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Vector
Analysis

Introduction

As we noted in Chapter 1, some of the quantities in electromagnetics (such as charge,
current, and energy) are scalars; and some others (such as electric and magnetic field
intensities) are vectors. Both scalars and vectors can be functions of time and posi-
tion. At a given time and position, a scalar is completely specified by its magnitude
(positive or negative, together with its unit). Thus we can specify, for instance, a charge
of —1 uC at a certain location at ¢ = 0. The specification of a vector at a given loca-
tion and time, on the other hand, requires both a magnitude and a direction. How do
we specify the direction of a vector? In a three-dimensional space, three numbers are
needed, and these numbers depend on the choice of a coordinate system. Conversion
of a given vector from one coordinate system to another will change these numbers.
However, physical laws and theorems relating various scalar and vector quantities
certainly must hold irrespective of the coordinate system. The general expressions of
the laws of electromagnetism, therefore, do not require the specification of a coordi-
nate system. A particular coordinate system is chosen only when a problem of a given
geometry is to be analyzed. For example, if we are to determine the magnetic field at
the center of a current-carrying wire loop, it is more convenient to use rectangular
coordinates if the loop is rectangular, whereas polar coordinates (two-dimensional)
will be more appropriate if the loop is circular in shape. The basic electromagnetic
relation governing the solution of such a problem is the same for both geometries.
Three main topics will be dealt with in this chapter on vector analysis:

1. Vector algebra—addition, subtraction, and multiplication of vectors.

2. Orthogonal coordinate systems—Cartesian, cylindrical, and spherical coordi-
nates.

3. Vector calculus—differentiation and integration of vectors; line, surface, and
volume integrals; “del” operator; gradient, divergence, and curl operations.
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Problems 67

R.2-21 State the divergence theorem in words.
R.2-22 What is the physical definition of the curl of a vector field?

R.2-23 A vector field with only curved flux lines cannot be irrotational. True or false?
Explain.

R.2-24 A vector field with only straight flux lines can be solenoidal. True or false? Explain.
R.2-25 State Stokes’s theorem in words.

R.2-26 What is the difference between an irrotational field and a solenoidal field?

R.2-27 State Helmholtz’s theorem in words.

R.2-28 Explain how a general vector function can be expressed in terms of a scalar
potential function and a vector potential function.

Problems

P.2-1 Given three vectors A, B, and C as follows,
A=a,+a2—aj3

B=-ad+a,
C=aS5—2a,2,
find
a) a, b) |A — B
¢c)A-B d) 0,4p
e) the component of A in the direction of C f) AxC
g) A-BxC)and(AxB)-C h) (AxB)x Cand A x (Bx C)

P.2-2 Given
) A=a,—a2+aj3
B=a,+a a2
find the expression for a unit vector C that is perpendicular to both A and B.

P.2-3 Two vector fields represented by A = a,A4, + a, 4, + a,4, and B=a,B, +

a,B, + a_B,, where all components may be functions of space coordinates. If these two
fields are parallel to each other everywhere, what must be the relations between their
components?

P.2-4 Show that,if A-B=A-Cand A x B= A x C, where A is not a null vector, then
B=C.

P.2-5 An unknown vector can be determined if both its scalar product and its vector
product with a known vector are given. Assuming that A is a known vector, determine
the unknown vector X if both p and B are given, where p=A-X and B= A x X.

P.2-6 The three corners of a triangle are at P,(0, 1, —2), P,(4, 1, —3), and P,(6, 2, 5).
a) Determine whether AP,P,P; is a right triangle.
b) Find the area of the triangle.

P.2-7 Show that the two diagonals of a rhombus are perpendicular to each other. (A
rhombus is an equilateral parallelogram.)

P.2-8 Prove that the line joining the midpoints of two sides of a triangle is parallel to
and half as long as the third side.









































































































































































































































































































































































































Steady
Electric Currents

5-=1 Introduction

198

In Chapters 3 and 4 we dealt with electrostatic problems, field problems associated
with electric charges at rest. We now consider the charges in motion that constitute
current flow. There are several types of electric currents caused by the motion of free
charges.! Conduction currents in conductors and semiconductors are caused by drift
motion of conduction electrons and/or holes; electrolytic currents are the result of
migration of positive and negative ions; and convection currents result from motion
of electrons and/or ions in a vacuum. In this chapter we shall pay special attention to
conduction currents that are governed by Ohm’s law. We will proceed from the point
form of Ohm’s law that relates current density and electric field intensity and obtain
the V = IR relationship in circuit theory. We will also introduce the concept of elec-
tromotive force and derive the familiar Kirchhoff’s voltage law. Using the principle
of conservation of charge, we will show how to obtain a point relationship between
current and charge densities, a relationship called the equation of continuity from
which Kirchhoff’s current law follows.

When a current flows across the interface between two media of different con-
ductivities, certain boundary conditions must be satisfied, and the direction of cur-
rent flow is changed. We will discuss these boundary conditions. We will also show
that for a homogeneous conducting medium, the current density can be expressed
as the gradient of a scalar field, which satisfies Laplace’s equation. Hence, an analo-
gous situation exists between steady-current and electrostatic fields that is the basis
for mapping the potential distribution of an electrostatic problem in an electrolytic
tank.

The electrolyte in an electrolytic tank is essentially a liquid medium with a low
conductivity, usually a diluted salt solution. Highly conducting metallic electrodes

" In a time-varying situation there is another type of current caused by bound charges. The time-rate of
change of electric displacement leads to a displacement current. This will be discussed in Chapter 7.




















































































































































































































































































































































































































































































