a first-order differential equation, let us introduce the quantities

+ [0%e(x3)u(xs) — k3] Hy = 0. (8.10)

_ 1 dH,
¢:=Hy and y:=-

el dr (8.11)

Then
do .
— = IEVY.
dX3 1oy
Clearly, ¥ has to be continuous across the interface for the differential equation
(8.10) to be satisfied. Plugging (8.11) into (8.10) gives
dy ik}
—=—0. 8.12
dxs me(P ( )
Therefore, the second of equations (8.11) and (8.12) form a system of differential
equations which can be written as

0 iwe(x
A Je] _ ik? ) B (8.13)
dxs |V —— 0 v
we(x3)
Similarly, for TE-waves we have
0 iou(x
1ol _| g Hes)| g (8.14)
dx; |V 0 v
wu(x3)

where ¢ := E> and iouy := dE /dx3. The above state equations can be written in the
compact form
d

——(\)=H

1
i (8.15)

i<
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where
0 iowe(x 0 iou(x
Vi= [(P} and H:= [ 2 é 3)] or[ @ ,Ué 3)] .
v wE(3) ey
|

8.2 Piecewise-constant multilayered media
If we look at equations (8.2), (8.5), (8.8), and (8.10), we see that they all have the

form
d 1 do
l‘*("”m <06(x3)dx3>

where o, B are material properties and the variable @ is related to the field ¢ by

+ [@*a(x3)B(xs) — k1] =0

klxlfu)t)

o(x1,x3) = 0(k, ®,x3) el }

The subscripts in the above equation can be confusing when we are dealing with
multiple layers and it is more convenient to use (x, y, z) instead of (xy,x2,x3). Equation
(8.16) may be written in the new notation as

d{ 1 d¢
[‘*% (()d)

Let us drop the hats and define k? := @?a.(z)B(z) — k2. Then the governing equation

takes the form
d 1 d
oz) ((p) +k9=0.

+ [0’ a(z)B(z) — k] §=0. (8.16)

dz \ a(z) dz

In Section 2.5.3 (p.85) we took a brief look at solving the above equation for a
three-layered medium where each layer is isotropic, i.e., the properties are piecewise
constant. We had found the generalized reflection and transmission coefficients for a
slab. Let us now try to extend those results to a medium with N layers.

We had found that the apparent reflection coefficient R)> for TE-waves incident
on a slab can be expressed as’

Ti2 Ty Ry3 e%ike(d2—d1)
1 — R21R23 e2ik:’2 (d27d1) )

Rio=Rip+ (8.17)
If one additional layer were to be added to the slab, then we would only need to
replace Ry3 in equation (8.17) with R»3. This indicates that we can easily generalize
the above result to a medium containing N layers (see Figure 8.2). In general, the

TThis expression is given in equation (2.69). Note that we can use the same expression for acoustic waves
or antiplane shear waves.
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FIGURE 8.2

A medium with N parallel layers, each with a different set of material properties. The origin of
the coordinate system is chosen such that the interfaces between the layers are at the locations

Z:—dj.

wave in the j-th region takes the form
0;(z) = A; [ e kiR eikzjz+2ikz_,-dj] '

For the last layer, _
RN,NJ'»] =0.
For all other layers we get a recursion relation

R ik oot (die i —d
]}aj+17}+l,jRj+17j+2e U @.]‘Fl( i+1 J)

Rjji1=Rjjn1+ =
1 =Rji1jRjt1,j12€

Generalizing equation (2.64), we have
Tij=1+R;j and  Rj=—Rj;.

We can use equation (8.20) to simplify (8.19) to

~ Rjji1 + Ry jo@heindivi=dj)

R- : =
JrJ+1 = T 4
L4 R) j1R 11 jrp @eir (41— d)

2ik; jr1(djy1—d;)

(8.18)

(8.19)

(8.20)

(8.21)

where R; ;.1 is the reflection coefficient for reflection at the interface between the
j-th and j + 1-th layers. For the particular case of TE-waves this is just the Fresnel
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reflection coefficient,
Mjr1 ke j— ) ke jy
Rjj+1= :
Mj1 ke j+uj ke jit
Equation (8.18) has two unknown components, the amplitude coefficients A; and

the reflection coefficients R j,j+1. We have determined the value of ﬁ, but how do we
determine the coefficients A ; in multilayered media? Let us start with the coefficients
for a slab in equation (2.68) (p. 88). We had found that

T12A1 ei(kzl 7k22)d1
1 — Ry1 Ry3 e2ika(da—d1)

Ay = (8.22)

where T, is the transmission coefficient between layers 1 and 2. For TE-waves,
. 2wk
pokz 4 ks
We can rewrite (8.22) as

TipA; ek

Ay ekt — . .
1— R21R23 e2lkz’2 (d27d1)

(8.23)

Using the arguments that we used for the reflection coefficients, we can generalize
(8.23) to a medium with N layers. Thus, for the j-th layer, we have

. . lkz — d',]
Tj-1,jAj-1e !

Aje*aidi- ) (8.24)
L—Rj 1R} j e¥keildi=di-1)
Let us define
S . Tj1,
1=
J=hJ 1— R]] lR]jJrleZlk j(dj—d;—1)"

Then we can write (8.24) as
A elk—]d/ 1 _Sj 1]141 lello djfl

— (Aj—l elkz,j—ldj—2> (Sj—l jeikz,jfl(dj—l*dj—Z)) )

The above equation gives us a recurrence relation that can be used to compute the
other coefficients, i.e.,

A elk d (A lelk‘ dj—Z) (Sjilljeik;j,](dj,]—dj,z))

= (Ajfz ehei2diag; o o ehei-2ld; ‘*2*"/*3)) (S -1 jeikafl(df*l*dfﬁ))

j—1
:Al elkzldl H Sm.m+1 elkz,m(dm*dm—l) .

m=1
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If we introduce a generalized transmission coefficient

N—1
Tin =[] Swme1 ecm(dn=dn-1) (8.25)

m=1

we can express the amplitudes as

] Ay efandv-t = Ty Ay etadi, (8.26)
Therefore the downgoing wave amplitude in region N at z = —d,, 1| is Tiy times the
downgoing amplitude in region 1 (z = —d;). We shall use some of these results when

we attempt to homogenize layered media in Section 8.6.

8.3 Smoothly varying layered media

Let us now examine a few features of waves in layered media where we can assume
that the material properties are continuous functions of z. Recall that the equations
governing antiplane shear waves, acoustic waves, and TE/TM electromagnetic waves
in layered media with variability only in the z-direction can be expressed in the form

[oc(z)jz (Oc(lz)flf)] + [0 a(z)B(z) k3] =0 (8.27)

where @ is the unknown field, o and B are material properties, and

o(x,2) = 9(2)

eiikxx )

8.3.1 The thin layer limit

We can extend the approach that we have used to calculate the reflection and trans-
mission coefficients for piecewise constant media to smoothly varying layered media
by taking the limit as the layer thickness becomes small. In Section 8.2 we saw that
for a piecewise constant layered medium with N layers the field in the j-th layer is
given by*

$i(2) =4, efikzjz_~_§j7j+1eikz,z+2ikz,-dj} (8.28)

where R j.j+1 1s a generalized reflection coefficient. This coefficient can be obtained
from a recursion relation of the form

~ Rjji1+Rjp1 jrpe?heindin=d)

R\ = A :
Jj+1 ik 1 (dis1—d;
1+ Rjji1Rj1,j o e¥hein1 i =d))

(8.29)

*For a detailed discussion see Chew (1995). Other approaches for finely layered media can be found in
Brekhovskikh (1960).



Waves in Layered Media 293

The quantity R; ;. is the reflection coefficient for reflection at the interface between
layers j and j+ 1. In the particular case of TE-waves we have

Mjtrkej—pike o1 ke j/pj— ke ji /by

- (8.30)
Mjrikej+pikejn ke j/ug ke o/

Rjjr1 =

where u; is the magnetic permeability of layer j. We can find equivalent expressions
for elastic and acoustic waves. We will now proceed to determine the generalized
reflection coefficient in the continuum limit.

Consider a multilayered medium where each layer has thickness A. For concrete-
ness we will focus on TE-waves here. The same procedure can be used for TM-
waves, acoustic waves, and antiplane SH-elastic waves;Let the generalized reflection
coefficient for the medium at the interface z = —d; be R(z) and let the local reflection
coefficient be R(z). Let us write the phase velocity k. j41 in the layer just below the
interface as k;(z —A/2). The material property of importance in TE-wave propaga-
tion is the magnetic permeability and we will assume that u.1 = u(z—A/ 2).% Then,
equation (8.29) can be written as

R+ R(z— &) P2

R(z) = 1+ R(z)R(z— A) e2ik(z-8/2)A (®.31)
e KE+A2) kE-4/2) i
R(z) = pE+A/2)  u(z—AJ2) _k(z+A/2)—k(z—A/2)
T k(z+A/2)  k(z—A/2)  k(z+A/2)+k(z—A/2)
(

uz+4A/2)  u(z—A/2)

with k 1= k. /u. Expanding the %(o) quantities in the expression for R(z) in the Taylor
series about z and ignoring terms containing A? and higher powers, we get

R~ k(z) +(A/2) K (2) —k(2) + (8/2)K (z) _ AR (2) ©32)
k(z)+ (A/2)K (2) +k(z) — (A/2)K(z)  2k(z) '

Similarly, ignoring powers A and higher, we get
k(=AM o 1 4 2iAk,(z) and R(z—A) ~R(z) — AR (z). (8.33)

Plugging equations (8.33) into (8.31) gives

R(z)+ [ﬁ(Z) —Amz)} [+ 2i6k, (2)]
R(z) ~

~ - _ , (8.34)
14+R(2) [R(z) - AR’(Z)} [1+2iAk,(2)]

$This implies that we are measuring the phase velocity and the permeability at the center of the layer.
However, this is not strictly necessary and we could alternatively measure these quantities at z — A.
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Substituting (8.32) into (8.34) and dropping terms containing A% and higher leads to

AR () ~ = : 5
~——+R(z) — AR'(z) + 2iAk;(2)R(z)
R(o) ~ 2K _ . (8.35)
AK (2) ~
14+ ———"R(z)
2k(z)

If we assume that Ak’ is small such that the denominator can be expanded in a series,
we get

- AR () ~ ~ : ~ AR (z) 2
Rz~ | —= R(z) — AR 2iAk,(z)R 1-—R O(A7) | .
(2) 2k(z)+ (@) (2) +2iAk, (2)R(z) [ 0 (z) +0(a%)

(8.36)
After expanding and ignoring terms containing A%, we get
NG - -, . M@)o,
R(z) ~ — R(z) — AR 2iAk;(z)R(z) — —=——[R(2)]". 8.37
(2) ) +R(z) (z) +2iAk;(2)R(z) Zk(z)[ (2)] (8.37)
Rearrangement and division by A gives
oy _ @_ . jag ,Iz/(z) _ oy 2
Riz) = dZ—szz(z)R(szE(Z){l R} (8.38)

Equation (8.38) has the form of a Riccati equation! and gives a continuous repre-
sentation of the generalized reflection coefficient ﬁ(z) The Riccati equation can be
solved numerically using Runge-Kutta methods.

For example, in the situation shown in Figure 8.3(a), the generalized reflectivity
coefficient at the point z; is R(z;) while that at point zg is 0. If we wish to determine
the value of ﬁ(zi) at a point inside the smoothly varying layer, then one possibility
is to assume that u(z) and €(z) is constant for z > z; and compute the value of R
in the usual manner. There can also be a situation where there are a few isolated
strong discontinuities inside the graded layer as shown in Figure 8.3(b). If there is
a discontinuity at z., we can use the discrete solution with layer thickness O at the
discontinuity. Then, from (8.29), at the discontinuity

R(zl) = ———=-~. (8.39)

IThe Riccati equation has the form
dy

afao(x)+a1(x)y+a2(x)y2 where ag(x) # 0,a2(x) #0.
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FIGURE 8.3

Reflectivity in a smoothly graded layered material without and with a strong discontinuity.

Also, from (8.30)
kK jut —k Ju
Riae) = M X
S/t + ke
Hence we can find the generalized reflection coefficients at isolated discontinuities
within the material. Note that due to the products involved, a continuum extension

of the recursion formula for the amplitudes of waves in multilayered media is not
straightforward.

(8.40)

8.3.2 The Airy function solution

In the previous subsection we found the properties of a layered medium in the limit
where the layer thickness was small. Let us now try to solve equation (8.27) directly.
We will consider the simplest functional form of inhomogeneity that we can think of,
a linear variation of properties with z. In particular, let us look at the situation where
the material property P is a linear function of z and o is constant. The situation
where a is constant can correspond to a nonmagnetic medium in electromagnetism,
a constant density layered medium in acoustics, or a layered elastic medium with
constant shear modulus in antiplane shear elasticity.
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If B varies linearly with z, then we may write
B(z) =a+bz
where a and b are constants. Plugging this into (8.27) we get

d’9 o 2 2 2
d—z2+ (A+Bz)p=0 where A:=w"0a—k; and B:=o"0ob. (8.41)

Let us assume that B > 0 (this is not strictly necessary, but simplifies things for our
present analysis) and introduce a change of variables

A
=B34+ .
n <Z+B>

Then (841) beCOIneS
T] + . .

Equation (8.42) is called the Airy equation. The solution of this equation is

®(m) = C1 Ai(—m) + G Bi(-n)

where Ai and Bi are Airy functions of the first and second kind which are related
to the modified Bessel functions (see Abramowitz and Stegun (1972) for details.) A
plot of the behavior of the two Airy functions as a function of real —1] is shown in
Figure 8.4. As z — —oo (i.e., as —1 — o), the Airy functions asymptotically approach
the values

1 32
AQ(—)) o = 12 ()14 o=2/3 (1)
i(-=m)~5 (=m)~" "
Bi(n) 12 ()4 2B 0
Therefore Ai(—m) corresponds to an exponentially decaying wave as |z| — oo and
Bi(—n) corresponds to an exponentially increasing wave at |z| — oo. A schematic of

the situation is shown in Figure 8.5. If there are no sources in the region z < 0 then
the solution Bi(—n) is unphysical which implies that C, = 0. Therefore,

o) =C1 Ai(-m). (8.43)

Now, as z — oo (i.e., as —1 — —o0), the Airy function Ai(—n)) takes the asymptotic
form
. 2t (23 T
Ai(—m) ~m n sin §n' + 1) (8.44)
This is a superposition of right and left traveling waves (because the sine can be

decomposed into two exponentials one of which corresponds to a wave traveling in
one direction and the seconds to a wave traveling in the opposite direction).



Waves in Layered Media

35

3

— Ai(-)
===Bi(-n)

2.5
2
1.5
1
0.5
0

O 4 6 8 10

FIGURE 84
Plots of the Airy functions Ai(—n) and Bi(—n).
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FIGURE 8.5

A schematic of §(z) and B(z) showing the regions where the wave propagates and where it is
exponentially damped.

8.3.3 The Wentzel-Kramers-Brillouin-Jeffreys method

If we don’t assume any particular linear variation of the property B(z), we can use
the Wentzel-Kramers-Brillouin-Jeffreys (WKBJ) method to arrive at an approximate
solution. The WKBJ method is a high-frequency method for obtaining solutions to

297
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one-dimensional (time-independent) wave equations of the form

d*¢
d—zz+k§(z) 0(z) =0. (8.45)

If o does not vary with z and if we do not assume any particular functional form for
B(z), equation (8.27) takes the form

d2$ 2 21
FER [0*0B(z) — k2] 9 =0. (8.46)

Clearly this equation can be written in the form of (8.45) by setting
K (2) = 0’oB(z) — k.

In fact, we do not have to assume that o is constant to be able to express (8.27) in the
form of equation (8.45). To see this let us write (8.27) in the form

df1de\ , .
“(Z)dfz <Ot(z)dz> +k;(2)9(z) =0 (8.47)
where k2(z) = 0*(z)B(z) — k2. After expanding (8.47) we get

2o 1 dadp .
T aD kz(z) ¢(z)- (8.48)

Define
V(2) :=0(z)/vaz). (8.49)
Differentiating (8.49) twice, we get
Ay _d* (1 dod [ 1 1 d*¢
—=0—| —=|+2—— ——. 8.50
dz? (szz<\/&>+ dz dz \ o —'—\/adz2 (8:30)

Substitution of (8.48) and (8.49) into (8.50) gives

dzwif > [ 1 1 dod¢ 1 dodp K
iz - VW2

Vo) owldd: @Pdzdz Vo
or
d>y [ 1
K — — [ — =0. 51
dz2Jr ‘ \/ad22<\/a> ¥=0 @51

Equation (8.51) has the same form as (8.45) and therefore the WKBJ method is also
applicable to the situation where o is not constant. If we assume that &, is propor-
tional to ® (which implies that k, is also proportional to ®), i.e.,

k2(z) = @*a(z)B(z) — k2 =: @’s*(2) (8.52)
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where s(z) is independent of ®. In equation (8.51), if ® is large, then k, will dominate
and we will end up with exactly the same equation as (8.45), provided variations in
o are smooth (and we don’t get large jumps in its derivatives).

Let us now try to solve equation (8.45),

9" (2) +K2(2)9(z) = 0. (8.53)

When £, is constant, the solution of the equation is a traveling wave. If we assume
that k, varies slowly with z, we can try to get solutions of the form

¢(z) =A™ (8.54)

and examine the phase t(z) rather than the solution @(z). Differentiating (8.54) twice,
we get '
0" (2) = [iot"(z) - 0*(V'(2))*] A (8.55)

Plugging (8.55) into (8.53), we get
it (z) — @ [7'(2)]? +k2(z) = 0. (8.56)

Let us simplify the analysis slightly at this stage, even though this is not strictly
necessary, by assuming that k? > 0 (i.e., k; is real). For large m, i.e., ® > 1, we can
seek a perturbation solution of equation (8.56) of the form

1 1
1(2) = (@) + Su@) + 5nE) +. (8.57)

Plugging (8.57) into (8.56), using (8.52), and dividing by @?, we get

5 (8.58)
1 1
— |1(2) + =11 (z) + ET/Z (z)+ +5%(z) =0
For large m the above equation reduces to
P+ =0 o |[GE] =) (8.59)

This is the Eikonal equation which is used to obtain the ray theory approximation
for wave propagation at high frequencies. Therefore we have

T6(2) = £s(z).- (8.60)

Integrating (8.60) from an arbitrary point zg to z, we get

To(2) = :l:/zs(y) dy+Co, 8.61)
20
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where Cp, depends on the sign of the integral. Next, collecting terms of order 1/®
in equation (8.58), we get

We can eliminate T(,(z) from the above equation by substituting the result from equa-
tion (8.60). Then we have

+is'(2) F25(2)7)(2) =0 = Ti(z)=z——. (8.62)

Integrating the second of equations (8.62), we get

Ti(z) = % In[s(z)] +C1 = iln[\/s(z)] +C1 . (8.63)

Plugging (8.61) and (8.63) into (8.57) (and ignoring terms containing powers of o’
and higher) we get

1(z) = i/:s(y) dy + é In[y/5(z)] + Cx. . (8.64)

0

This implies that the solution (8.54) has the form

0(z) = AEZ) exp (im /Z “s(y) dy) + A‘Z exp (—i(o /Z “5(y) dy) 1 (865

s 0 5(2) 0

Equation (8.65) is the WKBIJ solution assuming k? > 0. Note that a solution does not
exist when s(z) = k. /@ = (af — k2 /@?)!/? = 0. Also note that since k? is proportional
to @,

2

> lioty| = 2o0tt)|  for large ®. (8.66)
Therefore,

0’5’ > 05 = ws> w—S, = i[ln(oos)] = k;> i[ln(k )]
ws dz $7 dy v

Therefore, the restriction is that ® is large and that &, is smooth with respect to z.

Now, consider for example the profile shown in Figure 8.6. In region I, the WKBJ
solution is valid since k? > (. At the point where the profile meets the z-axis, a
solution does not exist since k; = s(z) = 0. However, if the profile is smooth enough,
we can assume that k;(z) is linear and we can use the Airy solution for the region
II around this point. When the profile goes below the z-axis, kg < 0. However, the
WKBJ solution is valid in this region (IIT) too as equation 8.66 can still be satisfied
with s(z) =i %(2).
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Regions of validity of the linear solution and the WKBJ solution for large .

There is an area of overlap between the regions where the WKBJ solution is valid
and the region where the Airy solution is valid. In fact, the unknown parameters in
the two solutions can be determined by matching the solutions at points in this region
of overlap. To do this, let { be the point on the z-axis where s(z) = 0. In region I, the
solution is

o1(z) = AJ(r exp (iw /;s(y) dy) + A(Z) exp (—ioo /Czs(y) dy) . (8.67)

s(z) s

If there are no sources in region III the solution decays exponentially in the —z-
direction. Then the WKBJ solution with s(z) = ix(z) is

om(@) ~ f;@exp (w [ dy) (8.68)

where the coefficient B_ = A_ /+/i. In region II, since o or B vary linearly with z, we
may write
k2= oo — k2 ~D(z—§). (8.69)

Then, from (8.43),
o (z) ~ C Ai(—m) with  n:=D"3(z-0).

When o is high, regions I, II, and III overlap. Also, from (8.69) we observe that
D o< . Hence, the large 1 expansion for the Airy function given in equation (8.44)
can be used in the overlap region,

2
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Using the definition of 1 and expressing sin(0) in terms of exponentials, we get

Cu 2 1 3 T
Oule) ~ 5 iAp g/ {exp SPTET
(8.70)
2i U
exp fngl/z(zf £)3/2 - 41] } :
Also, in the neighborhood of region II where z ~ {, we have
z 2
ws(z) ~D2z- 0V = o /C s()dy ~ DV,
Therefore, @1 becomes
ALol/? 2i
e e o120, e\3/2
or(z) DAz —Q)i/4 exp | 3D (@=8)7 | +
12 (8.71)
A-0 2i 1) 3/2
DrAG—gA P T3P T
Comparing (8.71) with (8.70) we get
A .
A—f =—i and Cy=24,0"2x!/2p 1/6em/4, (8.72)
Similarly, by comparing @1 and gy in the region of overlap, we get
Cu=2B_o"*xn'/2p~1/°, (8.73)

We can therefore express all the unknown coefficients in terms of Cy; and we have
an approximate solution for the entire range of values of kz2 These solutions are of
great use in geometric optics and ray-based seismic tomography computations.

8.4 Propagator matrix approach

The propagator matrix relates the fields at two points in a multilayered medium.
This matrix is also known as the transition matrix or the transfer matrix. Since the
term “matrix” is used we can presume that a matrix form of the wave equation may

IThe idea of a propagator matrix was first introduced by Volterra in 1887 in the context of systems of or-
dinary differential equations. In elastodynamics, the propagator matrix in its present form was introduced
by Gilbert and Backus (1966).
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be involved in propagator matrix methods. In fact, we have seen just such a form of
the wave equations in Section 8.1. The second-order differential equation describing
one-dimensional wave propagation in a layered medium was converted into two first-
order differential equations, called the state equations, and expressed in matrix form
as

d%@ —Hy  where v:= m . (8.74)

For antiplane shear problems we had

For acoustic wave propagation we had

ik?
= O | with K:=e?p()/x(E) k.
iop(z) 0

[

For TE- and TM-electromagnetic wave propagation we had

0 ime(z 0 iou(z
H:= l 2 o( )1 or[ 2 ( )] with k2 := @’e(z)u(z) — K}
we(z)

opu(z)

Let us examine the propagation matrix for these types of waves. If H is constant,

which is reasonable if we are dealing with piecewise constant layer media, particular
solutions to (8.74) can be sought of the form

=0k, (8.75)

<

Plugging (8.75) into (8.74) leads to the eigenvalue problem
H-My’ =0

where | is the identity matrix. Solutions exist only if
det(H—Al) =0.

Notice that for all the H matrices above, det(H —Al) = A2+ k?. Therefore, solutions

exist if

Therefore, the general solution of (8.74) is

(z) =AT e*int A" e R (8.76)

<
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where n* and N~ are the eigenvectors corresponding to the eigenvalues ik, and —ik,
respectively. Equation (8.76) can be written more compactly in the form

wo- oo ][5 5[]

v(z) = NK(z)

N:= [T Q_} ; K(z) = [eigﬂ e(")kzz] ; ai= [ﬁj] .

Note that for a point 7’ that is different from z,

oik:(z=7) 0 ekz e—ikZ
Kz—2) = [ 0 eikz(zz’)] = { 0 e—ikzz} { 0 ikzz’] =K(z) ﬁ(*zl)-

Also,

or
(8.77)

'Y

where

ik, (z—2') 0 —ikZ
/ n_|€ e _
T IR A Y | Lyl B C)

Therefore we can write (8.77) in the form

v(z) =NK(z~)K(@)a=NK(-Z)N"'NK(Z)a

or

(z) =P(z,7) v(¢) where P(z,7):=NK(z—7)N7". (8.78)

<

The matrix P is called the propagator matrix or the transition matrix that relates the

fields at z and 7. Notice that we can also write the second of equations (8.78) as

P(z.7) = Nexp [iK(z—2)| N!

where "
K. k; O G| e’ 0
K:= [0 kj and exp [lﬁz} = [ 0 eikzz:| :

If we substitute (8.78) into (8.74) we get

7 |PG] ¥ =HPE)u(E).

Since 7' is arbitrary, we have

d
7|PG)] =HP(2). (879)



Waves in Layered Media 305

Therefore P(z,7) is an integral matrix of equation (8.74). For constant H, the solu-
tion of (8.79) is

P(zd) =exp[(z=)H] =1+ = H+ (e —2PHH+....  (8:580)

If the eigenvalues of H are distinct, we can use Sylvester’s formula to express the

exponential function of a matrix A in terms of the eigenvalues A; using

. TT(A—%d)
_ N
exp(A) = J; exp(A)) H(lj ) (8.81)
k#j

This formula is therefore valid when both z and 7’ are in the same layer and is more
convenient in situations where eigenvalues are easier to compute than eigenvectors.
Also notice from (8.78) that

g(zlazl) = E(Z,Z) - !
For any three values of z, for example 71,22, z3, we have

V(z3) = P(z3,22) ¥(22) = P(23,22) P(22,21) ¥(21) = P(z3,21) ¥(z1) -

Therefore,
P(z3,21) = P(z3,22) P(22,21) - (8.82)

In particular, if z; = z3, we have

P(z1,21) = P(z1,22) P(z2,21) = |.

Therefore,
P(z2,21) =P '(z1,22).

For a multilayered medium such as the one shown in Figure 8.1 we can generalize
(8.82) if we know the value of P for each layer. If the interfaces between the layers

are located at zy,22,...,2j-1,%j,- - - ,ZN—1, then the state vector at the location z;_1 >
7 > zjis given by

<

(2) = P(z,2j-1) B(zj-1,2j-2) ... P(23,22) (22, 21)¥(21) = B(z,21)¥(z1) - | (8.83)

Therefore, using ﬂj to denote the H matrix for the j-th layer and taking advantage
of the solution in equation (8.80), we can write

j—1

P(z,21) =exp {(z —Zj—l)ﬂj} ]nexp [(Zk - Zk—l)ﬂk} :
=2
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FIGURE 8.7

A multilayered medium sandwiched between two layers.

8.4.1 A three-layered sandwich medium

Let us now consider the special case of a three-layered medium in Figure 8.7. The
medium consists of three layers. Regions 1 and 3 are isotropic while the sandwiched
region 2 is multilayered. The interface between regions 1 and 2 is located at z =0
while the interface between regions 2 and 3 is located at z = —d. For concreteness let
us consider electromagnetic wave propagation. If region 2 is homogeneous we can
use equation (8.83) directly to calculate the propagator matrix keeping in mind that
the vector ¥ is discontinuous across the layers. Then we have

P(~d»,0) = P(~da, —d) B(—d;,0)

where P(—d»,—d)) depends on €3, and P(—d;,0) depends on €1, ;.

If fact we can use the same equation even if region 2 is not homogeneous because
we can calculate the propagator matrix in the region using the product relation (8.83).
Let the propagator matrix for region 2 be P(—d,0). We want to find the reflection

coefficient and the transmission coefficient of the system. In region 1, the state vector
is given by equation (8.76),

¥1 (Z) :AH— eikzlzgl"" +A1—e—ik11zgl— )
Define AT := RA'~ where R is a scalar reflection coefficient. Then
v'(z) = RA! " efaip!t 4 Al emkazpls, (8.84)

Proceeding as before, let us define the matrices

N':= [ n'* n'- ] and  K'(z) =exp [igz] = [eikodz e_gzlz] :



Waves in Layered Media 307

Then equation (8.84) can be written as

~1
v'(2) = N' exp [ig z} m Al-. (8.85)
In region 3, there is only a transmitted wave. Therefore, the state vector is given by
V3 (z) = A3 e kst d) pd— (8.86)
Define A3~ := TA'~ where T is a factor that behaves like a scalar transmission co-

efficient. Then, equation (8.86) can be written in matrix form as

v3(z) = N® exp [iES (Z-i—d)] [g] Al- (8.87)
where
- 3 ekt 0
N Y SO [ P L

Since we have the propagator matrix, P(—d,0), for region 2, we can use it to connect

regions 1 and 3. The continuity of the state vector across the interfaces implies that

'0)=v*0) atz=0  and (—d)=V(—d) atz=—d. (8.88)

<
<

Also, using equation (8.78) we have

v’ (—d) =P(—d,0)v*(0). (8.89)

Therefore, using equations (8.88), we can write (8.89) as

v’ (—=d) = P(=d,0)y'(0). (8.90)

At z =0 (from (8.85)) and at z = —d (from (8.87)) we have

v =N [{]a e vea -y [7an
Plugging these into (8.90) gives
3(0] - 1|R] 1o
or
0 o 3 -1 1 R
M - {g} P(~d,0)N M . (8.91)

Equation (8.91) can then be solved to find the reflection and transmission coefficients
Rand T.
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8.4.2 Anisotropic electromagnetic layered media

In a layered medium where each of the layers is isotropic, the TE- and TM-waves
are uncoupled at the interface. However, this is not true when each of the layers is
anisotropic and we have to consider the full Maxwell’s equations. The state vector
approach can still be used for anisotropic media by choosing the variables so that
they are continuous across interfaces.

Let us start with Maxwell’s equations at fixed frequency

VxE=iopy-H and VxH=-ine E.

Recall that continuity of the fields requires that the tangential components of E and
H be continuous across material interfaces. Therefore, an appropriate state vector for
anisotropic media is

_ |Es

i)

where Eg and Hj are the tangential components of E and H (i.e., the components on
the surface normal to the z-direction).

Let us decompose the vector fields into a sum of the normal and tangential com-
ponents:

<

E=E+E, and H=H;+H,.
The gradient operator can also be split along the same lines, i.e.,

0 d
V=Vi+—e, and Vi:=—e,+—
dz ox dy
where ey, ey, e, are the unit vectors in the x-, y-, z-directions, respectively. Let us
express the tensors u and € in matrix form (in the basis ey, ey, e;) as

I‘l = I‘ISS I‘ISZ ; 8 = SSS £SZ

My U7z €5 €
where y, € are 2 x 2 matrices, l, , €, are 2 X 1 matrices, u,, €, are 1 x 2 matrices,
and u,;,,€,, are 1 X 1 matrices, i.e., scalars. Using the splits of the various quantities

and the gradient operator, we can show that E,, H, can be expressed in terms of
Es,H; as

e.y

1 1 1
Ez:_. VSXHS_ ezs'Es;I_IZ:.
1€, €22 1OUZz

1
Vi xEs— —u,-Hg.  (8.92)
Hzz

After some further manipulations, the Maxwell equations may be expressed in matrix
form as (see Chew (1995) for details)

9 [E] ., [E
2[E]-+[o

where H is a 4 x 4 matrix instead of the 2 x 2 matrix H in equation (8.13) for the

isotropic case. We can now use the propagator matrix approach to calculate the gen-
eralized transmission and reflection coefficients for electromagnetic waves in a lay-
ered anisotropic medium.
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8.4.3 Anisotropic elastic layered media

In anisotropic elastic layered media, a common approach is to use the Stroh formal-
ism (see Ting (1996) for details). The direction of lamination is denoted n and is
usually aligned with the z-direction for simplicity. Then the material properties of
each layer are only functions of z, i.e., SfC = C(z) and p = p(z). The governing
equations of elastodynamics, in the absence of body forces, then have the form

V.o=p(z)it and 6=C(z):Vu

where 6(r,1) is the stress, u(r,?) is the displacement, and r is the radial location of a
point with respect to the origin of the coordinate system. We choose the orientation
of the x-coordinate such that 6 and u are independent of y, and label the unit vector
along the x-direction as m. Then x = m-r and z = n - r. Note that the m vector is
parallel to the layers.

‘We now consider two time harmonic plane wave vector fields (a displacement and
a traction),

u(x,z,1) = a(z) e/ and n-6(x,z,1) = ikf(z) ek =)

where a(y),f(y) are the respective amplitudes. If, following the Stroh approach, the
state vector is composed of these two amplitudes:

10 i)

then the state equation can be expressed as

T =HEE (894
(0 =H

where the matrix H has the form

X= =

. kxﬂl ﬂZ
Q(Z):l k2N3_pw2l kx( I)T )

The matrices Qj are 3 x 3 blocks of the Stroh matrix,

ﬁl QZ 7(gnn)_1§nm 7(§nn)_1
M(Z) = [N3 (QI)T‘| = lgmm_gmn(giln)qunm _gmn(gnn)ll

where the components of the matrices C are defined as

(gnn)qr =@-C-n)y (Qmm)qr =(m-C-m),
(gnm)qr =(n- C'm)qr 5 (Cmn)qr = (m- C'n)qr'
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The propagator matrix (also called the matricant or transfer matrix) can be found
by solving (8.94). We have seen the form that the propagator matrix takes when the
medium is piecewise homogeneous. In fact, that solution is a special case of a more
general solution (see Aki and Richards (1980) for an example) of the form

B =1 [ GG+ [(HG) [ HGaG .

z/

If the matrix H(z) is independent of z, the propagator matrix takes the simple form

E(Z7Z1) _ e(Z—Z’)g )

For periodic layered medium with a period D, the quantity P(D,0) is called the
monodromy matrix. For recent developments in the field of anisotropic layered elas-
tic composites see Alshits and Maugin (2005) and Shuvalov et al. (2010). In fact, it
can be shown that the low-frequency dispersive dynamics of such a layered medium

can be described by the Willis equations.

8.5 Periodic layered media

Periodic layered media have been the object of extensive investigation since the pi-
oneering work of Rayleigh (1887) and Maxwell (1954). In this section we will limit
our study to the particular case of the Schoenberg-Sen model of a periodically lay-
ered acoustic half-space (Schoenberg and Sen, 1983). This model is of interest be-
cause it was one of the first to hint at the possibility of a tensorial anisotropic effective
mass density.

8.5.1 The Schoenberg-Sen model

Consider the periodic layered medium shown in Figure 8.8. The medium occupies
the region x > 0 and the period of the medium is D. Within each period there are
n layers indexed by j with density p;, bulk modulus ;, and thickness h; = f;D
where f; represents the volume fraction of layer j. The region x < 0 is occupied by
a homogeneous fluid of density po and bulk modulus K.

Recall that, for time harmonic plane acoustic wave propagation in a layered
medium, the state equation (8.7) has the form

d
a(!) =H

i<

where
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FIGURE 8.8

A periodic layered half-space of period d with lamination in the x-direction.

Here k = ke, + ke, is the wave vector with k)% =0’p/x— kz2 and o is the frequency.
Proceeding as before, the state vector in a homogeneous region is given by

<

(x) =ATe**nt A= e ki~

where N7, n~ are the eigenvectors of H corresponding to the eigenvalues +ik,. We
can write the above in matrix form similar to (8.85),

At
0 =Nk [

<

where
N:= [Q+ Q_} and  K(x) =exp [zgx} = {eikxx 70 } .

For the acoustic problem, the matrix N is

- [/ o9) ko (09)]

For the incidence region we have

<

O(.X) = eikxOXQOJr _’_Refikx()x Q07 — ¥O(X) _ :0 éO(x) |:11€:| (8.95)

where k%, = @’po/Ko — k2, and

O = kso/(@po) —kw/(®po)| 4 éo(x)[eik,\-ox 0 ] (8.96)

1 1 0 e_ikx()x
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We have assumed that the incident wave has unit amplitude and R is the reflection
coefficient. In the j-th layer of the layered region we have

!j(x) — At tkej(x—dj1) gj+ + A o ikxj(x—dj_1) jS )

In matrix form,

; — AT
Vi(x) = N K/ (x—dj_1) {AJ‘] (8.97)
where d; =Y | hg =Y | f,D, K, = ?p;/x;— K2,
j_ [kxi/(@p)) —kej/(0p;) oy [efat iz 0
ﬂ] - 1 1 and 5] (X) - 0 e*ikxj(xfdj,l)

We can relate the state vector at x = d; to the state vector at x = d;_; with the
propagator matrix (8.78), i.e.,

v/(dj) = P(dj,dj1)¥/(dj1) (8.98)

where o '
P(dj,d;j 1) :=NK/(dj—d; 1) (N))"".

Plugging in the expressions for Qj and ﬁj , we get

cos(hjky;) —ikyjsin(hjky;) /(P o)

J.— . _
g '_g(dj’djil)_ —ipjmsin(hjkxj)/kxj COS(/’ljkxj)

(8.99)

Observe that det(ﬁj ) = 1. For one period of the layered medium, we then have

(D)=P"P""'...P*P'y(0) =: P(D)y(0) (8.100)

<
"o
<
<

where ¥(0) is the state vector at the beginning of the period, V(D) is the state vector
at the end of the period, and det[P(D)] = 1. The quantity P(D) is also called the

monodromy matrix. Using the eigen decomposition theorem we can express P(D)

in the form

o

(0)=QAQ™

where A is a diagonal matrix whose diagonal elements are the eigenvalues, Ay, of
P(D) and Q is a matrix whose /-th column is the eigenvector, gé , corresponding to
the eigenvalue A,.** Plugging the above decomposition into (8.100) gives

v(D)=QAQ ' v(0). (8.101)

**Observe that since det(Q) det(Q~!) = 1 and det[P(D)] = 1 we must have det A = 1. Therefore A\, = 1

and we can have real A with |A;| < 1 and |A2| > 1, or we can have complex conjugate A, with [A;| = 1.
Also note that the eigenvalues of P(D) are of the form exp(iDkS™) where kST is the effective wave

number of the layered medium. This is the expression that is expected from Bloch-Floquet theory.
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Also, because the periodicity of the medium implies that each period has the same
normalized eigenvectors Q, the state vector at a depth of m periods is

Hence,

In expanded form,

_ U Jaiqt] M 0] a3 —qi] o]l
ng)_dﬂQ [6]5 & loaw||-a o Y|k (8.102)

where the superscripts on A; represent powers. The eigenvalues of A;, A, are deter-
mined from the relation

detP(D)—All=0 with det[P(D)]=1.
Expanding these out, we get the characteristic equation
A2 —MPi1+Pyn)+1=0.

If kT is the effective wave vector of the layered medium and pegr is the effective
density, then

P(D) _ Peff _ cos (Dk;crff) _ikiff Sin(Dk)%ff)/(peffm)
= = —iperrodsin( D) /kSMT cos(DkS)
Therefore,
Py1 + Py = 2cos(Dk) =: 2C (8.103)

and the solutions of the characteristic equation can be written as

A=C+VC*—1. (8.104)

If the eigenvalues are real, |C| > 1 which means that cos(DkS™) > 1. This implies
that & is imaginary which corresponds to an evanescent wave and no waves can
propagate into the layered medium. On the other hand, if |C| < 1, the eigenvalues
are complex conjugates but we have wave propagation in the medium because kiff is
real.
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Interestingly, we can simplify the problem if we add a small amount of loss. Let
us incorporate a small amount of loss in the system by allowing the wave number
to be complex, i.e., kyj = kyj(1+id) with 0 < & < 1. In that case, as the number of
layers goes to infinity, the displacement and pressure should go to zero:

lim v(mD) =0. (8.105)
m—oo

We will now consider the situation where the eigenvalues of P(D) are complex con-

jugates. The eigenvalues of P(D) are of the form

A = gEiDkam (=1,2.
For k, = k,(1+id), we can express the two eigenvalues as
A1 = [cos(Dkym) + isin(Dkym)]e PR | )5 = [cos(Dkem) — i sin(Dk,m)]eP*"

As m — oo, A" — 0 and equation (8.105) becomes

1 210 o 2 _ 2 1
q1 9 ) 9 91| O —
detQ [q% fﬁ} [0 nlllriow} {45 ai }Q M °

where we have used the expanded form from equation (8.102). Since exp(Dk,0m) >
0 = lim,,_.. A}’ — oo, the above equation can be satisfied only if

[~} a}] N’ [}1{] =0. (8.106)

Condition (8.106) implies that the expression for the state vector in equation (8.102)
can be reduced to
7\"1n Q} 2 2 NO 1
[C]2 _CIJ = (R

~ detQ 7
After some simple manipulations we can show that the above relation can be written
as

y(mD)

w10 1 2 1
o) =353 10|~ g [ ] (et ] 0[5

Applying (8.106), we arrive as the simple expression

D) =1° ] (5.107

Note that this solution is valid for all wavelengths. We can now calculate the reflec-
tion and transmission coefficients of the medium. Noting that k,y = ®/c( and using
the definition of acoustic impedance, Zy = poco, we can write go (8.96) as

N — [1/120 11/20]
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and the condition (8.106) can be expressed as

1-R

1 1
=q¢)——. 8.108
q1 q2 ZO(1+R) ( )

Zgi(1+R) =g3(1-R) =

Also, from the eigenvalue problem for P(D) we have

Pi—M  Pp qi] _ [0 I 1
|: Py P227\.1:| [6]% =10 0 - P21q1+(P22—7\,1)q2—0. (8.109)

Eliminating q} from (8.108) and (8.109) gives us an expression for the reflection
coefficient R,
Py /(M —Py) —Zy

R= .
Py1/(M —Px)+2Zy
We can write the above as
Zett — Zo Py
=——— where Zg:=—"—. (8.110)
Zett + 2o ¢ M —Px

If we compare this expression for the reflection coefficient with the expression for R
in equation (2.57), p. 82, we see that Z.¢ can be interpreted as an effective acoustic
impedance of the layered medium. To find the transmission coefficient for a layered
slab with m periods, we expand equation (8.107) to get

oo =[] = [ 567

Recall that the incident wave has amplitude 1 and that, for wave propagation to occur,
the amplitude of A; is 1. Therefore the amplitude of the transmitted wave is equal to
the transmission coefficient, 7, i.e.,

2758
T=pmD)=1+R= ———.
p(mb) Zett +Zy

8.5.2 Low-frequency effective properties

At low frequencies we can ignore the effect of dispersion* and estimate the effective
properties of the layered medium by expanding P(D) in powers of ®. Recall from

(8.100) and (8.99) that

P(D)=P"P"""...P?P'
where o
pi_ cos(hjkyj)  —ikyjsin(hjkej)/(pj0)
= —ipjosin(hjky;)/kej cos(hjk;)

#The exact dispersion relation for P-waves in a layered elastic medium were first discovered by Rytov
(1956).
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For simplicity, let us look at a layered medium in which each period has two layers,

i.e.,n=2. Then
Py Py
P(D) =
ED) [le Pzz}
where
P11 = COS hlkxl COS(/’lzkxg) ngl sin(hlkxl) Sin(hzkxz)
x1P2
ket ko
P = ——cos(hakyp) sin(hyky ) + —cos(hlkxl) sin(hoky2)
p1® P20
P20 .
l ) sin(hiky ) + i cos(hlkxl)sm(hzkxz)]
X.
kxip2 . .
P22 = COS(/’llkxl) COS(/’lzkxz) — Pl sm(hlkxl) Sm(hzkxz) .

If we use ky; = (0°p;/K; — k?)'/2 =: ®s,;, where s,; is the slowness in the x-
direction, expand out the cosines and sines in powers of @, and drop terms O(®?)
and higher, we get

2 his?, has? 2 hjs?
1_(022 I 62 (hypy) 250 —iOJZ JPxj
= P2 =
P(D) ~ 2 2 2 2 hys
—io ) hjp; Z hapy) 15
j=1 j=1 P1

Therefore, from the above relation and (8.103), and using h; = f;D, we have

ffjs’z‘fl lZf,pJ] —1-0 2D<p><p>

C~ %(P]l +Pp)= 1 —o’D?
=1 Pj

P =~ —inD <p>

where ((e)) is the thickness weighted average. From (8.104) we know that

AM=C++C?>—1.

If we include the O(w®) terms in the series expansion and use the definition of C, we
can show that

1/2 212 /2
k1~1+sz<p> <p>1/2—°’21)<i;‘><p>+0(w3). (8.111)

Notice that the series looks like an exponential function which is the form that we
expect A to have. Recall from (8.110) that

Py

Zoff = ————.
eff 7\4_[_,22
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Plugging in the approximations for Py, Py, and A1, we get

1/2
Lot = <i‘;>>1/2+ 0((1)2) .
Sx/P

From the definition of the slowness, we have
2 272 .12 2
ij:p]/Kjka/O) :.1/(,]'752

where c; is the phase velocity and s; is the slowness in the z-direction. Using the
above relation we can show that

~_ leen' )/l (1/p)]' 2
[(1/%) / (1/p) =2 [(1/%) ) (1/p) —s2]

(8.112)

or
Peff

2
(1/cgy—s2)1/?
where pe is an effective density and c.f is an effective phase velocity in the layered
medium. If we define cgff = Keff/ Peft We see that

TR0 IR 0 R OR

Now, we can express equation (8.111) in exponential form as

Zoff =

2\
Al & exp iwD<;> (p)2

We also know that the value of A; for an effective homogeneous medium has the

form

A = DK _ jioDsST

Comparing these two equations, we deduce that

R RN [T

where we have used the process that we had used earlier to arrive at equation (8.112).
We can reorganize (8.113) and write it as

[N

(T2 4 (1/p) 2

X

(/%) ~

(1/%) {p)
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When we compare the above to the equivalent relation for a homogeneous medium,
22+ czsg = 1 (where c is the phase speed in the medium), we can make the con-

nection
S [M] and ¢ — “11;3] = coy (8.114)

where ¢ is the effective phase speed perpendicular to the layers and cgff is the
effective phase speed parallel to the layers. Equations (8.114) can be interpreted as
the phase speeds in a medium with an isotropic bulk modulus and a transversely
isotropic density tensor of the form

f— —_ and pT=|0 1/(1/p) O . (8.115)

1
(1/x) 0 0 1/(1/p)

We have considered a two-layer period in the above derivation. A general derivation
for a period with n layers can be found in Schoenberg and Sen (1983).

8.6 Quasistatic homogenization of layered media

The effective response of a layered medium is of greater interest in many situations
than the response of individual layers. We had our first encounter with homogeniza-
tion of layered media in Section 8.3.1 where we found a continuum approximation
of the reflection coefficient in the limit of small layer thickness. Let us now explore
the effective properties of layered composite materials in the quasistatic limit.

8.6.1 Quasistatic effective properties of elastic laminates

Consider the layered medium shown in Figure 8.9. Each layer is homogeneous but
has anisotropic elastic properties. Such a layered medium is called a laminate. In this
case we have chosen the direction of lamination to be x;. We will find the effective
elastic properties of the laminate using an approach pioneered by Backus (1962).
We will assume that the layers are perfectly bonded, i.e., the displacement field is
continuous across the interfaces between the layers.

Recall that the constitutive relation for an anisotropic elastic material is given by

c=C:e.

"This approach is also called Backus upscaling in the geophysics literature. Further details and references
can be found in Milton (2002). Similar techniques are suggested by Postma (1955) and Tartar (1976).
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% C(9)=C(x)

FIGURE 8.9

An elastic layered medium with direction of lamination x;.

To find the relation between the average stress, (G), and the average strain, (€), we
cannot just average the constitutive relation because

1 rL
©)=(C:e)#(C):(e) where (f)i= [ fx)dn

unless € is constant or C is constant. However, there are fields which are constant in
certain directions and those can be used to simplify things.
The strain field (€) in each layer is given by

Bu,- au
e = ! [Vut (Vu)T] = =1 (ax] N axf-)

where the components are with respect to a Cartesian basis (e, e;,e3) with coordi-
nates (x1,x2,x3). Because the displacements u; are continuous across the interfaces
between the layers, and each layer is homogeneous, the in-plane strain components
€0,€33,€p3 are also continuous across the interfaces. Moreover, these components
of strain are also constant in each layer. Since a piecewise constant field that is also
continuous must be constant, the strain components €»,,€33,€>3 must be constant
throughout the laminate.
The tractions (normal components of the stress) at each interface are given by

t=n-o = ti=n;jGj

where G is the stress in a layer and n is the outward unit normal at the interface
(relative to the layer under consideration). Now the tractions must also be continuous
at the interfaces because there are not gaps between the layers. The surface normal
at an interface points in the t-e;-direction and hence the components of stress that
contribute to the traction are 611, 621, and 63;. Since these components of the stress
are piecewise constant in each layer, this implies that the stress components Gy, G12,
and ¢13 must also be constant throughout the laminate.
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Let us express the constitutive relation in the following matrix form:

gn grm gnt §n
G = ch ctt el (8.116)

In the above we have broken the 6-vectors of stress and strain into separate 3-vectors
for the out-of-plane (n) components and in-plane (#) components,

G11 G2 €11 €2
o"= |V2op| ;o' =| on |; e =|V2en|; g=]| &
V2013 V2 623 V2 V23

Accordingly, the 6 x 6 stiffness matrix has also been decomposed into four 3 x 3
matrices,

Ciin V2Cni V2 Ciis Ci Cnz V2Cios

C" = |V2Ci1 2Ci1a 2Ch3 | 3 €= |V2Cixm V2 Craz 2 Cias
V2Ci3i1 2Ci312 2Ci313 V2 Cisn V2 Ci333 2Cian

Coit V2 Cauia V2 Cais Coom Cszs V2 Cos

C"=| G V2Cun2 V2G| s C'=| Cun Cizz V2 Cans
V2Couii 2Cs2 2Com13 V2 Cosmn V2 Co333 2 Cosns

From the major symmetry of C, we see that C" = (C™)7. Also, C™ and C" are
symmetric. Expanding the first row of equation (8.116), we get
o.n — cnn.sn_’_cnt.et

or

g —(C™) .o — {(gn)—l .Qt} g (8.117)

From the second row of equation (8.116) we have

t__ (gnt)T .§n+gtt'§t.

Q

I

Substituting the expression for £" from the first row into the above equation, we get

gt — (gnt)T . [(gﬂn)7] .gn _ (gnn)fl . Cm gt:| +gtt _gt

or

o =[Ee e e+ [e e em e e @8

Collecting (8.117) and (8.118) we get
—£" (G (
o |~ |EM)T(Ee™)

:] . (8.119)

NC%uQ,

= 2
T

Q|

R

T

o

E

| I—

14
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Now @" is constant across the layers because 611, 621, 631 are constant across the
layers. Also, g is constant across the layers because €5, €33, €3 are constant. There-

fore, taking a volume average of equation (8.119) gives

)] [ -(em) (emem) o'
(¢) | [(emr-em ) (e-emr-emte)| ]
(8.120)
If we define the effective stiffness of the material by the relation**
(g)=Cur: (¢
we can use the same procedure to show that
(") —(cm)! (comyt ey o
<g‘> ~|(Ci)"(Ca) ' Ce— (Cei)” - (Caf) ' -Cir| | €' |
(8.121)
Comparing (8.120) and (8.121) we can show that
1
ci=(em")
~1
:gﬁ: <(gnn)71> A <(an)71 .;Qnt>
(8.122)

éz <Qtt_gm ) (an)fl .gnt>+

<Ctn . (Cnn)—1> . <(Cnn)—1>71 . <(Cnn)—1 . cnt> )
If the material in each layer is isotropic, then the constitutive relation is

6=C:e=A(x))tr(e)1+2u(x)e

where A is the Lamé modulus and u is the shear modulus. In that case the effective
properties of the laminate are

—1 —1
eff __ 1 . eff __ eff A 1
Ciin = <7M2ﬂ> 3 Clin=Clizz = <ﬁ2,,><ﬁ2,,>
1
1 . eff eff eff
<p > C2323—</J> > C1112_C1113_ 1123_0
—1
eff eff _ [/ 4h(Atp) A 1
Coom =Gz = < Or2m? ) T\ % ) \ %3 2m
+

Cceff . — 2ul L \? 1 !
2233 = \ M2u A2u A2u

HSee Hill (1963), Hill (1964), Nemat-Nasser and Hori (1993), and Milton (2002) for justifications for the
definition of an effective elastic stiffness tensor in terms of the volume averaged stresses and strains.

CTgfIZ = C?gfl?) =
(8.123)
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8.6.2 Quasistatic effective properties of electromagnetic laminates

Let us now apply the Backus approach to find the effective electromagnetic prop-
erties of laminates. Similar approaches have also been used by Postma (1955) and
Tartar (1976). Consider a material laminated in the x;-direction as shown in Fig-
ure 8.10. To find the effective material properties of the laminate we take advantage

;

E,D constant —=

E,D constatt —0— ¥ 1~

E,D constant —0

FIGURE 8.10

A laminate with direction of lamination x;. Each layer is homogeneous.

of the fact that since the tangential components (parallel to the layers) of the elec-
tric field (E) are piecewise constant and continuous across the interfaces between the
layers, these tangential components must be constant, i.e., E> and E3 are constant in
the laminate. Similarly, the continuity of the normal electric displacement field (D)
across the interfaces and the fact that this field is constant in each layer implies that
the component D is constant in the laminate.

Recall that the constitutive relation between D and E is

D=¢-E.

Let us rewrite the constitutive relation in matrix form (with respect to the rectangular
Cartesian basis (e, e»,e3)) so that constant fields appear on the right-hand side. We
start by breaking up the matrix representation of the constitutive relation into the

D €11 glt E;
Qt = Stl Ett Et (8124)
where
t__ D2 . t_ EZ
D= {133 DB = (8.125)
and
1t tl €21 tt €22 €23
€ = |€n € ; € = N . 8.126
g'=lenes]; &€ {831] € [832 833] ( )

Note that the constant fields are D and E. We want to rewrite equation (8.124) so
that these constant fields appear on the right-hand side. From the first row of (8.124)
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we get
Dy =g E +g"-E
or
E1:(811)71D1—(€11)71§“-§t. (8.127)
From the second row of (8.124) we get
D'=¢"E +e"-E". (8.128)
Substitution of (8.127) into (8.128) gives
Qt — (811)71§t1 Dl _ (8] ] )71(§t1 '§1t) .§t+§tt 'E[
or
D' = ()" Di+ [€"— (o) (€" &™) - E" (8.129)
Collecting (8.127) and (8.129) gives
R _ ] g o 8.130
;Dt T e gl 811§“*§t1-§“ E (8.130)

where the negative signs on E; and D; are used to make sure that the signs of the
off-diagonal terms are identical. Define

1 -1 §1t
L(x):= — a )
L(x) en gl engt—gl gl

Then we have
_ l)1

= L(X) . Et

(8.131)

Since the vector on the right hand side is constant, a volume average of (8.131) gives

(@)t

Let us define the effective permittivity of the laminate, geff, via the relation

-D;

£l (8.132)

(D) = &c¢- (E) .

Since the tangential components of E are constant in the laminate, the average val-
ues (E>) and (E3) must also be constant. Similarly, the average value (D;) must be
constant. Therefore we can use the same arguments as we used before to write the
effective constitutive relation in the form

[

—-D;

£l (8.133)

t :Leff‘

IIm
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where |
t
1 |t Eefr
Legr := iy
. f t1 effatt _ otl  olt
&) (&t €11err — Eeir et

and &g has been decomposed in exactly the same manner as € (see equation (8.126).
If we compare equations (8.132) and (8.133) we get a formula for determining the
effective permittivity of the laminate.

Lo — <|£(x)> .

Expanding out the terms, we have
~1
ff
()
~1
ff_ /1 €
e = <ﬁ> <;1]> (8.134)

-1
eff _ [g.. _ ELELj L gL\ BN
&ij _<8l/ €11 >+<811> <8i1><811> b # 1.

When the off-diagonal elements vanish, we get

-1
esif — <$> (Harmonic average)
g;?f = <g ’ j> (Arithmetic average)

The harmonic average corresponds to a situation in which each layer may be thought
of as a capacitor in series while the arithmetic average corresponds to a situation
where the capacitors are in parallel. We can use the same approach to determine the
effective magnetic permeability of a laminate in the quasistatic limit.

8.6.3 Laminates with arbitrary lamination direction

So far we have dealt with laminates with a single direction of lamination that was
oriented in the x;-direction. Let us generalize our approach to deal with laminates
with a normal, n, which is not necessarily parallel to any coordinate axis. The ma-
nipulations necessary become a bit cumbersome for elastic laminates. Therefore we
concentrate on the electric permittivity of laminates in this section. Note the same
ideas can be used for elasticity or to find the effective magnetic permeability of a
laminate.

Recall that, if there is only one direction of lamination, the normal component of
D, i.e., D-n,is constant and the tangential components of E are constant throughout
the entire laminate. Let us introduce the second-order tensor basis

’PH(n):n@)n; P (n)=1-n®n=1-P|(n).
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Notice that these also act as projection operators in the sense that P - P| = P and
PL'PL :PL- Note that

P;:D=(D'n)n and P, -E=E—(E-n)n.

Therefore the operator P|| can be used to extract the components of D in the direc-
tion of lamination while P, can be used to extract the tangential components of the
electric field along the interfaces between the layers. Because of the continuity of
these components (and hence constancy across layers), we have

P|(n)-D(x)=P|(n)-(D) and P,(n)-E(x)=P,(n)-(E).  (8135)

Therefore,
P (n)-E(x) = E(x) — (E) +Pj(n) - (E) . (8.136)

Let us now introduce a polarization field
p(x) = [e(x) —&o1] - E(x) = D(x) —&oE(x) (8.137)
where € is an arbitrary constant. The volume averaged polarization field is given by
(p) = (et —€01) - (E) . (8.138)

Define
S(x) :=¢gp[eol — £(X>]_1 and  Sefr:=¢€p[epl — Seff]_l .

Then,
S(x)-p(x) = — [eofeol —€(x)} '] - [{eol —&(x)} - E(x)] = —eoE(x) (8.139)
Sef - (p) = — [€0(e01 — &err) '] - [(801 — &err) - (E)] = —&o (E) . '

Applying the projection P (n) to the second of equations (8.137), we get
Pj(n)-p(x) = Pj(n)-D(x) —&P|(n)-E(x).

Substituting the first of equations (8.135) and (8.136) into the above equation, we
have
P|(n)-p(x) = P|(n) (D) —&oE(x) +& (E) — &P (n) - (E) .

From the definitions (8.139) we can then write

Pj(n)-p(x) = P(n)- (D) +8(x) - p(x) — Serr - (P) — &P (n) - (E) .
Define
v(n,x) := P(n) - (D) — Ser- (p) — €oP)(n) - (E) . (8.140)
Then we have
P|(n)-p(x) = S(x) - p(x) +v(n,x)

or

v(n,x) = — [S(x) - P|(n)] - p(x). (8.141)
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Also, from equations (8.140) and (8.138) we have

v(n,x) =P|(n)-[(D) —¢&o- (E)] — Sett - (p) = Pj(n) - (p) — Sett - (p)

v(n,x) = — [Seir— P (n)] - (p) . (8.142)

Inverting (8.141) and (8.142) we have

p(x) = — [S(x) —Pj(n)] " -v(n,x)

. (8.143)
(p) =—[Seir—P(n)] " -v(n,x).
Also, taking the volume average of the first of equations (8.143), we have
~1
(p) = ([S6) —Py(m)] ") -vin,x). (8.144)

Comparing the second equation in (8.143) with (8.144) and invoking the arbitrariness
of €y, we have

[Ser—Py(m)] " = ([S00—Pym)] ') (8.145)

Since € is arbitrary we can take it to be 1, i.e.,

Sx)=[1—€(x)]' and Se:=[1—€z] .

But it is often more useful if we choose a permittivity that matches one of the com-
ponents of the laminate. Equation (8.145) provides us with a means of computing
the effective permittivity of a layered medium oriented at an arbitrary angle (given
by the normal n).

8.6.4 Tartar-Murat-Lurie-Cherkaev formula

Consider the periodic rank-1 laminate shown in Figure 8.11. The layers have permit-
tivities alternating between an anisotropic second-order tensor, €1, and an isotropic
second-order tensor, €,1. The volume fraction of phase 1 is f; while that of phase 2
is f> such that f; + f> = 1. Recall that

S(x) =go [eo 1—&(x)] "
Let us take the limit as €y — €. Since €(x) = €; 1 in phase 2, we have
§(x) — e = [S(x)—P(n)] ' 0 inphase?.

Hence, the right-hand side of (8.145) reduces to an average only over phase 1. If we

define

S| :=¢goleol —81]71 — &6l _81]7]
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n

oy
>
ey
S
% N
X
FIGURE 8.11

A rank-1 laminate consisting of alternating layers of permittivity €; and €.

we get

[Seff—PH(n)rl =f[8i —PH(n)r1 . (8.146)

Taking the inverse of both sides of (8.146) gives
fi [Serr = Py(n)] = §1 = Py (n)

or

fiSetr =81 — (1= f1)P)(n) =81 — /2P (n).
Since

Setr = €0 [€0 1 —€efi] ' — €2 [€2 1 — &eg] !

we then have

figa[erl — o] =e2ferl — €] — foP)(n). (8.147)

This is the formula of Tartar, Murat, Lurie, and Cherkaev (TMLC) and can be shown
to be equivalent to the Backus formula. The idea was originally presented Tartar
(1976) and later by Lurie and Cherkaev. However, these original works are not read-
ily available. Wider dissemination followed the work by Milton (1990) and the topic
is discussed in detail in the monograph by Milton (2002).

In fact, there is a formula as simple as the TMLC formula even when €; and &, are
both anisotropic. In that case we use an anisotropic reference material €y and define
the polarization as

p(x) ;= [€(x) — €] - E(x) = D(x) — &0 - E(x). (8.148)
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The volume average of this field is given by
(p) :=(e-E) —&-(E) = (D) &+ (E) .
Therefore, the difference between the field and its volume average is
P(x) — (p) = [D(x) — (D)] — & [E(x) — (E)]. (8.149)
Taking the projection of both sides of equation (8.149) we get
Pj(n)-[p(x) = (p)] = P|(n) - [D(x) — (D)] — Py (n) - {& - [E(x) — (E)]}

Pj(n)-[p(x) = (p) +&-E(x) —& - (E)] = P(n)-[D(x) — (D)].

Now continuity of the normal component of D and the piecewise constant nature of
the field implies that the normal component of D is constant. Therefore,

P|(n)-[D(x) = (D)] = [n-D(x) —n- (D) n =0
and we have
P|(n)- |p(x) — (p) — €0 [(E) —E(x)]| =0. (8.150)
Also, if we rearrange equation (8.136), we have
P|(n)-[(E) —E(x)] = (E) — E(x). (8.151)
Notice that equations (8.150) and (8.151) have the forms
P(n)-(a—€-b)=0 and Pj(n)-b=Db

where

a:=p(x)—(p) and b:=(E)—E(x).

We would like to find a relation between a and b. Let us introduce a new operator Py,
defined through its action on a vector a (we could alternatively define the operator
by its action on a tensor as discussed in Milton (2002), p. 171). Let the operation
produce a vector b (b = Py, - a) which has the properties

Pi(n)-b=b and Pj(n)-(a—€&-b)=0 (8.152)
where P (n) = n®n and projects parallel to n. Now,
(n®n)-b=(b-n)n=:on
and

(n®n)-(a—€-b)=(a-n)n—a(n®n)(g -n)=(a-n—on-&- n)n.
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Therefore, from equations (8.152), we have
on=>b and (a-n—on-g& -n)n=0.

Solving for a gives
a-n
o= .
n-g-n

We can now find the relation between b and a because

( a-n ) (n®n)-a <P(n)>
b=on= n—= = -a
n-g:-n n-g-n n-g-n

From the definition of P, we then have

_ Pjm)
P= 1 (8.153)
n-g-n

Now that we have found the relation between a and b, we can return to our problem
for which a = p(x) — (p) and b = (E) — E(x). Then, from the definition of Py,

(E) —E(x) = Py - [p(x) — (p)].- (8.154)

Recall that from equation (8.148) we have

E(x) = [e(x) —&] ' - p(x).

Plugging this into (8.154) and rearranging gives

[[e(x) — €] ' +Pu] -p(x) = (E) + Pn- (p) = v.

Note that v = (E) + Py, - (p) is constant throughout the laminate. Therefore we have
| -1
p(x) = [[e(x) — €] +Pn] -v.
If we now take a volume average, we get
- -1
(p) = ([le(x) &) ' +Pa] 1) v, (8.155)
Also, from the definition of p(x) in equation (8.148), we have

(E) = (€err—€0) - (p) -

Therefore,
v=(E)+Py-(p) = [(€ctr —€0) '+ Pa] - (p)

or
(p) = [(Eerr —€0) ' +Pn] ' -v. (8.156)
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Comparing equations (8.155) and (8.156) and invoking the arbitrariness of &j, we
get

[(Eefr —€0) " + Pa] = < [[€(x) — €] " + Pu] ’1> . (8.157)

This is Milton’s relation, a generalization of the TMLC formula which has a simple
form and can be used when the phases are anisotropic. For a rank-1 laminate where
€y = &, equation (8.157) reduces to

nn

fi€er—€2) "' = (&1 —€) '+ frPn  where P“:n.ez.n'

Linear elastic laminates

The same analysis can be applied for elastic laminates with anisotropic layers and
arbitrary direction of lamination. In this case we introduce a reference stiffness tensor
Cy and define a second-order polarization tensor as

n(x) :=[C(x) — Co] : €(x) (8.158)

where €(x) is the strain tensor. Because we are dealing with fourth-order tensors, the
appropriate projection operators for elasticity are defined using

Pi(n):A=(A-n)®n+n®(A-n)—(n-A-n)(n®n)

and
P (n):A=]1 fPH(n)] A

where A is a second-order tensor and 1 is the symmetric part of the fourth-order
identity tensor. Clearly these operators are also fourth-order tensors. Expressed in
components with respect to a Cartesian basis, these projection tensors are given by

P (n) = [5(ningd i+ nimidjo + njnedu + njmSi) — njnjmng] e @ e; @ e @ ey

and
P,(n)= %(SikSﬂz + Sigsj'k)ei RejRerRe — P” (n).

In this case we define two second-order tensors A and B such that
A:=x(x)—(n) and B:=(g)—¢g(x).

The fourth-order operator Py, is defined in terms of these second-order tensors such
that
B=P,:A.

The condition P (n) : B = B is satisfied if there exists a vector b such that

B=n®b+b®n (8.159)
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and the condition P (n) : (A —Co : B) = 0 is satisfied if
n-(A-Cy:B)=0. (8.160)
Substituting (8.159) into (8.160), and using the symmetry of Cy, gives
n‘A-2n-Cyp-n)-b=0 or n-A—2C(n)-b=0.

Notice that the tensor C(n) := n-Cq - n is the second-order acoustic tensor. The
symmetry of the stress tensor implies that the polarization tensor is also symmetric
and we have

b=1C"'(n)-(A-n+A" -n).

Substituting this expression for b into (8.159) and expressing all quantities in terms
of components with respect to a Cartesian basis, we have

1 (-1 1 ! -
B;=1 (Cﬂ ni”k+cjk ning+Cy njng +Cy njﬂ[) Ao

Therefore the operator Py, has the form

—1 —1 —1 —1
P, = % (Cjé ning + Cjk niny + sz njng + Cik njl’l[) eRejRerXe.

Following the process that we used to determine the effective permittivity, we can
show that the effective elastic stiffness of a laminate can be determined from the
formula

[(Cerr—Co) ™' +Pa] ' = <[[C(x) —Col '+ Pn]‘1> . (8.161)

If Cy is isotropic, i.e., Co = A1 ® 1+ 2up1, where Ag is a reference Lamé modulus
and g is a reference shear modulus, P, simplifies to

| | 1
[Pnlijke = (m — %) ninjngng + g (ningd je + nimed o +njnedic + njmidiy)

8.6.5 Hierarchical laminates

We have found that the effective material properties of rank-1 laminates can be cal-
culated using the formula of Tartar-Murat-Lurie-Cherkaev and its extensions. Let us
now explore laminates made of laminates. Such hierarchical structures have remark-
able properties and a detailed exposition is beyond the scope of this book. Much
more can be found in Milton (2002) and the references therein. For diverse exam-
ples of such hierarchical structures and their uses see Lloyd and Molina-Aldareguia
(2003) and Shawkey et al. (2009).

An example of a hierarchical laminate is shown in Figure 8.12. The idea of such
materials goes back to Maxwell (see Maxwell (1954)). In the rank-2 laminate shown
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FIGURE 8.12

A rank-2 hierarchical laminate.

in the figure there are two length scales which are assumed to be sufficiently sep-
arated so that the ideas in the previous sections can be exploited and the layered
material at each length scale can be replaced by its effective tensor. Recall the Tartar-
Murat-Lurie-Cherkaev formula in equation (8.147) for the effective permittivity of a
rank-1 laminate:

F et -] = 21— — (1— 1)y Py ()
= Vet -] = (£ = f)es Py ()

where the superscript denotes the rank of the laminate and we have used fz(l) =

1-— fl(l). The volume fraction of phase 1 in the rank-0O laminate is 1 because we
are creating the laminate by adding the phase 2 material to it. To find the effective
permittivity of the rank-2 laminate in Figure 8.12 we just adjust the volume fractions
of the two phases in the laminate and replace €; with € for the rank-1 laminate.
Then we get

A1 —eQ " = 1V et — e — (1Y — £7)ey Py (a)

or ) )
RIS B

21— — (1 = A")e; Py (m) = (1 = 1), 1Py (ma).

Since fl(z) = f1 is the volume fraction of phase 1 in the final composite, egf) is the ef-
fective modulus of the rank-2 laminate, and if f, =1 — fj is the final volume fraction
of the second phase, then we can write the above formula as

fi [821 - £eff]_1 = [821 — 81]_1 7f282_1 [CIPH (I‘l]) +C2PH (nz)] (8.162)
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where
cj=—>F and cp=——7-"-
f2 2

By iterating (8.162) one gets, for a rank-m laminate, the Tartar formula

fileol — €] ' = [e21—&1] ' — fre; 'M (8.163)

where fi = £, 1 =1,

m (=1 _ r() . ‘
M= o P o= T 00 s g0
j=1 ’ 1- fl
and m is the number of laminates in the hierarchy, f () is the proportion of phase 1
in a rank-j laminate, and n; is the orientation of the j-th laminate. Also observe that

m f<0>_f(m)
Yo-1— 1
j=1 1_f1

For a rank-3 laminate, if the normals n;, ny, and n3 are three orthogonal vectors,
then
M=cin;®n;+cn®ny+c3n3@n3.

If we choose the f/)s such that ¢; = ¢3 = c3 = 1/2, then
M=i(n®n +nen+n3®n;)=1.

In this case, equation (8.163) coincides with the solution for the Hashin sphere as-
semblage! This implies that different geometries can have the same €. (€7, €1 ). This
observation has led to the discovery that a large range of material properties can be
realized using laminated structures. Milton (2010) examines some of the possibilities
in the context of electrodynamics. Many of these ideas can be extended to acoustics
and elastodynamics and a detailed discussion can be found in Milton (2002).

Exercises

Problem 8.1 A plane wave propagating through a layered medium can be expressed in the
form A
uz(xl,X3,l‘) = (A]jeij3 +A2je—ij3)ez(k|x|—(x)t) .

Show that if Re(k;) > 0 we must have Im(k;) < 0.

Problem 8.2 Verify that the generalized reflection and transmission coefficients in Section 8.2
can also be applied without change to acoustic waves. What are the equivalent expres-
sions for R; ;11 and 7} ;1 for acoustic waves?
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Problem 8.3 Find the matrix H and the associated state vector ¥ for the propagation of P-SV

waves in a layered medium.

Problem 8.4 Use the WKBJ method to find the transmission coefficient for a plane wave
propagating through the graded slab shown in the figure below.

1), e(x) M-8y
Ho %
. |l Incoming
Transmitted e =eo+ (x=2)

| 9= + (x—xp)} = Reflected

v o Sab X

Problem 8.5 Let zp and z be the locations of the top and bottom of an isotropic elastic layer,
respectively. Show that the propagator matrix for antiplane shear waves in the layer can
be expressed as

cosky(z—z0)  (uk;)™'sink;(z—zp)

B(z,20) = —uk;sink,(z—z9)  cosk;(z—z0)

Use equation (8.78) to calculate the propagator matrix and then verify your result using
the matrix exponential solution in (8.80) and Sylvester’s formula. Note that the eigen-
values of a square matrix of the form oA where o is a scalar are given by ad; where

Aj are the eigenvalues of A.

Problem 8.6 Derive the relations between the E,,H, and E;,H; given in equation (8.92).
Also, find the explicit form of the matrix H in equation (8.93).

Problem 8.7 In the Schoenberg-Sen model of a periodic layered medium, the slowness com-
ponent s; is related to the angle of incidence 8; by s, = sin6;/co where ¢ is the phase
speed in the medium of incidence. Show that, in the low-frequency limit, the effective
angle of transmission (6;) into the layered medium is given by

(1/p)2 <c3 {L/x) —sin29,~> E

1

[STE

0 =tan"

sin6i | p) (1/p)

Show that the same expression is obtained for the angle of transmission in a homoge-
neous medium with

1 e o
kKk=-—— and p=|0 1/(1/p 0
{1/%) 0 0 1/(1/p)
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Problem 8.8 Verify that the effective stiffness of an elastic laminate can be expressed as

- <(gn)_1>*1.<(gn)_1 ‘gﬂ>

E:gff: <gtt _:gtn. (:,Qrm)71 .gm>+

<cln . (Cnn)71> X <(cnn)71 >71 . <(Cnn)7l . Cnt> )
Consider the three-layered laminate shown in the figure below and assume that the x-

direction is the direction of lamination and the y-, z-directions are in the plane of the
laminate. The stiffness of layer i is labeled C; in the figure.

Assume that layers 1 and 3 are made of a transversely isotropic AS/3501 (carbon
fiber/epoxy) composite with Young’s moduli E, = 9 GPa, E, = E, = 140 GPa, Pois-
SON’s Tatios Vyy = Vy; = Vy; = 0.3, and shear moduli Gy, = Gy, = 7 GPa. Assume that
layer 2 is isotropic with Young’s modulus £ = 70 GPa and Poisson’s ratio v = 0.2.
What are the quasistatic effective elastic stiffnesses of the three layer composite if the
thicknesses of layers 1 and 3 are 2 mm and that of layer 2 is 5 mm?

Problem 8.9 Show that for a laminate made of isotropic linear elastic layers, the effective
stiffness tensor has components

= () O =il = () ()

Cifo =it = (1) Gy = ()¢ G =il = Gilby =0
G = = (5 + () (i)

G = (%) +(xts) ()

Problem 8.10 Verify that the quasistatic effective permittivity of a laminate is given by the
relations

—1
eff _ &1 & 1 & € P
&ij 7<£’J_ €|1/>+<£1|> <8111><€||/> i j# 1

Problem 8.11 Use the Backus approach to find expressions for the effective magnetic perme-
ability of a laminate with lamination in the x-direction.
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Problem 8.12 Use the relation

[sea=py] = ([s00 - py)] )

to find the effective permittivity of a laminate that is oriented in the x,-direction.

Problem 8.13 Show that the Tartar-Murat-Lurie-Cherkaev formula for the effective permit-
tivity of a rank-1 laminate

fiealer] — &) ' =eafe21— 1] — 2P| (n)

is equivalent to the formula derived using the Backus method.
Problem 8.14 Show that, for a rank-1 laminate with layer permittivities € and €, and volume
fractions f] and f>, Milton’s relation reduces to

_ _ n®n
fi(€e— €)' = (81 —&) '+ foPy  where Pp=

n-&-n’
Problem 8.15 Show that for an isotropic reference material with
Co=M1®1+2upl
the Cartesian components of the operator Py, have the form

_ 1 1 .
(Pn)ijké = <m - ,170> ninjngny

+ gy (B i mimi g+ n S + njnidie)



Epilogue

In any case, the triple pedagogical goals of understanding, skills, and design can
be achieved only via independent practice, hard work, and creative thinking.

C. KLEINSTREUER, Two-phase flow: Theory and applications, 2003.

There are many important topics in wave propagation that have not been covered
in this book. Some topics of practical and pedagogical significance are:

o Numerical techniques for the simulation of wave propagation. A good rule of
thumb for full wave simulations with finite elements is to use 15-20 elements
per wavelength. Clearly, such a high resolution makes the computation of all
but very simple problems prohibitively expensive. Efficient techniques typi-
cally involve simplifying the problem using some knowledge of the structure.
An example is the efficient and stable method of Rokhlin and co-workers for
problems that can be described using propagator matrices.

o Design paradigms and techniques. A design paradigm that can be easily used
for periodic structures is to take the vast library of known results on elas-
tostatic composites and extend them to dynamic, complex-valued problems as
we have discussed in Chapter 7. Numerous elastostatic and electrostatic results
based on duality relations can be found in the monograph by Milton. Layered
media are usually easier to manufacture than periodic media with complex
geometries. Hierarchical laminates and other layered geometries appear to be
the most straightforward path toward realizing metamaterials. Another design
paradigm is AC circuit analogy and the related transmission line theory which
has been used extensively in the design of acoustic resonators by Fang and
co-workers.

e Homogenization methods. Though we have woven homogenization methods
into most of the chapters in this book, more can be said about the subject.
Homogenization in the presence of resonances, and the homogenization of
dynamics in general, can be quite involved and no single technique has gained
wide acceptance yet. Tartar’s recently published monograph on homogeniza-
tion gives a flavor of the complexities involved.

e Specific designs. There has been a proliferation of designs of metamaterial
structures and transformation-based coatings. We have discussed a few in the
book but the reader is urged to explore the literature for other designs.

337
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o Manufacturing methods and experimental procedures. There has been an ex-
plosion of techniques for rapidly manufacturing small structures. Knowledge
of manufacturing techniques and experimental methods are crucial for the fu-
ture researcher in metamaterials and photonic/phononic devices.
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also CPA method, 117, 186
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electrical, 221
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convolution, 10, 191
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elastodynamics, 8
electrodynamics, 31
cylindrical coordinates, 94, 120, 122,
130, 137

damping constant, 156

damping factor, 176

dashpot, 154
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deviatoric stress, 18
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dipole source, 97

Dirac delta function, 94, 96

Dirichlet to Neumann map, 223

dispersion, 49, 108, 277

dispersion relation, 49, 129, 200,
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275

displacement, 51, 191

displacement gradient, 6

dissipation, 13, 23, 41, 42

divergence theorem, 14, 42, 238

Drude model, 129

dynamic mass, 155
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effective bulk modulus, 263
effective density, 317
effective dynamic mass, 153
effective field, 117
effective mass, 157
effective permeability, 184, 266
effective permittivity, 266, 323
effective phase velocity, 317
effective property, 318
eigen decomposition, 209, 312
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eigenvalue problem, 253, 258, 265,
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Eikonal equation, 299
elastic wave equation, 40
elastodynamic power, 13
elastodynamic wave, 256
elastodynamics, 49, 110, 277
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periodic, 256
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Willis equations, 188
electric current, 26
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electric field, 25
electric permittivity, 27
electric polarization, 27
electric susceptibility, 27
electrical conductivity, 28, 41
electrodynamic metamaterial, 125
electrodynamics, 24, 69, 70, 85, 102,
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periodic, 264
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electromagnetic impedance
characteristic, 77
electromotive force, 27
electrostatics, 25
ensemble averaging, 188
ergodicity, 188
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Eulerian description, 16
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extremal material, 208
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far-field pattern, 121
Faraday’s law, 27
folding transformation, 225
Foldy-Lax method, 117
Fourier transform, 10, 11, 96, 99
free-body diagram, 152
frequency, 62
Fresnel equations, 73, 87
function

completely monotonic, 182

gauge transformation, 30

Gauss’s law, 25

Graf’s addition theorem, 122

Green’s function, 94, 95, 193

Greenleaf-Leonhardt-Pendry, 217

group velocity, 49, 143, 268, 270,
272

gyrocontinua, 167

Hamiltonian, 157
Hankel function, 95, 97
spherical, 106
harmonic plane wave, 48
Hashin’s relations, 187, 263
elastostatics, 261, 280
electrostatics, 280, 333
Helmbholtz equation, 47
Helmbholtz potential
body force, 6
Helmholtz resonator, 173, 186
Hertz vector potentials, 30, 114
hierarchical laminates, 208
homogeneous material, 6
homogenization, 132, 135, 139, 163,
184, 252, 260, 283, 292,
318

357

Hooke’s law, 152

ideal gas, 17
image resolution, 141
impedance, 137, 161
acoustic, 65, 81, 157, 314
characteristic, 65
effective, 315
elastic, 56, 159
electrical, 221
electromagnetic, 77, 231
normal, 77
impedance matching, 66, 78, 144,
231
impedance tube, 82, 83, 89, 157
incident wave, 62, 70
independent scattering, 117
inductance, 137
inertia
frequency dependent, 167
inertial cloak, 234
infinite mass, 239
infinitesimal strain, 6
inhomogeneous wave, 102
integral matrix, 305
intensity, 23
irrotational flow, 18
isotropic material, 6

Jacobian, 219, 220
Jacobian matrix, 101

Kelvin moduli, 209

Korringa-Kohn-Rostoker method,
117

Kramers-Kronig relation, 163

Lagrangian, 156, 159, 198
Lagrangian description, 16
Lamé moduli, 6
Lamé’s theorem, 6
Laplace-Beltrami operator, 9, 250
lattice spacing, 257
layered media, 283

periodic, 310
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associated, 115
Legendre’s equation, 105
Leibniz rule, 42
linear elastic, 190
micromorphic, 167
linear momentum, 4, 150, 170
linear operator, 193, 253, 258
linear superposition, 25
linear viscoelasticity, 178
locally resonant sonic material, see
LRSM
Lorenz condition, 30
Love wave, 284
LRSM, 84, 148, 277
lumped-mass model, see spring-mass
system

magnetic field, 28
magnetic flux density, 25
magnetic induction, 25
magnetic moment density, 28
magnetic monopole, 25
magnetic permeability, 26, 28
effective, 135
magnetization vector, 28
magnetostatics, 25
magnification, 233
mass
frequency dependent, 148, 153,
155, 163
mass density, 191, 253, 257
anisotropic, 148
dynamic, 148
effective, 147
negative, 148
static, 147
transversely isotropic, 318
matricant, 310
Maxwell model, 154
generalized, 178, 183
Maxwell’s equations, 24, 28, 31-34,
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130, 217, 225, 228, 244,
256, 265, 266, 308

Mie solution, 113
Milton’s relation, 330
molecule, 147
momentum, 190, 204
balance of, 190
linear, 203
monochromatic plane wave, 48
monodromy matrix, 310, 312
multilayered cloak, 237
multiple scales analysis, 259
multiple scattering, 117, 187
multipole, 119

Nanson’s formula, 238
Navier-Stokes equations, 16
negative density, 60
negative index, 141
negative mass, 40, 153
negative modulus, 149, 173
negative refractive index, 60, 635, 68,
78, 125

mirror, 78
negative shear modulus, 60
Newton’s second law, 152
Newtonian fluid, 18
nonlocal, 5
normal strain, 214
null space, 254

Ohm’s law, 28
Onsager reciprocity relations, 41
optical mode, 272

p-polarization, 38
P-wave, 6, 9, 53, 54, 58
pentamode material, 208, 211,
244-246
perfect lens, 139, 231
periodic media
one dimensional, 310
periodic medium, 257
permittivity, 25, 126, 127, 155
negative, 133
perturbation, 259
phase, 49
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phase speed, 70
phase velocity, 36, 49, 71, 143, 268
phononic crystals, 251
photonic crystals, 251
plane wave, 48
acoustics, 61
elastodynamics, 49
electrodynamics, 69
plane wave expansion, 93
plasma frequency, 129
magnetic, 139
plasmon, 129
Poisson’s ratio
negative, 208
polar decomposition theorem, 239
polarization, 52, 71
polarization field, 192, 325
porous media, 147
Poynting vector, 143
principle of minimum dissipation, 42
projection operator, 240, 325, 330
propagating wave, 97
propagator matrix, 286, 302, 304,
310
pseudo-pressure, 214, 246
pull-back, 226, 242

quasistatic limit, 259

radial map, 230

rank-1 laminate, 326

ray parameter, 56

ray theory, 299

Rayleigh multipole method, 118

reciprocal lattice vector, 255

recursion relation, 290

reflected wave, 63, 70

reflection coefficient, 55, 63, 73, 82,

87, 143, 290, 306, 315

apparent, 87
generalized, 292

reflectivity, 85

refractive index, 60, 68, 71
negative, 185

relaxation spectrum, 179, 182

359

relaxation time, 179
representative volume element, see
RVE
residue, 100
resistance, 137
resonance, 27, 85, 91, 124, 125, 127,
129, 144, 150, 153, 156,
163, 177, 186, 208
anomalous, 232
frequency, 153, 157
Riccati equation, 294
rotating ring, 167
Runge-Kutta method, 294
RVE, 132, 133, 135, 150, 197, 199,
201, 202, 204-206, 252,
257, 259, 260, 263, 266,
268, 269, 272,273,278

s-polarized wave, 37
S-wave, 6
scalar potential, 41
acoustic, 19
elastodynamics, 6
electrodynamics, 29
scattering, 105, 251
acoustic, 105, 108, 120
cross-section, 108
elastodynamic, 110
electrodynamic, 113
scattering cross-section, 113
Schoenberg-Sen model, 186, 310
self-consistent method, 117
SH-wave, 13, 52, 59, 60, 183, 184,
237,279
shear modulus, 6, 184, 261, 284
complex, 264
negative, 185
shear strain, 214
shear viscosity, 18, 154, 264
single scattering, 105, 117, 231
slab, 80
slowness surface, 214
slowness vector, 50, 51, 53, 54, 316,
317
Snell’s law, 56, 64, 71
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spectral decomposition, 208
spherical coordinates, 94, 98, 101,
106, 107, 111, 114, 116
spherical harmonics, 115
split-ring resonator, 133, 134, 136,
138, 139, 183, 184
spring constant
complex, 154
effective, 179
real, 154
spring-mass system, 152, 153, 156,
159, 161, 173, 183, 184,
186, 197, 198, 251, 269,
276
SRR, see split-ring resonator
state equation, 283, 286, 303, 309,
310
state vector, 286, 308, 309
stiffness tensor, 5, 6, 190, 191, 256,
257,277
strain, see strain tensor
strain energy, 213, 244, 245, 247, 248
strain tensor, 5-7, 11-14, 176, 180,
183, 191, 192, 196,
210-212, 257, 258, 260,
263, 285, 319, 320, 330
stress, see Cauchy stress
Stroh formalism, 309
Stroh matrix, 309
superpotentials, 30
supporting stress, 211
surface traction, 4, 13
SV-wave, 52, 54-57, 59, 66, 67, 110,
124
Sylvester’s formula, 305

T-matrix, 121

Tartar formula, 333

Tartar-Murat-Lurie-Cherkaev
formula, see TMLC
formula

TE-wave, 37, 39, 75, 86, 94, 143,
183, 185, 217, 234,
287-293, 303, 308

TM-wave, 37-39, 72, 94, 185, 288,
292
TMLC formula, 327, 330
traction vector, 4, 203
transfer matrix, 302, 310
transformation optics, 225
transformation rule
acoustics, 234, 236
Chen-Chan, 236
conductivity, 222
Cummer-Schurig, 234
current, 223
elastodynamics, 244
electromagnetism, 227
tensor, 219
vector, 218
transition matrix, 302, 304
translation operator, 254
transmission coefficient, 63, 73, 82,
87, 143, 307, 315
generalized, 292
transmission line model, 186
transmission loss, 158
transmissivity, 85
transmitted wave, 63, 70
transverse electric field, see TE wave
transverse magnetic field, see TM
wave

unit cell, 132, 133, 135, 150, 197,
199, 201, 202, 204-206,
252,257,259, 260, 263,
266, 268, 269, 272, 273,
278

variation, 42
vector potential
elastodynamics, 6
electrodynamics, 29
Hertz, 30
Voigt notation, 209
volume average, 188, 319, 321, 323
volumetric strain, 6
volumetric stress, 18

wave equation
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acoustic, 19

elastodynamics, 12

pentamode, 214
wave number, 48
wave vector, 48, 62, 70, 202
wavenumber vector, see wave vector
weak form, 278
Wentzel-Kramers-Brillouin-Jeffreys

method, see WKBJ method

Weyl identity, 101
Weyl integral, 97
Willis equations, 188, 191, 244, 310
Willis materials, 188
WKBJ method, 297, 300
Wronskian, 95

Young’s modulus, 176
frequency dependent, 179
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