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Chapter 3 

Metamaterials for Non-Radiative 
Microwave Functions and Antennas 

3.1. Introduction 

Current and future wireless communications systems have to be smart 
while proposing an acceptable Quality of Service for given applications and 
optimized resource management in terms of energy consumption and spectral 
occupation. Moreover, the demand for nomadic devices is growing, thus 
requiring light, low-profile and miniaturized microwave components that can 
easily integrate into complex systems. All these requirements can be 
contradictory for the conventional microwave engineer since, for instance, 
miniaturization is usually achieved with a non-negligible impact on overall 
performances.  

Since metamaterials can be designed to present required electromagnetic 
properties, they should definitely provide a higher degree of freedom in the 
design of both radiative and non-radiative components for wireless systems. 
The potential of metamaterial to improve the performances of microwave 
devices should also be considered.  

This chapter is divided in two main parts: the first part deals with 
metamaterial applications for non-radiative microwave components and the 
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second part describes the potential and applications of metamaterials to 
microwave antennas. 

3.2. Metamaterials for non-radiative applications 

Early studies on metamaterials showed that the use of discrete electrical 
components in propagation structures allowed the appearance of new 
properties to be demonstrated (see Chapter 2). Thus, many studies were 
carried out to apply this approach to microwave components and functions. 
As the properties depend on the base transmission line and on the added 
electrical elements, the number of setting parameters increases, which allows 
the number of degrees of freedom in design to be increased. Thus, the 
advantages of this approach are revealed in works on different types of 
circuits: improved bandwidth, reduced size of the devices or dual band 
functionality. 

3.2.1. Miniaturization 

To reduce the size of components, it is of course possible to reduce the 
size of the unit cell but also to adjust the electrical length of some elements 
used in the device. An obvious example is that of a phase shifter made using 
a simple line section. Assuming that somebody wants to achieve a 270° phase 
shift, a classical right-handed transmission line of length  can be used. 
With a MetaLine operating in the left-handed band (where the phase constant 
is negative), it is then sufficient to use a line of length  in order to obtain 
an equivalent phase shift of –90°. If both versions use the same guided 
wavelength, then the left-handed approach allows the length of the line to be 
divided by three. 

Another way to miniaturize a circuit is to reduce the size of the unit cells 
that constitute the device and/or to reduce the number of cells used in 
cascade. This is one of the paths explored with the resonant-type approach 
(see Chapter 2). In [GIL 07], the authors propose to realize a Y-junction 
power divider. The device is based on two connected impedance inverters 
achieved with lines with characteristic impedance of  (Zo is supposed to 
be the reference impedance; usually ). The first version is realized 
with classical right-handed lines (see Figure 3.1(a)). The second version is 
made with a resonant-type MetaLine based on the complementary split ring 
resonator (CSRR) particle (see Chapter 2). In the latter, the two impedance  
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inverters are realized with a phase shift of –90° with a single unit cell  
(see Figure 3.1(b)). In Figure 3.1, the layouts of the two versions are shown. 
Compared to the classical approach, the size reduction is obvious in the 
images; the ratio of miniaturization is about 50%.  

Figure 3.1. Compared layouts to realize a Y-junction power divider. a) Conventional 
version with right-handed transmission lines. b) Version with resonant MetaLines 

using the left-handed band. Layouts are extracted from [GIL 07]. Images of layouts 
have been redone but the size ratio was observed 

Mobility has become a very important factor in the development of 
communications applications. The need arising from this development is to 
use smaller and smaller devices. In conclusion, we can say that the 
metamaterial tool can be a good way to work on the size of microwave 
devices. 

3.2.2. Bandwidth improvement 

Usually, microwave devices are adjusted for a specific central frequency 
and the bandwidth is defined around this central frequency. In this bandwidth, 
the required function or operation of the device can be considered to be stable 
with respect to the frequency shift. The main cause of the limitation of this 
bandwidth arises from the variation of the phase depending on the frequency. 
Once again, the fact that MetaLines increase the number of setting  
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parameters allows work on the enhancement of the bandwidth to be possible. 
To illustrate the purpose, a simple example will be studied. After a power  
divider, a signal is separated into two equal parts and transmitted through two 
separate lines. As an example, for IQ demodulation, the two signals must be 
finally mixed with ±90° phase difference. Using two similar transmission 
lines (same phase velocity ), in order to realize this operation, implies that 
the second line (length  ) is longer that the first line (length  ). For the 
central frequency , the difference of length between the two lines can be 
expressed as: 

 [3.1] 

When the two lines are set, the phase difference between the two lines is 
90° for . When the frequency deviates from the central frequency, the 
phase difference also changes. The deviation from the required phase 
difference can be written as: 

 [3.2] 

The phase variations are shown in Figure 3.2(a); the increasing difference 
between the phases of the two RH lines can be observed when the angular 
frequency increases. Using MetaLines, it is possible to design the dispersion 
diagram of the CRLH transmission line in order to control the phase 
variation. The proposed MetaLine is supposed to be balanced, and the 
behavior of this line is supposed to be equivalent in the right-handed 
propagation band. As a result, the characteristic impedance is compatible 
with the reference line and the slope of the phase is nearly parallel to the 
reference line (Figure 3.2(a)). The phase difference between the lines is 
shown in Figure 3.2(b). The limit of the phase deviation from the required 
phase difference is set to a maximum of /8. The graph shows that the CRLH 
approach allows the bandwidth to be multiplied by 4. Moreover, it can  
be noticed that the CRLH line has been set with a transition frequency 
( that corresponds to the central frequency. As a result, the length of 
the line is smaller than the classical line. In this example, the RH line must be 
twice as long as the reference line while the CRLH is 37% smaller than the 
reference line. Hence, this example shows that both size and bandwidth can 
be improved simultaneously. 
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Figure 3.2. a) Compared variation of the phase versus frequency for different lines. 
b) Variation of the phase difference with frequency. The big point shows the nominal 

operating frequency. Classical line refers to the case where the second line is 
standard while CRLH line refers to the case where the second line is a MetaLine 

Many other works in the literature lead to the same conclusion: 
MetaLines allow the functionality of the device to be obtained over broader 
bandwidths and at the same time allow the overall dimensions to be reduced. 
For example, in [ANT 05], the improvements are made on a power divider; 
in [LIU 08], the bandwidth of a microstrip balun is enhanced; and in [SIS 
08], the authors improved a rat-race coupler with resonant-type MetaLines. 

In this section, it has been pointed out that the metamaterials can be a 
good tool to work on the bandwidth of devices. The most interesting result 
comes from the fact that size reduction can be obtained simultaneously. 

3.2.3. Dual band 

For some applications, the bandwidth is not the most important point. 
Another interesting property provided by MetaLines is the ability to achieve 
the desired functionality on more than one frequency band (see also  
Chapter 2).  

Even if it is not a practical application, the previous example can be 
modified in order to illustrate the dual-band capability. The length of the 
previous CRLH line is increased. As a result, the phase shift produced by  
the CRLH is modified and the curve crosses the curve of the reference line 
(Figure 3.3(a)). Now looking at the phase difference in Figure 3.3(b), another 
functional point appears before the next frequency value where the phase 
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difference will be increased by 360°. The first frequency point gives –90° 
while the next frequency point gives +90°.  

Figure 3.3. Illustrations of the dual-band advantage. a) Teaching example. Phase 
variation of different lines. Length of RH line and CRLH line is twice long as the 
length of the reference line. b) Identification of operating frequency points. Dashed 
line represents the classical RH line and solid line represents the CRLH transmission 
line. c) Image of the CRLH open-stub [LIN 04]. d) Frequency response of the line 
loaded by the stub [LIN 04]. e) Image of the branch line coupler [LAI 04].  
f) Frequency response of the branch line coupler [LIN 04, LAI 04] 

Using this principle, dual-band components have been proposed. In  
[LIN 04], the authors worked on a dual-band quarter wave transmission line, 
a dual-band stub, a branch-line coupler and a rat-race coupler. In Figure 
3.3(c), an image of the g/4 open-stub circuit is presented; it can be noticed 
that the device is realized with discrete surface-mounted devices (SMD). The 
proposed CRLH line is designed in order to have a phase response of –90° at 
890 MHz and +90° at 1,670 MHz. The response of the classical line loaded 
by the stub is shown in Figure 3.3(d). Two similar stop bands can be 
observed on the response showing the dual-band functionality. An image of a 
branch line coupler realized with CRLH lines is shown in Figure 3.3(e). 
Usually, for a classical (right-handed) device, the functionality is obtained for 
the design frequency and for the odd harmonics of the latter. Replacing the 
RH lines with CRLH lines allows two non-harmonic frequencies to be 
possible to implement the coupler functionalities (Figure 3.3(f)). Of course, 
the harmonics of these two frequencies are also valuable to make the coupler 
efficient.
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The metamaterial approach can give flexibility in the design of multiband 
components. The previous examples were realized with discrete SMD 
components. Of course, MetaLines with distributed or resonant elements also 
allow dual-band behavior to be obtained. In [VÉL 11], CRLH lines of the 
resonant type are used to design a duplexer. In addition to the dual-band 
behavior, it is shown that the reduction in the size of the device can be 
simultaneously obtained.  

3.2.4. Zeroth-order resonator (ZOR) 

In section 3.2.3, it has been shown that MetaLines could improve 
different characteristics of the usual microwave components. In addition to 
the different interests presented, it is possible to manufacture new 
components such as zeroth-order resonator (ZOR), which did not exist 
before. On the basis of a transmission line with a short or open termination, a 
resonator can be obtained. In a right-handed line, the resonance frequencies 
of the resonator are obtained when the electrical length of the piece of line 
(physical length ) is a multiple of :

[3.3] 

As a result, for a given length, there is an infinite number of resonant 
frequencies, from to . Unlike the classical transmission line, 
the balanced CRLH transmission line can have a zero phase constant to a 
non-zero frequency. Moreover, for lower frequencies, the phase constant is 
negative in the band where the propagation is left handed. Therefore, the 
relationship [3.3] can be fulfilled with negative values of  (Figure 3.4) but 
also with the specific value of  ( .). When the 
electrical length is zero, the resonance condition no longer depends on the 
physical length of the line. This can be helpful to miniaturize resonators. 
Moreover, as each positive resonant mode has its dual negative resonant 
mode with similar impedance, dual-band functions can be achieved. 

The approach using a CRLH transmission line therefore can give unusual 
but very interesting properties. These resonators are named ZORs. The first 
ZOR was proposed by [SAN 03]; it was realized in microstrip configuration. 
On the basis of the proposed unit cell, a practical application is realized for 
antennas [ITO 08]. A coplanar waveguide (CPW) has the advantage that the 
line and the ground plane are located on the same plane, and that it can be 
easily fabricated at low cost by using a simple lithography process. Some 
researchers studied and realized ZORs in a CPW technology [LI 07,  
ZER 10]. 
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Figure 3.4. Typical dispersion diagram of a CRLH balanced transmission line. Points 
on the curve correspond to half wavelength resonance frequencies  

In [SAN 03] and [CAL 03], a microstrip ZOR is realized with seven unit 
cells (see Figure 3.5(a)). The zero order of resonance is shown in the figure. 
The authors show that this special resonance does not depend on the number 
of cells used to make the resonator. With a study of the field repartition along 
the line, the authors also show that each peak in the scattering parameter S21
can be related to its corresponding order. In [LI 07], a ZOR with capacitive 
coupling is realized, based on a CPW loaded by three cells that cause the left-
handed effects (Figure 3.5(b)). The objective of the work is to synthesize a 
band-pass filter with compact size, using the CRLH approach. The proposed 
design of the unit cell gives an unbalanced CRLH line (left-handed band 
from 3 to 4.7 GHz, band gap from 4.7 to 5.8 GHz and right-handed band 
from 5.8 to 9 GHz). The authors are only interested in the zeroth-order 
resonance, so the central frequency of the band-pass filter is set to 5.8 GHz. 
The three cells give a third-order Chebyshev response (Figure 3.5(b)). The 
size of the proposed filter is reduced (more than 60%) as compared to a 
conventional device. In [ZER 10, ZER 11], a CPW ZOR designed on 
alumina substrate is proposed. The series capacitance is composed of an 
interdigital capacitor and the parallel inductance is obtained with a short-
circuited stub inductor. In the case presented, the coupling is inductive. 
Measurement results are shown in Figure 3.5(c). The resonator has a band-
pass filter response of approximately 1.6 GHz with a 3 dB bandwidth of 
17%. It can be noted that the phase value of the transmission coefficient for 
the central frequency is zero. In this case, the reduction of the size is more 
than 70%, including the access tapers. 
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Figure 3.5. Response of several ZOR. a) Microstrip ZOR with seven unit S 
parameters with respect to frequency for cells [SAN 03]. The order zero is pointed out 
on the transmission. b) CPW ZOR with capacitive coupling based on an unbalanced 
MetaLine with three unit cells [LI 07]. Measured response of the created band-pass 
filter. c) Measured results of a CPW ZOR with inductive coupling with a single cell 
[ZER 10]. Measured results: left: values (dB) of transmission and reflection 
coefficients; right: phase of transmission and reflection coefficients. 

The example of the ZOR component shows the potentialities of 
MetaLines. In this component, the obtained functionality is unique since only 
MetaLines can achieve the condition at a non-zero frequency. 

3.3. Metamaterials for antennas at microwave frequencies 

Since metamaterials can propose an equivalent medium with electric and 
magnetic characteristics beyond the properties of readily available materials, 
their capacity to enhance the performances of antennas, namely in terms of 
miniaturization, bandwidth, efficiency and directivity, is sought. Although 
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many metamaterial antennas can be found in the literature for applications 
such as directivity enhancement [OUR 06, GER 13], one of the most 
appealing and challenging applications is antenna miniaturization.  

3.3.1. Antenna miniaturization 

The requirements of current and future telecommunications systems 
involve miniaturized devices. Miniaturization of antennas without deterring 
radiation performances is a real challenge. There are indeed fundamental 
limitations on the radiating performances of electrically small antennas 
(ESAs) and studies on these limitations can be traced back to Chu’s and 
Wheeler’s work [CHU 48, WHE 47] and were revisited more recently  
[MCL 96, YAG 05]. The minimum radiation quality factor Q of a vertically 
polarized omnidirectional antenna within a spherical surface of radius r is 
given by [MCL 96]: 

[3.4] 

where k is the wave number for the corresponding operating frequency. 
Equation [3.4] gives an indication of the maximal fractional bandwidth (1/Q) 
and radiation efficiency that can be obtained for an antenna size at a given 
frequency. For ESAs, the bandwidth and the radiation resistance shrink and 
the efficiency is decreased. The advent of metamaterials raised the hope that 
these limitations might be abrogated. These limitations have indeed been re-
examined more recently to consider the potential contributions of 
metamaterial.  

3.3.2. Efficient electrically small antennas with metamaterials 

Sohl et al. [SOH 07a] demonstrate, using the forward dispersion relation 
for the extinction cross-section [SOH 07b], that ESAs consisting of 
metamaterial media are of limited use to overcome radiation fundamental 
limitations. However, Ziolkowski et al. [ZIO 07] show from both analytical 
and numerical results that the presence of homogeneous, isotropic 
metamaterials around an ESA such as an infinitesimal dipole presenting 
either a negative refractive index [ZIO 03] or a negative permittivity  
[ZIO 06] can improve the radiation efficiency beyond the limitation 
described in [3.4].  



Metamaterials for Non-Radiative Microwave Functions and Antennas     77 

There have been, in the microwave antenna community, several 
approaches to achieve ESA by an appropriate packing of resonant antenna 
elements into the antenna volume using natural geometrical configurations 
[BES 04]; fractal curve antenna [WER 03] is used to reach performances 
beyond the fundamental limitations. Along the same lines, a metamaterial 
shell of negative permittivity can improve the radiated power of an 
infinitesimal electric dipole. Ziolkowski et al. [ZIO 06] considered an electric 
dipole in enclosed in a metamaterial shell [Figure 3.6(a)] of inner radius, 

of real permittivity, and realistic values of loss tangent, .
The radiated power ratio (RPR) is calculated for this metamaterial shell 
dipole for an input current of 1 A: 

 in dB [3.5] 

and shown in Figure 3.6(b). A peak value of RPR is obtained for an outer 
shell radius of 18.79 mm. The high values of RPR even when a loss tangent 
is considered show the potential of metamaterials to improve the radiated 
power of small dipoles.  

Figure 3.6. a) Electric dipole enclosed in a shell ( mm ) made up of 
metamaterial of frequency-independent negative permittivity ( ), ). b) Associated 

radiated power ratio for different values of loss tangent of the permittivity  
(LT) of the metamaterial shell [ZIO 06] 

More realistic values of permittivity of the metamaterial shell accounting 
mainly for dispersion have been considered in [ZIO 07] and dispersion-
related limits have been defined. If these solutions for efficient ESA are very  
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interesting, realization can prove to be much harder: sub-wavelength low-loss 
unit cells have yet to be designed and assembled to realize a bulk 
metamaterial.  

On the basis of these studies and to ensure practical realizations, a novel 
approach has been proposed by Erentok et al. [ERE 08]. The authors propose 
to insert a single designed metamaterial inclusion as a parasitic element in the 
extreme near-field of an ESA to enhance the input impedance matching and 
radiation efficiency. The term “metamaterial-inspired antennas” has been 
coined for this approach to differentiate it from “metamaterial-based 
antennas” where bulk homogeneous metamaterials are considered. 

3.3.3. Patch antenna miniaturization considering metamaterial 
 substrate 

Hansen et al. [HAN 00] consider the potential of metamaterials for the 
miniaturization of patch antennas with improved radiating performances. Let 
us consider a square metallic patch antenna printed on a magneto-dielectric 
substrate with electromagnetic characteristics ( ). If the values of the 
permittivity  or the permeability  are increased, the patch dimensions get 
smaller for identical operating frequencies. However, it is difficult to guess 
how the bandwidth and radiating performances change. Since metamaterials 
can be designed to present arbitrary values of  and , a physical 
understanding of the role or each parameter is essential. Hansen et al.
propose a zero-order approach to draw simple rules. A transmission line 
analysis and cavity model are used; the bandwidth of a square patch antenna 
is given by: 

 [3.6] 

where  is the operating wavelength and  and are, respectively, the 
permittivity and permeability of the substrate on which the square patch 
antenna is printed. Equation [3.6] is valid for values of  extending from 1 
to 10. First, the authors can conclude that a significant bandwidth 
improvement together with patch shortening results only when  is large and 

 is close to one. Second, unlike high values of , increasing  results in 
smaller patch antennas together without decreasing the bandwidth. These 
results have been confirmed in other works [NIA 11]. The radiation 
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efficiency for square patch antennas of width W printed on lossy magneto-
dielectric substrate of thickness d is given by [NIA 11]: 

      [3.7] 

where G is the radiation conductance of a patch antenna. The efficiencies 
calculated from equation [3.6] and simulated for a patch antenna printed on a 
dielectric and magnetic substrate are shown in Figures 3.7(a) and (b), 
respectively.

Figure 3.7. a) Radiation efficiency for a patch antenna for 
, tan and  tan 

, tan 
and  tan  [NIA 11] 

The radiation efficiency for magneto-dielectric antennas is indeed greater 
for high-permeability substrates compared to high-permittivity substrates. 

3.3.4. Miniature metamaterial antennas: numerical and experimental 
attempts  

At quite low frequencies, magnetic materials can be useful to provide 
permeability with reasonable losses. Mosallaei et al. [MOS 04a] proposed an 
antenna with a metamaterial substrate made up of a stack of magnetic and 
dielectric materials as shown in Figures 3.8(a) and (b). The metamaterial 
antenna was then studied by a numerical model based on the finite-difference 
time-domain (FDTD) technique. The resulting reflection coefficient of the 
metamaterial antenna is shown Figure 3.8(c). It is compared to a reference 
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patch antenna of identical size on a dielectric substrate of permittivity 
adjusted to yield the same resonance frequency. The bandwidth enhancement 
is shown to be relatively high. Moreover, the radiation pattern shown in 
Figure 3.8(d) confirms that no distortion is induced by the metamaterial 
substrate.

Figure 3.8. a) Bulk periodic metamaterial. b) Patch antenna with metamaterial 
substrate. c) Reflection coefficient of the metamaterial antenna and the reference 

antenna with respect to frequency. d) Radiation pattern of the metamaterial antenna 
for the E and H planes [MOS 04a] 
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At higher frequencies when low-loss magnetic materials are not readily 
available, artificial magnetic metamaterial can be useful. The effect of 
artificial magneto-dielectric substrates on the impedance bandwidth 
properties of patch antennas has been evaluated [KAR 05, IKO 06] both 
numerically and experimentally. The effective permittivity and permeability 
of the metamaterial are shown in Figure 3.9(a). The artificial magnetic 
metamaterial is described in Figure 3.9(b). The real part of the permeability 
shows a resonance (2.3 GHz) as expected for a metamaterial consisting of 
split-ring resonators. This metamaterial is then used as the substrate of a 
patch antenna as shown in the inset of Figure 3.9(a). The measured reflection 
coefficient of the patch antenna with metamaterial substrate is shown in 
Figure 3.9(c). 

Figure 3.9. a) Permittivity and permeability of the metamaterial with respect to 
frequency. The dashed lines represent the imaginary part and solid lines represent the 
real parts. The inset shows an image of the antenna with the metamaterial substrate. 

b) Schematic of the metasolenoid metamaterial. c) Reflection coefficient of the 
metamaterial and reference antenna with respect to frequency [IKO 06] 

The bandwidth of the metamaterial is shown to be smaller than the 
reference dielectric antenna. The authors demonstrate that this is due to the 
dispersive behavior of the permeability. These results demonstrate the limits 
of this approach to miniaturize patch antennas. 

Frequency dispersion, high value of losses and fabrication issues make 
bulk metamaterials less appealing for antenna miniaturization applications. 
Surfaces made up of metamaterials have been proposed for patch antenna 
miniaturization. For instance, reactive impedance metamaterial surfaces have 
been studied [MOS 04b]. The metamaterial is shown in Figure 3.10(a) and 
the corresponding surface impedance is shown in Figure 3.10(b). This 
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metamaterial is termed reactive impedance metamaterial since its real part of 
the effective impedance is zero such that the magnitude of the reflection 
coefficient is equal to one and its phase is different from  as for metallic 
surfaces. Figure 3.10(c) shows the metamaterial antenna designed and 
fabricated and its reflection coefficient is shown in Figure 3.10(d). 

Figure 3.10. a) Metamaterial reactive impedance surface. b) Normalized surface 
impedance with respect to frequency. c) Patch antenna on a reactive impedance 

substrate. d) Reflection coefficient with respect to frequency for a conventional patch 
antenna and the reactive impedance metamaterial antenna 

Compared to a conventional antenna of same surface and resonating at the 
same frequency, the bandwidth is much higher. The antenna is miniature 
(almost ). The measured bandwidth is 6.7% and the radiation efficiency is 
90%. These results are very promising for antennas based on metamaterial 
surfaces.
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3.4. Conclusion 

The application and interest of metamaterials for both radiative and non-
radiative applications have been described. In non-radiative applications, 
metamaterials can lead to filter and transmission line miniaturization, 
multiband operation, as well as bandwidth improvement. For antennas, the 
challenging topic of radiating element miniaturization without deterring the 
performances has been tackled. The potential of metamaterials to overcome 
fundamental limitations on the performances of antennas, namely size, with 
respect to efficiency has been discussed. Theoretical, analytical and 
numerical models, as well as experimental attempts, have been described and 
analyzed.
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Chapter 7

Metamaterials for Control of Surface
Electromagnetic and Liquid Waves

7.1. Introduction

During the past few years, research groups from all over the world have
demonstrated the possibilities offered by metamaterials thanks to their ability
to control electromagnetic waves (and other types of waves, e.g. acoustic and
elastic, as well as diffusion phenomena). After negative refraction and
subwavelength imaging, it has appeared possible to hide some objects from
electromagnetic radiation and to make them invisible. A first path to
invisibility was investigated by Engheta and Alù [ALÙ 05] in 2005 and is
based on plasmonic materials designed in order to cloak dielectric or
conducting objects. This technique relies heavily on a scattering cancellation
phenomenon, based on the negative local polarizability of a cover made up of
low electric permittivity materials. It appears to be relatively robust to
changes in the design parameters, geometry and frequency of operation.

Experimental evidence of such invisibility devices was demonstrated
recently in the microwave regime [EDW 09, RAI 12] and its requirement of a
priori knowledge of electromagnetic properties of the objects to hide. The use
of space-time transformations as a design tool for new materials was
subsequently introduced as an alternative path toward invisibility. The basic
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idea of this concept is that a metamaterial mimics a transformed empty space.
The light rays follow straight trajectories according to Fermat’s principle in
this transformed (virtual electromagnetic) space, and are curved in a desired
way in the (real) laboratory space. This allows us to design, in an efficient
way, materials with various characteristics such as invisibility cloaks,
whereby light is detoured smoothly around an object.

In 2006, Pendry et al. [PEN 06] theorized that a finite size object
surrounded by a coating consisting of a metamaterial might become invisible
for electromagnetic waves. An international team involving these authors
subsequently implemented this idea using a metamaterial consisting of
concentric layers of split ring resonantors (SRRs) [SCH 06], which makes a
copper cylinder invisible to an incident plane wave at a specific microwave
frequency (8.5 GHz). The smooth behavior of the electromagnetic field in the
far field limit could be expected in view of the numerical evidence given
[PEN 06] using a geometrical optics based software. Importantly, Leonhardt
[LEO 06] proposed, in parallel to this development of transformational optics,
a conformal optics route toward invisibility, which is however constrained by
the two-dimensional (2D) geometry, as it relies heavily on complex analysis,
and the ray optics limit, i.e. far field. To date, the only evidence that
invisibility is preserved in the intense near field limit is purely numerical
[ZOL 07].

A very different route to invisibility was proposed by McPhedran,
Nicorovici and Milton [McP 94] in the same year. This grouping studied a
countable set of line sources using anomalous resonance when the sources lie
in the close neighborhood of a cylindrical coating filled with negative
permittivity material, which is nothing but a cylindrical version of the “poor
mans lens” of Pendry [PEN 00]. These researchers attribute this cloaking
phenomenon to anomalous localized resonances [MIL 06a, NIC 07], which is
reminiscent of the field of plasmonics.

One of the most famous paradigms of plasmonics is the extraordinary
physics of the transmission of light through holes which are small compared
with the wavelength publicized by Ebbesen et al. [EBB 98] in the late 1990s.
However, some heralding earlier work is less well-known (for example
combining both theory and experiment [BLI 80]). Pendry et al. [PEN 04]
showed in 2004 that we can manipulate surface plasmon ad libitum via
homogenization of structured surfaces. In the same vein, pioneering
approaches to invisibility relying upon plasmonic metamaterials have already
led to fascinating results [ALÙ 05, GAR 05, SMO 08, BAU 09]. These
include plasmonic shells with a suitable out-of-phase polarizability in order to
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compensate the scattering from the knowledge of the electromagnetic
parameters of the object to be hidden, and external cloaking, whereby a
plasmonic resonance cancels the external field at the location of a set of
electric dipoles. In 2008, Smolyaninov et al. [SMO 08] achieved a noticeable
reduction in the scattering of surface plasmon polaritons (SPPs) incident upon
a cloak consisting of polymethylmethacrylate at a wavelength of 532 nm.
More recently, Baumeier et al. [BAU 09] have demonstrated theoretically and
experimentally that it is possible to significantly reduce the scattering of an
object by an SPP at a wavelength of 632.8 nm when it is surrounded by two
concentric rings of point scatterers. However, these two experiments rely
upon the resonant features of the plasmonic cloak.

In the first section of this chapter, we show that it is possible to design a
flat lens and a cylindrical acoustic cloak for linear surface liquid waves
(LSWs). We construct two structured materials: a square array of circular
cylinders bends surface waves in the wrong direction at a specific hertz
frequency (via negative refraction upon resonance); and a concentric array of
cylinders bends surface waves over a finite interval of hertz frequencies (via
artificial anisotropy through averaging). The lens behaves as an effective fluid
with a negative gravity and the cloak behaves as an effective fluid
characterized by a transversely anisotropic shear viscosity. In the second
section of this chapter, we design a structured metal plate that bends SPPs in
the visible and near infrared spectrum. Such an invisibility carpet is deduced
from a quasi-conformal grid and is therefore nearly isotropic. Such an
enhanced control of water and electron wave trajectories, which used
techniques developed in the emerging fields of transformational and
conformal optics, opens new vistas in transformational surface physics.

7.1.1. Prehistory of acoustic metamaterials

At the beginning of this millennium, the group of Ping Sheng at the
University of Hong Kong provided the first numerical and experimental
evidence of a localized resonant structure for elastic waves propagating in 3D
arrays of thin coated spheres [LIU 00]. This work paved the way toward
acoustic analogs of electromagnetic metamaterials. Movchan and
Guenneau [MOV 04] subsequently proposed to use arrays of cylinders with a
split ring cross-section as building blocks for 2D localized resonant structures.
Li and Chan [LI 04] independently proposed a similar type of negative
acoustic metamaterial. In a recent work, Fang et al. [FAN 06] experimentally
demonstrated a dynamic effective negative stiffness for a chain of water-filled
SRRs for ultrasonic waves. Milton et al. [MIL 06] provided a mathematical
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framework for such effects including cloaking whereby the elastic response of
an obstacle subject to an applied field is suppressed.

Figure 7.1. Acoustic lens via negative refraction: a) schematic diagram depicting
the focusing of rays by the acoustic counterpart of the Pendry–Veselago lens (the
density ρ and the shear modulus μ for anti-plane shear waves play the role of the
electric permittivity and the magnetic permeability – or vice-versa depending upon light
polarization – in optics). A point source placed on one side will produce an image on
the other side of the slab of negative density. The entire object plane is mapped point-
wise onto the image plane; b) numerical simulation demonstrating the imaging effect
for anti-plane shear waves (plot of field intensity). An acoustic source placed on the left
side of an array of voids (with cross-sections shaped as split ring resonators (SRRs)) in
an isotropic bulk (e.g. silica) is imaged on the right side (with subwavelength resolution,
about one-third of the incident wavelength). The asymptotic formula [7.1] provides us
with the resonant frequency of SRRs at which the effective density of the array turns
negative, according to [7.2]

Interestingly, similar localization effects with a markedly enhanced elastic
response have also been observed experimentally by Russell et al. [RUS 03]
at megahertz frequencies in sonic band gap crystal fiber preforms with dual
core defects in 2003, see Figure 7.2: trapped modes appear in the stop band of
the periodic cladding, and couple to light via photoelastic effects in the
defects. This suggests that elastic metamaterials are in essence periodic
structures within which wave localization occurs, thereby enhancing
resonance effects (as well as light and sound interplay).
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Figure 7.2. Photonic crystal fiber preforms as a locally resonant elastic metamaterial:
a) scanning electron micrograph of the preform used in the experiments of Philip
Russell’s optoelectronic group at Bath University in 2001–2003. It has two solid core
defects, an interhole period of 80μm, a hole diameter of 59μm and an interstitial
hole diameter of 80μm; b) a detail of the structure used in the numerical modeling
(the lines are only guidelines); c) phase change of the light propagating in the cores
of the PCF preform, induced by the acoustic wave, as a function of frequency. Two
sharp resonances are apparent at 23 and 23.25 MHz; d) schematic diagram of the
experimental setup. L1 and L2 are microscopic objectives. A piezoelectric transducer
was used to create acoustic vibrations; e) sonic band structure for in-plane mixed-
polarized shear and dilatational waves in the sonic crystal, with defects removed
(Rayleigh method [GUE 03]). The experimentally observed resonances (at 23 and
23.25 MHz – the dashed lines) sit near the middle of the sonic band gap, which extends
from 21.8 to 25 MHz; and f) field patterns for the acoustic resonances at 23.47 and
24.15 MHz (finite element simulations with Comsol Multiphysics) (source: adapted
from [RUS 03] and reprinted with permission from OSA)
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7.1.2. Correspondences between electromagnetic and acoustic
metamaterials via locally resonant models

Metamaterials are artificially structured composites that can be engineered
to have desirable electromagnetic properties, such as focusing via negative
refraction [VES 68] or spatially varying, anisotropic, refractive index. The
former makes a high-resolution flat lens [PEN 00] while the latter leads to
invisibility cloaks via transformation optics [LEO 06, PEN 06]. As such, they
offer unique and previously unexplored features. A new branch of physics has
emerged in the last decade, following the discovery by John Pendry
[PEN 96a, PEN 96b] of new structures that lead to negative refraction of
electromagnetic waves [SMI 00]. Negative refractive index materials (NRIM)
consist of structured metamaterials such as arrays of thin straight wires
[PEN 96a] and SRRs [PEN 96b]. SRRs are cylinders with capacitive splits
that respond resonantly to radiation with the magnetic field along the
cylindrical axes, see Figure 7.3(a). Circulating currents around the rings
actually tends to shield the interior due to the inductance while the
capacitance, due to the gaps, gives rise to a resonance associated with a
negative refractive index, see, e.g., [GUE 09] for a comprehensive review.
This resonant effect creates a narrow low-frequency stop band associated with
artificial magnetism in the context of optics.

Using asymptotic methods for fields in multistructures [KOZ 99], it can be
shown that (normalized) resonant frequencies ωm, m = 1, 2, ... are given by
the transcendental equation [MOV 04]:

d cot(ωml) = area(Ξ)ωm, [7.1]

where Ξ denotes the region inside a split ring, a the pitch of the array, d the
thickness of the slit, see Figure 7.3(a), and l its width. The analogy with the
mass-spring model counterpart of the usual electrical circuit description of
electromagnetic metamaterials, see Figure 7.3(c), first appears in [MOV 04].

The effective density ρhom at a frequency ω is then given in the form
[FAR 09]:

ρhom(ω) = 1−
∞∑

m=1

ω2

ω2 − ωm
2
‖Vm‖2L2(0,l), [7.2]

where Vm is the eigenfield within the slit (0, l) of the split ring and
‖Vm‖2L2(0,l) =

∫ l

0
V 2
m(x) dx. It is clear from [7.2] that ρhom(ω) can take
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negative values near resonances ω = ωm. In the context of electromagnetism,
the expression for the effective permeability μhom is the same, and first
appears in [PEN 96b], where ωm was referred to as plasmon frequency. A
similar expression holds for the so-called fishnet structures popularized by
Soukoulis’s group [DOL 07].

Figure 7.3. a) Square array of cylinders with capacitive splits (so-called thin bridges of
thickness d small compared to the pitch a) that responds resonantly to radiation with the
(longitudinal) magnetic field along the cylindrical axes. Circulating currents I around
the rings tend to shield the interior due to the inductance while the capacitance due to
the gaps gives rise to a resonance, the so-called artificial magnetism (picture adapted
from Guenneau and Ramakrishna [GUE 09]). b) A split ring acts as a Helmholtz
resonator: a mass (counterpart of the capacitance C in electric circuits) is connected
to walls via springs (counterparts of inductance L, say in solenoids) [MOV 04]. The
mechanical interpretation is a negative effective density [FAR 09] upon resonance,
counterpart of effective magnetism in electromagnetics [PEN 96b]. c) Resonant LC
circuit counter part of a Hemholtz resonator

Combined together, structural elements such as SRRs and thin straight
wires (associated with an effective permittivity εhom described by a similar
expression to equation [7.2] in the optical setting, and a negative stiffness in
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the acoustical setting [GUE 07]1) can bring about a (complex valued)
negative effective refractive index for the Snell–Descartes law and result in
negative refraction of radiation [SMI 00, GUE 07]. Indeed, a slab of NRIM
with n = −1 can image both the far-field propagating modes [VES 68] and
the near-field modes of a source [PEN 00], thus acting as a perfect lens. The
resolution of this system is not limited by the wavelength, but only by the
dissipation, dispersion and imperfections in the constituent materials. NRIM
indeed support a host of surface plasmon states for both polarizations of light
which conveys the subwavelength details from the source to the image.
However, such surface waves also exist in acoustic settings. This opens up
new horizons such as imaging with subwavelength image resolution through
an acoustic counterpart of the Pendry–Veselago slab lens [FAR 09], already
shown in Figure 7.1.

Figure 7.4 is an experimental proof of lensing via negative refraction,
which is based on an analogy between acoustics, whereby anti-plane shear
waves propagate within an array of voids with stress-free conditions
(Neumann data), see Figure 7.1, and surface waves propagating within an
array of rigid cylinders immersed in a liquid. The fact that the C-shaped
inclusions have been replaced by circular inclusions shifts up the frequency at
which negative refraction occurs, and this in turn spoils the subwavelength
features of the image: we are in the presence of a phononic crystal rather than
an acoustic metamaterial, and the imaging effect is due to multiple scattering
between the cylinders (Bragg regime) rather than local resonances
(homogenization regime); we return to this question of semantics later.

7.2. Acoustic cloaking for liquid surface waves

In this section, we describe an effective medium approach to cloaking for
liquid surface waves (LSWs), which works over a finite frequency bandwidth,
unlike for cloaking using resonant metamaterials, which displays spatially
varying artificial magnetism [SCH 06]. Before we embark on our invisibility
journey, we find it useful to recall under which hypotheses we can consider

1 Kohn and Shipman were the first mathematicians to retrieve Pendry’s formula for artificial
magnetism via two-scale homogenization of SRRs in 2008 [KOH 08]. However, Bouchitté and
Schweizer [BOU 10] obtained a more general form for the tensor of effective permittivity in the
case of a cubic array of toroidal SRRs with a thin slit of high contrast material in 2010. In the 2D
case, Farhat et al. [FAR 09] retrieved Pendry’s result in 2009, using a three-scale homogenization
approach for SRRs with thin slits with Neumann data which model infinite conducting boundaries
for transverse electromagnetic waves as in Figure 7.1 or rigid boundaries in the context of
acoustics.
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water waves satisfy governing equations reminiscent of those familiar to
scientists working in the field of linear optics, or put in other words, how can
we get rid of nonlinearities in Navier–Stokes equations?

Figure 7.4. Snapshot (cliché) of a surface liquid wave experiment with a surface
wave generated on one side (dark region) of an array of rigid cylinders immersed in
Methoxynonafluorobutane, which is a liquid that presents the advantage of combining
a low-viscosity coefficient with a relatively high density. An image appears on the
other side of the array, according to the laws of negative refraction, see Figure 7.1,
though it is slightly shifted to the left. It should be noted that the image does not show
subwavelength features as the structure works as a phononic crystal rather than an
acoustic metamaterial: the wavelength is of the same order as the pitch of the array

7.2.1. From Navier–Stokes to Helmholtz

Let us denote the open bounded domain in the space R3 occupied by a fluid
by Ω . The conservation of momentum leads to the Navier–Stokes equation:

∂u

∂t
+ (u · ∇)u+

1

ρ

(∇− μ∇2u
)
= g in Ω, [7.3]

where u is the velocity field, p is the pressure, ρ is the fluid density, μ∇2u
accounts for the fluid’s viscosity, and g is the vector of gravity force:
g = −ge3, where g denotes the acceleration caused by gravity and ei are the
basis vectors of the Euclidean space.
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To start with the simplification process, we neglect the viscosity μ∇2u.
Such a hypothesis will bring a strong constraint on the choice of the liquid in
the experimental setup. Further assuming that the velocity field u is curl free,
we show in the sequel that it derives from a potential Φ which is related to the
vertical displacement of the liquid surface ξ through a reduced potential φ
such that Φ(x1, x2, x3, t) = � (

φ(x1, x2) cosh(κx3)e
−iωt

)
and

ξ(r, θ, t) = R(− iω
g φ(r, θ)e−iωt), where ω is the wave frequency and φ

satisfies the Helmholtz’s equation [7.12], with κ the spectral parameter
[ACH 90].

Let x3 = ξ(x1, x2, t) be the equation of the free surface. The pressure
is prescribed to be equal to the constant atmospheric pressure p0 on x3 =
ξ(x1, x2, t), and the surface tension is neglected. Hence, [7.3] leads to the
well-known Bernoulli equation:

∂Φ

∂t
+

|∇Φ|2
2

+
p0
ρ

+ gξ = f(t) on x3 = ξ. [7.4]

Assuming that f(t) is incorporated into φ and that liquid fluctuations are
small, i.e. |ξ−h| � 1, where h denotes the mean value of ξ, and also | ∂ξ

∂xj
| �

1, j = 1, 2, differentiation of [7.4] with respect to t leads to the linearized
equation:

∂2Φ

∂t2
+ g

∂ξ

∂t
= 0 on x3 = h. [7.5]

Using the small-slope ansatz:

u3 =
dx3

dt
=

∂ξ

∂t
+

∂ξ

∂x1

∂x1

∂t
+

∂ξ

∂x2

∂x2

∂t
∼ ∂ξ

∂t
, [7.6]

the divergence-free condition ∇ · u = 0 (i.e. incompressible fluid) and [7.5]
lead to Poisson’s condition:

∂2φ

∂t2
+ g

∂φ

∂x3
= 0 on x3 = h. [7.7]

Altogether, Φ is the solution of the following system:

⎧⎪⎪⎨
⎪⎪⎩

∇2Φ = 0 for x3 ∈]0, h[,
∂2Φ

∂t2
+ g

∂Φ

∂x3
= 0 for x3 = h,

n · ∇Φ = 0 for x3 = 0,

[7.8]
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where the last boundary condition accounts for a no-flow condition through
the plane x3 = 0 (this stands for the fixed surface at the bottom of the water
tank). If we look for a harmonic ansatz for the potential
Φ(x1, x2, x3, t) = f(x3)e

−i(ωt−κ1x1−κ2x2), Laplace’s equation in [7.8] gives
f ′′(x3)− κ2f(x3) = 0, where κ2 = κ2

1 + κ2
2 is by inspection of the Neumann

boundary condition in [7.8], a parameter that forces the evanescence of the
potential Φ away from the free boundary in the form f(x3) = cosh(κx3).
This means that the physics of the problem can be described by a governing
equation on the free interface between liquid and air. Linear LSWs are indeed
governed by the Helmholtz’s equation:

∇2φ+ κ2φ = 0, [7.9]

on the free surface, where φ is the reduced potential related to the potential Φ
via Φ(x1, x2, x3, t) = � (

φ(x1, x2) cosh(κx3)e
−iωt

)
. We note that if the free

surface is perforated by rigid cylinders immersed in the liquid, this equation is
valid in the liquid region outside the rigid cylinders and is supplied with a no-
flow condition ∂φ

∂n on each cylinder’s boundary. This will be used in our model
of a structured cloak for LSWs. Furthermore, from the Poisson’s condition in
[7.8], the spectral parameter κ in [7.9] is linked to the wave frequency via the
dispersion relation [ACH 90]:

ω2 = gκ(1 + d2cκ
2) tanhκh, [7.10]

with dc =
√
σ/(ρg) the liquid capillarity. Note that surface waves propagating

at the liquid–air interface are thus always dispersive, unlike pressure waves
within the liquid. This dispersive feature of surface waves is also found in the
context of plasmonics, whereby electron waves propagate at a metal interface,
and will be discussed in the next section.

7.2.2. Effective anisotropic shear viscosity through homogenization

Our aim is now to extend this principle to the LSW waves governed by the
Helmholtz equation [7.9] and the Neumann boundary conditions. The goal is
to homogenize the microstructured cloak shown in Figure 7.5 that reveals an
effective anisotropic shear viscosity underpinning the cloaking effect. Bearing
in mind that when the shear viscosity matrix is large enough in the tangential
θ direction, LSW waves will be bent around the central region of the cloak and
thus make its interior almost invisible to any exterior observer.

For this, we note that when the fluid penetrates the microstructure of
Figure 7.5 (whose cross-section Ωc is evenly divided into a large number of
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small curved sectors ηY of radial length η(R2 − R1) and azimuthal length
2πη, where η is a small positive real parameter), it undergoes fast periodic
oscillations. To filter these oscillations, we consider an asymptotic expansion
of the potential field solution of the Helmhotz equation [7.9] in terms of a
macroscopic (slow) variable x = (r, θ) and a microscopic (fast) variable x/η
[JIK 94]:

∀x ∈ Ωc, φη(x) = φ0

(
x,

x

η

)
+ ηφ1

(
x,

x

η

)
+ η2φ2

(
x,

x

η

)
+ · · ·[7.11]

where each term φ(i)(x, ·) is Y -periodic.

Figure 7.5. Principle of water wave cloak: a) geometry of the structured cloak
consisting of concentric arrays of rigid pillars immersed in a vessel of liquid of depth h;
b) diagrammatic view of the cloak; c–d) scattering of water waves on a rigid obstacle
(red disc) without c) and with d) the water wave cloak; e) photo of the micro-structured
cloak used in experiments around 10 Hz

The differential operator is rescaled accordingly as ∇ = ∇x + 1
η∇y, and

collecting terms of same powers of η, we obtain the following homogenized
problem in the limit when η tends to zero (see also [JIK 94]):

∇ · ([μhom]∇φhom(x)) = κ2φhom(x) in Ωc. [7.12]
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This homogenized equation shows that the velocity field is now a solution
of equation [7.9] with an anisotropic matrix of viscosity with non-trivial part
(transverse shear):

[μhom] =
1

A(Y ∗)

( A(Y ∗)− ψrr ψrθ

ψθr A(Y ∗)− ψθθ

)
. [7.13]

where A(Y ∗) denotes the area of the region Y ∗ surrounding a rigid inclusion
S (subject to Neumann boundary conditions) in an elementary cell Y of the
periodic array, and ψij represent corrective terms derived from an integral over
the boundary ∂S:

∀i, j ∈ {r, θ}, ψij = −
∫
∂S

Ψinj ds, [7.14]

where n is the unit outward normal to ∂S, and Ψj , j ∈ {r, θ}, are Y-periodic
potentials, which are unique solutions (up to an additive constant) of the
following two Laplace equations (Lj):

(Lj) : ∇2Ψj = 0 in Y ∗. [7.15]

These so-called annex problems are supplied with the effective boundary
condition ∂Ψj

∂n = −n · ej on the boundary ∂S of the inclusion. Here, er and
eθ denote the vectors of the basis in polar coordinates (r, θ).

Altogether, this shows that the velocity field is a solution of equation [7.3]
with an anisotropic matrix of viscosity whose non-trivial part (transverse shear)
could be calculated as:

[μhom] =
1

A(Y ∗)

( A(Y ∗) + 0.7 0
0 A(Y ∗) + 7.2

)
, [7.16]

which shows that the effective fluid is strongly anisotropic along the
θ-direction.

7.2.3. Numerical analysis of LSW cloaking

In this section, we give some numerical illustrative examples of cloaking
of an acoustic vibration (radiated by a cylindrical point source) located close
to an obstacle through the phononic crystal fiber making the cloak (see
Figures 7.5 and 7.6). As detailed in the previous section, we first replace the



174 Metamaterials and Wave Control

microstructured cloak immersed in the liquid by an effective transversely
anisotropic fluid whose homogenized shear viscosity is deduced from the
numerical solution [7.16] of the two annex problems [7.15]. This provides us
with a qualitative picture of the cloaking mechanism shown in the lower right
panel of Figure 7.6. We then compare this asymptotic theory against the
numerical solutions of the same scattering problems when we model
the complete microstructured cloak, as shown in the upper right panel of
Figure 7.6. We note the strong similarities between the asymptotic solution
and the numerical solution.

Figure 7.6. Upper panel: 2D plot of the real part Re(φ) of the potential of velocity
u radiated by an acoustic point source of normalized wavelength , λ = c/ν = c/2.5
in presence of an F-shaped obstacle (left) and a microstructured cloak surrounding
the obstacle (right); lower panel: zoom on the geometry of the microstructured cloak
(left) and diffraction by a cloak (with inner and outer boundaries r = R1 = 0.164
and r = R2 = 0.4) whose parameters are given by [7.17]. The similarities between
the upper right and lower right panels are noted. Importantly, the radii are normalized
here and are related to those of Figure 7.7 through factor 2.5 (for meters)



Surface Electromagnetic and Liquid Waves 175

According to transformation acoustics, the effective fluid should be
characterized by a varying density ρ, as well as a varying radial and azimuthal
shear viscosities μrr and μθθ (reduced parameters inspired by that of the
groupings of Cummer and Shalaev [CUM 07, CAI 07]). These requirements
seem to be beyond the actual experimental possibilities. Nevertheless, we can
introduce some variation in the radial length of the sectors for which it seems
reasonable to assume that the improved cloak is characterized by an effective
anisotropic fluid whose shear viscosity (a diagonal matrix in polar basis) is:

μ′
rr =

(
R2(r −R1)

(R2 −R1)r

)2

, μ′
θθ =

(
R2

R2 −R1

)2

, [7.17]

where R1 and R2 are, respectively, the inner and outer radii of the ring.
Importantly, the effective fluid’s density is ρ′ = ρ; i.e., it does not play any
prominent role. Figure 7.7 shows simulations performed for the ideal case
when the obstacle is cloaked and for a vacuum for comparison.

The upper right panel of Figure 7.7 clearly shows that the structured cloak
consisting of a very large number (100) of identical curved sectors, small
compared to the working wavelength and regularly arranged along the radial
and azimuthal directions will enable us to gain control over surface waves.
We have also verified the effect of varying the size of sectors along the radial
direction and numerically checked that the cloaking is thus further improved.
It is enough to design a cloak with identical sectors to gain a good control of
the velocity field, but the azimuthal shear wave speed of liquid particles will
linearly increase with their distance to the center of the cloak only in the case
of sectors with increasing size. We numerically checked that in the case of a
cloak with identical sectors, this shear wave speed does not vary; hence, a
shadow region revealing the presence of the hidden object is observed behind
the cloak (through phase shift). We also checked that such a structured cloak
with 256 curved sectors (Figure 7.6 upper right panel) is more appropriate for
the cloaking than one with 100 curved sectors. But we had to find a
compromise between the realizable structures using conventional machining,
the limits imposed by the viscosity of the liquids, and the constraints imposed
by homogenization.

7.2.4. Experimental measurements of LSW cloaking

Regarding the experimental setup, we refer the reader to Figure 7.7, which
clearly demonstrates a reduced backscattering for an acoustic source
generating LSW at 10 Hz a couple of wavelengths away from a structured
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cloak consisting of 100 rigid pillars arranged as in the lower left panel of
Figure 7.6.

Figure 7.7. a) (Experimental setup): a halogen lamp modulated by a
perforated rotating disc illuminates a transparent vessel containing the liquid
(Methoxynonafluorobutane). The surface waves are excited by a localized pressure
thanks to air pulsed in a small tube at the same frequency as the modulation of the
light (stroboscopic effect); b) (simulation): diffraction pattern of the surface waves
generated by a harmonic acoustic source at frequency 10 Hz for a cloak with 100 rigid
sectors. The depth of liquid in the vessel is h = 9 mm and its capillarity is dc = 0.95
mm; c): snapshot of diffraction pattern by a rigid cylinder of radius 38 mm surrounded
by the structured cloak (outlined as the gray coating) of Figure 7.6 with inner and outer
radii R1 = 41 mm and R2 = 100 mm. d): snapshot of diffraction pattern by the rigid
cylinder on its own (outlined by a dashed gray circle in the left panel for comparison)
(Source: reprinted with permission from APS)

The liquid used for the experiments was Methoxynonafluorobutane
chosen for its physical properties and especially for having a low kinematic
viscosity [ACH 90] (ν = μ/ρ = 0.61 mm2/s) so that μ∇2u can be neglected
outside the cloak in equation [7.3], a small surface tension σ = 13.6 N/cm
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and a large density (ρ = 1.529 g/mL), ensuring a small capillarity length
dc =

√
σ/(ρg) = 0.95 mm. The vessel is filled with a depth of liquid

h = 9 mm.

The basic principle behind the experiments is very simple: the light of a
halogen lamp modulated by a perforated rotating disc illuminates a
transparent vessel containing the liquid. The surface waves are excited by a
localized pressure thanks to air pulsed in a small tube at the same frequency
as the modulation of the light (to take advantage of the stroboscopic effect for
the observation). The surface waves create local curvatures of the liquid and
the light is refracted when crossing the surface. Thus, on the screen the dark
and light zones allow for visualizing the LSWs. Note that the low viscosity of
the liquid is important for such experiments and we were unable to produce
similar results with water: due to its larger viscosity, the water profile flattens
within the microstructured cloak, much like in thin channels [ACH 90], and
water cannot flow.

7.3. Optical cloaking for surface plasmon polaritons

In this section, we adapt the tools of transformational optics to SPPs
propagating at the interface between two anisotropic media of opposite
permittivity signs. We identify the role played by entries of anisotropic
heterogeneous tensors of permittivity and permeability deduced from a
coordinate transformation in the dispersion relation governing propagation of
SPPs. Using this concept and the idea of quasi-conformal mapping, we apply
this concept to mimic a flat Bragg mirror by a curved Bragg mirror with a
heterogeneous structure, thereafter caller plasmonic carpet, in front of the
curved one. This novel concept is verified by an experimental characterization
using one-step lithography to realize the structure. The measurement of the
propagation of the SPP in both structures has been achieved by the leakage
radiation setup.

7.3.1. Introduction to surface plasmon polaritons

The Maxwell’s theory shows that electromagnetic waves can propagate at
the interface between a metal and a dielectric. These waves are associated
with plasma oscillations of free electrons on the surface of the metal. They are
known as surface plasmon polaritons (SPPs) [RAT 88]. The maximum
intensity of the field associated with this wave is confined at the
metal-dielectric interface. The electromagnetic field decreases exponentially
in the two media in the direction perpendicular to the interface, which is a
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characteristic of surface waves also encountered in very different physical
contexts such as hydrodynamics (e.g. LSLWs as described in the previous
section), or elastodynamics (e.g. Rayleigh seismic waves propagating at the
surface of the Earth). Figure 7.8 is a schematic representation of the
oscillations and the exponential dependence on the associated electric fields.
These surface modes, introduced by Wood [WOO 02a] in the beginning of the
last century, have been studied intensively by spectroscopic loss of energy
(attenuated total reflection: ATR) of electrons [RIT 57, KRE 68]. The
plasmons are extremely sensitive to the refractive index in contact with the
metal surface or the roughness of the surfaces. For that reason, they find many
applications in physics, chemistry and biology.

Figure 7.8. Schematic representation of the electromagnetic field spreading at
the metal-dielectric interface: a) the maxium intensity of the magnetic field

corresponds to the dark gray, that is near the interface; b) polarization of the
electric field and associated distribution of electric charges

Considering the surface plasmons as an electromagnetic wave spreading at
a plane interface between a dielectric and a metal, we will look at the relation
between the energy of the oscillation and the wave vector. This wave is linked
to the wave vector k by a dispersion relation. We consider two semi-infinite
media (see Figure 7.8), one consisting of a dielectric environment and the
other of a metal. The xy-plane is defined as the interface and the z-direction is
perpendicular to the interface. The plasmon spreads along the x-direction,
which means that the system is invariant to translation along the y-direction.
We find the existence conditions of surface plasmons from the Maxwell
equations and boundary conditions.

Under these circumstances, we show that SPPs can only exist for transverse
magnetic (TM) polarized light. In this case, we have the general form of the
magnetic field propagating along the x direction above and below the interface
z = 0 is:{

H2 = (0, Hy2, 0) exp{i(kx2x− ωt)− kz2z}, z > 0,
H1 = (0, Hy1, 0) exp{i(kx1x− ωt) + kz1z} , z < 0,

[7.18]

with �(kz1) and �(kz1) strictly positive numbers in order to maintain
evanescent fields above and below the interface z = 0. Here, ω denotes the
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wave frequency, t the time variable and kxi and kzi the (possibly complex)
components of the wavevector along x and z directions above (i = 2) and
below (i = 1) the interface.

For this field to be a solution of Maxwell’s equations, continuity of its
tangential components is required across the interface z = 0 and this requires
kx1 = kx2 = kx and the dispersion relations:

kzi =

√
k2x − εi

(ω
c

)2

,
kz1
ε1

+
kz2
ε2

= 0 , [7.19]

where c is the celerity of light in vacuum, ε1 is the permittivity in the upper-
half plane (dielectric medium) and ε2 is the permittivity in the lower-half plane
(metal).

The dispersion relation of the propagative vector along the x-axis follows
as:

kx =
ω

c

(
ε2ε1

ε2 + ε1

)1/2

, [7.20]

and if we now consider the dielectric function of the metal as complex, it
results in kx being complex. We note that an SPP can only exist between a
metal and a dielectric and for a finite range of frequencies and has to satisfy
the existing relation �(ε1)�(ε2) < 0. Importantly, we note that the
propagating length of SPPs can easily be computed from:

L =
1

2k”x
=

c

ω

∣∣∣∣ε′1 + ε2
ε′1ε2

∣∣∣∣
3/2

ε
′2
1

ε”1
[7.21]

where c is the speed of light in vacuum, and primes (respectively double
primes) denote real (respectively imaginary) parts of complex quantities. The
evanescent behavior of the surface plasmon for each medium depends on the
dielectric constants. The penetration length is given in the metal by:

zm =
λ

2π

( |ε′1 + ε2|
ε′21

)1/2

, [7.22]

and in the dielectric by:

zd =
λ

2π

( |ε′1 + ε2|
ε′22

)1/2

. [7.23]



180 Metamaterials and Wave Control

Using these relations, we note that an SPP at 700 nm < λ < 900 nm
propagating between an air-gold interface would have the following
properties: penetration lengths respectively in metal and dielectric 20 nm
< zm < 30 nm, 500 < zd < 800 nm, and the propagation length 30,000 nm
< L < 50,000 nm. It clearly appears that the main part of the electromagnetic
energy is located in the dielectric region. We will make use of these properties
in the last section of this chapter.

It should be noted that SPPs need to be generated using an incident
electromagnetic field, and this is in itself a non-trivial task. Figure 7.9 shows
the excitation of an SPP on a thin layer of metal by an incident plane wave at
a critical angle depending upon the permittivity of the substrate. In this case,
the critical angle of SPP excitation corresponds to a glass substrate and can
easily be found in [MAI 07].

Figure 7.9. Simulation of an SPP excitation on a thin metallic film with a
plane electromagnetic wave incident through a glass substrate from below

at a critical angle found using [MAI 07]

Introduced in 2006, transformational optics was the pioneering idea of Sir
John Pendry for electromagnetic waves [PEN 06]. This concept has been
proposed for invisibility as has the idea of hiding under a carpet, which
consists of mimicking a curved surface by a flat one. The basic idea consists
of linking a space deformation to physical properties of that space
(permittivity and permeability). This can be done by noting that Maxwell’s
equations are invariant through a change of system coordinates. In this way,
we can obtain a relation between the change of coordinates and the physical
properties (permittivity and permeability), which are encompassed in the
Jacobian matrix [WAR 96, NIC 94]. This leads to anisotropic and
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heterogeneous tensors of permittivity and permeability. An alternative route
to the control of wave trajectories is that of optical conformal mapping,
introduced by Ulf Leonhardt [LEO 06] in 2006, and published in the same
issue of the Science magazine as the work of Pendry. Leonhardt’s proposal,
which was constrained to 2D geometries as it heavily relied upon the
mathematical theory of complex analysis, has since been combined with
the powerful tools of transformation optics by Li and Pendry [LI 08] using the
concept of quasi-conformal mapping in order to design invisibility carpets in
2D [LI 08, REN 10, LIU 08, VAL 09] and 3D [ERG 10] geometries. In what
follows, we extend this concept to plasmonics.

7.3.2. From transformational optics to plasmonics

In this section, we would like to extend the control of electromagnetic fields
using tools of geometric transforms, to the area of SPPs. For this, we first
recall that when the original permittivity and permeability matrices are scalars
in the coordinate system (x, y, z), their transformed counterparts in the new
coordinate system (u, v, w) are given by [NIC 94].

ε′j = εjT
−1, μ′

j = μjT
−1, where T =

JTJ

det(J)
, [7.24]

where det(J) is the determinant of the Jacobian matrix
J = ∂(x, y, z)/∂(u, v, w) of the map from coordinate system (u, v, w) to
(x(u, v, w), y(u, v, w), z(u, v, w)). We emphasize the fact that it is the
transformed domain and coordinate system that are mapped onto the initial
domain with Cartesian coordinates, and not the opposite [NIC 94]. Moreover,
in the context of plasmonics, j = 1 is the (transformed) metal region and
j = 2 is the (transformed) dielectric region.

However, we have seen that the penetration depth in metal [7.22] is much
smaller than in dielectric [7.23]. Therefore, we can simplify the problem by
assuming that only the dielectric medium needs to be transformed. Let us thus
derive the dispersion relation for a surface plasmon at the interface between
metal and a transformed medium described by diagonal tensors of relative
permittivity and permeability ε′ = diag(εxx2, εyy2, εzz2) and
μ′ = diag(μxx2, μyy2, μzz2). From the first Maxwell equation, we know that:

{ ∇×H2 = −iωε0ε
′E2, z > 0,

∇×H1 = −iωε0ε1E1, z < 0,
[7.25]
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where ε0μ0 = c−2 and Hj is defined by:

{
H2 = (0, Hy2 , 0) exp{i(kx2x− ωt)− kz2z}, z > 0,
H1 = (0, Hy1 , 0) exp{i(kx1x− ωt) + kz1z}, z < 0,

[7.26]

with �(kz1) and �(kz1) strictly positive in order to maintain evanescent fields
above and below the interface z = 0. This leads to:{

E2 = − c
ωHy2(

kz2

εxx2
, 0, kx2

εzz2
) exp{i(kxx− ωt)− kz2z}, z > 0,

E1 = − c
ωHy1(

kz1

ε1
, 0, kx2

ε1
) exp{i(kxx− ωt)− kz1z} , z < 0,

[7.27]

with Ej = (Exj , 0, Ezj). The transverse wave numbers are found by invoking
the other Maxwell equation:

{ ∇×E2 = iωμ0μ
′H2, z > 0,

∇×E1 = iωμ0H1, z < 0,
[7.28]

which leads to:

kzi =

√
εxx2

(
k2x
εzz2

− μyy2

(ω
c

)2
)
, j = 1, 2, [7.29]

The boundary condition at the interface z = 0 requires continuity of the
tangential components of the electromagnetic field, which brings:

kz1
ε1

+
kz2
εxx2

= 0 . [7.30]

Substituting [7.29] into [7.30], we obtain the local dispersion relation for a
surface plasmon at the interface between a metal and transformed
heterogeneous anisotropic medium.

For the sake of simplicity, ε1 = 1 − ω2
p

ω2+iγω has the usual Drude form in
the metal (z < 0), for which ωp is the plasma frequency (2175 THz) of the free
electron gas and γ is a characteristic collision frequency of about 4.35 THz.

We, therefore, have shown that in the simple case where the varying
tensors of permittivity ε′ and permeability μ′ are assumed to be represented
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in a diagonal basis, i.e. ε′ = diag(εxx2, εyy2, εzz2) and μ′ =

diag(μxx2, μyy2, μzz2), the dispersion relation for the surface polariton at
such an anisotropic interface takes the form [REN 10]:

kx =
ω

c

√
εzz2ε1(μyy2ε1 − εxx2)

ε21 − εxx2εzz2
. [7.31]

This necessary and sufficient condition for the existence of an SPP is richer
than the usual one [7.20], and importantly only requires some magnetism along
the y direction, which is parallel to the polarization of the magnetic component
of the SPP field.

7.3.3. Numerical analysis of plasmonic cloaking

In this section, we wish to analyze the interaction of this SPP with a specific
anisotropic heterogeneous structure, in the present case a 3D invisibility carpet
[REN 10, ERG 10], deduced from the following geometric transformation:

⎧⎨
⎩

x′ = x2(y)−x1(y)
x2(y)

x+ x1(y), 0 < x < x2(y),

y′ = y, a < y < b,
z′ = z, 0 < z < +∞,

[7.32]

where x′ is a stretched vertical coordinate. It is easily seen that this linear
geometric transform maps the segment (a, b) of the horizontal axis x = 0
onto the curve x′ = x1(y), and it leaves the curve x = x2(y) unchanged.
Importantly, there is a one-to-one correspondence between the segment and
x1. The curves x1 and x2 are assumed to be differentiable, and this ensures
that the carpet would not display any singularity on its inner boundary.

The symmetric tensors ε′ and μ′ are fully described by five non-vanishing
entries in a Cartesian basis:

ε′ = μ′ =

⎛
⎜⎜⎜⎜⎝

α

(
1 +

(
∂x

∂y′

)2
)

− ∂x

∂y′
0

− ∂x

∂y′
α−1 0

0 0 α−1

⎞
⎟⎟⎟⎟⎠ [7.33]

where α = (x2−x1)/x2 and with J the Jacobian matrix of the transformation.
Furthermore, the derivative of x with respect to y′ is given by:

∂x

∂y′
= x2

x′ − x2

(x2 − x1)2
∂x1

∂y′
+ x1

x1 − x′

(x2 − x1)2
∂x2

∂y′
. [7.34]
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We stress that such carpets work equally well for electromagnetic and
plasmonic fields, as is intuitively the case when looking at the limit of ray
optics, see Figures 7.10 and 7.11. The numerical simulation with finite
elements is shown in Figure 7.12.

a) b)

Figure 7.10. a) Diagrammatic representation of the diffraction of an SPP incident from
the left (white lines). The SPP hits the curved reflector and is reflected (black lines) as
if it was a flat mirror through the transformed medium (gray and dark gray), which is
the plasmonic carpet. b) diagrammatic representation of the different media needed to
be transformed if we want a full control of SPP above and below the interface

It is obvious that the wave front is exactly the same for a flat mirror (a)
and a curved mirror dressed with a carpet (b). This is due to the fact that the
transformed medium is valid for any field solution of the Maxwell equations.
We note that new material inside the carpet is not only heterogeneous
anisotropic, see Figure 7.13, but also magnetic, which seems far fetched
regarding the current technological progress.

However, these constraints can be further relaxed using some
quasi-conformal grids in the spirit of Li and Pendry’s work for 2D carpets
[LI 08]. We show in Figure 7.14 the quasi-conformal grid associated with the
previous carpet. Then, keeping in mind an experimental realization requires a
specific type of dielectric, in the present case TiO2, we place particles on
nodes of the quasi-grid and we optimize the size of these particles to
minimize the scattering and to maximize the flatness of the reflected SPP
wave front.
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Figure 7.11. Schematic diffraction of an SPP incident from the top: a) the SPP
hits the straight reflector; b) cloak in front of the curved reflector compensates

for the curved reflector; c) the SPP hits the curved reflector

Figure 7.12. Numerical simulation for the diffraction of an SPP incident from
the top (magnetic field): a) the SPP hits the straight reflector; b) the SPP hits a

carpet obtained by the geometrical transformation placed in front of the
curved reflector
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Figure 7.13. a) Variation of the metric tensor in the plasmonic carpet;
b) diagonalized metric tensor for the plasmonic carpet, which could be

used in an experimental implementation

Figure 7.14. Quasi-conformal grid associated with the geometrical
transformation of the carpet. It should be noted that the right angles are
preserved at the nodes of the mesh, which indicates that the associated

transformed medium is nearly isotropic

The numerical simulations in 2D, see Figure 7.15, and 3D, see Figure 7.16,
validate our quasi-conformal approach to plasmonic cloaking.

Figure 7.15. Two-dimensional numerical simulations for the diffraction of an
SPP: a) on a flat mirror; b) on a curved mirror; c) on the curved mirror in
presence of the metamaterial (cylindrical dielectric pillars of T iO2) for a

wavelength of 800 nm
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Figure 7.16. Three-dimensional numerical simulation for the diffraction of an
SPP on the curved mirror in presence of the metamaterial (cylindrical

dielectric pillars of T iO2) for a wavelength of 800 nm

7.3.4. Experimental measurements of plasmonic cloaking

In order to experimentally meet the parameters found in our simulations,
we chose a configuration in which a gold surface is structured with T iO2

nanostructures. The TiO2 pillars forming the crescent-moon-like carpet were
first fabricated on top of a 60 nm thin Au film by combining electron-beam
lithography and reactive ion etching. In a second lithography step, we added a
curved Bragg-type reflector (formed by 15 gold lines (section = 150 nm ×
150 nm) periodically separated by half the SPP wavelength), acting as the
object to be hidden behind the carpet (see Figure 7.17, right panel). The shape
of the obtained T iO2 particles is conical (h = 200 nm, r = 210 nm) as a
consequence of the etching anisotropy.

The SPP was launched at a ripple-like, 200 nm wide TiO2-line placed
44 μm away from the reflector as shown in Figure 7.17, left panel. SPPs
propagating on thin metal films deposited on dielectric substrate have
radiative losses into the substrates. This leakage radiation was collected using
a high-numerical aperture objective to map the SPP fields. Additionally for
the sake of clarity, we employed spatial filtering in the conjugated (Fourier-)
plane to suppress the direct transmitted light from the excitation spot and
scattered light in order to isolate the carpet properties. Original attempts at
reflecting SPPs with flat and curved homogeneous metallic step-like mirrors
turned out to be inefficient because the SPPs tend to radiate in open space. We
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therefore decided to consider flat and curved Bragg mirrors instead,
formed by periodically arranged metal ridges, which show a much higher
reflectivity.

Figure 7.17. SEM micrograph of the structure realized by single-step
electron-beam-lithography: a) the defect line is used to launch the SPP from
the left to the structure (bump with carpet); b) the carpet is made of T iO2

cones as shown in the zoom

The leakage radiation microscopy (LRM), images (see Figure 7.18) map
the distribution of the SPPs propagating at the gold-air interface and interacting
with the different structures fabricated at the gold surface. In the case of a
bare curved Bragg-reflector, the reflected SPPs are propagating into different
directions depending on their relative angle to the normal to the mirror lines
(see upward pointing arrows in Figure 7.19(c)), thus leading to a curved wave
front. Conversely, adding the crescent-moon-like TiO2 carpet reestablishes a
fringe pattern with a nearly straight wave front (see Figure 7.19(b)) very similar
to the case of a flat Bragg-mirror. The remaining small lateral modulations
are attributed to imperfections in the manufacturing. Further, data analysis has
been used to quantify the modification in the wave front curvature induced
by the presence of the crescent-moon-like TiO2 carpet. Comparing the areas
under the numerically averaged curves (b) (curved mirror with carpet) and (c)
(curved mirror without carpet) leads to reduction by a factor 3.7 as shown in
Figure 7.19(d).
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Figure 7.18. Leakage radiation principle. By reciprocity, an SPP propagating
at the surface of thin film leaks into the substrate. Mapping the leakage

provides a direct information about the intensity of the surface field
propagating at the interface

Figure 7.19. Experimental diffraction of an SPP incident from the top (magnetic
field): a) the SPP hits the straight reflector; b) cloak in front of the curved reflector
nearly compensates for the curved reflector; c) the SPP hits the curved reflector d)

comparison between cases a, b) and c) (source: reprinted with permission from OSA)
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7.4. Concluding remarks on LSW and SPP cloaking

In the first section, we have reviewed some lensing properties of LSWs
propagating within arrays of rigid cylinders shaped as SRRs, using analogies
with electromagnetic metamaterials. We then proposed an original route
toward LSW cloaking. This is based on the extension of electromagnetic and
acoustic cloaking mechanisms to the domain of waves propagating at the free
interface between fluids and air. We have described a design of a broadband
microstructured cloak consisting of a large number of small sectors arranged
in a quasi-periodic manner on the surface of the liquid. For this, we have
derived the homogenized linearized Navier–Stokes equations using a
multi-scale asymptotic approach. We found that the homogenized fluid could
be described by a rank 2 tensor (which could be interpreted as a generalized
shear viscosity) and a scalar density that we took as constant to simplify the
experiment realization. We then performed numerical computations based on
the finite elements method, which proved that a rigid obstacle surrounded by
a coating consisting of concentric layers with 100 and 200 periodic
perforations is almost invisible for LSW waves. This design could be used to
protect off-shore platforms or, on a larger scale, coastlines from ocean waves
such as tsunamis.

In the second section, we have numerically and experimentally studied the
extension of the invisibility carpet of Li and Pendry to SPPs. Our theoretical
predictions, based on transformational plasmonics and quasi-conformal
mapping, have been numerically and experimentally validated at visible and
near infrared wavelengths for a metallic surface dressed with small (200 nm
in diameter) dielectric pillars. Our results show that strong analogies exist
between the physics of linear liquid waves at free air–fluid interfaces and
electron waves at metal surfaces. Advances in one field might fuel research in
the other one. Actually, it is cloaking for LSWs, which prompted the work on
transformational plasmonics [REN 10, KAD 10, HUI 10, LIU 10,
KAD 11, KAD 11].

We would like to finish this chapter as we started it: with a flat lens via
negative refraction. In Figure 7.20, we dress a metallic surface with dielectric
pillars forming a photonic crystal. We can see that this makes a flat lens in
accordance with the inverted Snell–Descartes laws for an SPP at a visible
wavelength.
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Figure 7.20. Focusing through a plasmonic lens for an SPP line source at wavelength
λ = 700 nm: a) schematic diagram of the flat SPP lens with a hexagonal lattice
of dielectric cylinders (permittivity = 13, diameter d = 107 nm and height h = 700
nm) with center-to-center spacing of a = 180 nm, on a metal plate (Drude model
with permittivity); b) 3D plot of the phase of the magnetic field; c) Band diagram
of normalized frequency versus wave number showing intersection of light line with
acoustic band leading to all-angle-negative refraction; d) negative refraction of an SPP
beam through the slab (2D plot of the magnitude of magnetic field); e) two sources are
imaged according to the laws of negative refraction
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